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Abstract

In this study, we consider impulsive singular Hahn-Dirac systems. Green’s function and a spectral function for
these systems are constructed. Finally, an integral representation of the resolvent operator is obtained.
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1. INTRODUCTION

In 1949, W. Hahn gave a definition of a difference operator [13]. With this definition, the author wanted to combine
two important operators under a single structure. These operators are the g-difference operator and the forward
difference operator. By 2018, Annaby et al.[6] studied the Hahn—Sturm-Liouville operators. In 2020, F. Hira [15]
examined this system by taking the Hahn derivative instead of the ordinary derivative in the classical Dirac system.
Allahverdiev and Tuna [1] investigated the basic features of the Hahn-Dirac system.

Differential equations with impulsive boundary conditions are one of the important problems studied in the theory
of differential equations. Impulsive equations serve as basic models to study the dynamics of processes that are subject
to sudden changes in their states. There is quite substantial literature on such types of problems (see [4, 7-12, 16—
19, 26, 28, 29]).

In this paper, the Hahn—Dirac system under impulsive conditions is considered. Using Levitan and Sargsjan’s
method [21], the spectral representation of the resolvent operator for such systems will be obtained. In the Hahn—
Dirac system (given below), if ¢ = 0, the g-Dirac system is obtained, if ¢ — 1 and o = 0, the classical Dirac system
is obtained. The spectral representation of the resolvent operator for the classical Dirac system under impulsive
conditions was studied by Allahverdiev and Tuna in [2]. A similar problem in the ¢-Dirac system was considered in
[3]. With this study, a more general version of the classical Dirac system will be analyzed under impulsive conditions.
Recently, solutions utilizing the expansion method for different types of equations and the characteristics of the
solutions have been the subject of study in [22-25, 30].

2. PRELIMINARIES
In this context, we provide a concise overview of the Hahn calculus [5, 6, 13, 14]. Let g € (0,1),00:=0/(1 —¢q), 0 >
0, and let ¥ : J C R — R is a function such that o¢ € J.
Definition 2.1 ([13, 14]). The Hahn derivative D, ,¥ is defined by

Y(o+q0)—¥(¢)
Do U (() =4 ota-Dc S 700
’ \I// (0’0) s C = 0y.
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Definition 2.2 ([5]). Let a,b,09 € J. The Hahn integral (o, g-integral) is defined by

/ 0 () do = / b ¥ (O dnat - [ T () do gl

where

¢ s _.n
[ @it a-ac-a X v (o0 4err). ce
g n=0

0

provided that the series converges at ( = a and ( = b.

3. MAIN RESULTS

Consider the impulsive Hahn—Dirac problem

_lD,g 1 + = )\ 5 1
WDt PO =N Gyua ), (3.1

Do gy +7(C) y2 = Aya, q
y2 (00, A) cos 4+ y1 (00, A)sin 8 = 0, (3.2)

y1 (d=) — kiy1 (d+) =0,
y2 (" (d=)) — kayo (™" (d+)) =0,

1 1
Y2 (u_l(n)7)\> cosa+ 1 <n7)\) sina =0, (3.5)
q q

where k1, k2,0, 8 € R, n € N:={1,2,3,...}, and A is a complex eigenvalue parameter.

Our basic assumptions throughout the paper are the following:

(A1) Let g € (0,1), op:=0/(1—¢q), 0 >0, u({) =q¢+ o, I := [00,d), I := (d, q%], og < d< q% (n € N),
I 2111 UIQ and klkg =0 > 0.

(A2) p,r : I — R are continuous functions on I and have finite limits p (d+), r (d£).

Now, we introduce the Hilbert space Hy = L2 , (I1) + L2 ,(I2) with its inner product

d =4
(), = / () s o g + 0 / (s 0)g o g

0

where
_ [ w(¢) _ Jun(Q), ¢el,
U(C) B ( U2 (C) > i (C) N { ulQ(C)) CE 125
_Jua(Q), (e,
w={ 0 (28
and
_ wi(Q) o wn(€), ¢ e,
W(C) = ( Wy (C) ) , W1 (C) = { WlQ(C), Cely,
_ Jwal((), ¢,
w2 (6) = wa2(C), ¢ € Ia.
Set
y1 and yo are continuous at oy,
one-sided limits y; (d+) and ys (' (d+))
Duax =y € exist and finite, ;1 (d—) — k1y21 (d+) =0, ’
yo (' (d=)) — kayz (u~' (d+)) = 0 and 7y € H,
[c[v]
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where
-ip . + ,
ry o= 4 TiP-5a02 P On andy:<y1 )
Dy qy1 +7(C) y2, Y2

Then the mazimal operator Lyax on Dyay is defined by Liyaxy = 7Y, ¥ € Dpax.
Green’s formula is given by

/U [(rt, 0)ee — (1, 70)) 2] dogC = Wi g (1) (ql ) W, (D) (d4) (3.6)
W,y (u,7) (d=) = Wiy (10,7) (00)

where
u— ( v ) o= ( u ) 4,0 € D

and
Woq (u,0) (¢) :=u1 (Q)vz (= (¢)) — ua (™" (€)1 (¢).

Let

on-(3468)
e ={ e S men={ )

and

oM (¢, cl, o8 (¢, A cl,
91((7)‘):{ 9(2)§ ¢, ; gGI;, 92(4’)‘) { 9(2)E§’ §7 EEI;

be two solutions of Eq. (3.1) satisfying the initial conditions

‘Pgl) (00, A) =sin 3, @él) (00, A\) = —cos 3,

3.8
051) (00, \) = cos 3, Oé ) (00, ) = sin . (3:8)
and impulsive conditions (3.3) and (3 4)
We will denote by 6(¢, \) +m & (A) (¢, ) the solution of Eq. (3.1) which satisfies (3.5). Then, we find
9(2) ( n,)\) cot a + 9(2) ( ’1(ﬁ),)\>
ma_(A) = (3.9)

‘ (2) ( )\) cotoz+<,0(2) ( (q%),)\).

The function (3.9) is a meromorphic function of A due to 6 and ¢ are entire functions of . This function is called the
Titchmarsh—Weyl function of Problem (3.1)-(3.5). By (3.9), we see that

) 9(2)(q )\)z+9(2)< (qln)a)‘)
" ) T () e e ()

where z = cot a. From the properties of the mapping (3.10) the real axis of the z-plane has as its image a circle in the
m-plane.

(3.10)

(&)
ENE
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Let H = L?,’q (I) + Lg’q(lg) be a Hilbert space endowed with the following inner product

d oo
<wwH;3/<ww@dw<+§L (4, )2 dorgC

0

where I3 := (d7oo),

¢\, Ceh, [ (N, Cel,
1m@Axc6é,““¢”‘{uimm,<eé

and

CN), Cel, [ wm(CN), Cel
wmgm,Ceé,W“@”—{wi@M,Ceé

Lemma 3.1. Let
X3 (GA) = OGN +mo (V) el A, CeT.

For every nonreal \, we have

X (6 0) = X(6, ), 1—+m,

>‘ ,q<+5/ HX ‘ 2da,qc

do,qC + 5/ HX(2
Proof. Tt is obv10us that
e (€N = XN + {mg ) =m ) (¢ A)

where x(¢,A) € H and m 1 () is a point of the circle. From [21], we infer that

1
a,qCv — — 0
q

Jo 12N g o€ -

q™ q

Mo, ) =mW)| <205 () = ol
o 2
+0. i le@ (G N la doaC
where 71 denotes the radius of the circle and Im A = v # 0. Letting q% — o0 yields
X2, (GA) = x(GA),
due to 71 (A\) = 0. Moreover, we deduce that
q

Ld{mé<m— (m}¢1«A M<+6/

0

—nmm}¢”@Aw2dmc

L
q"

:’m

, doqC

1
™

< (Iv2 [/U

C/\ Mcw\nuw ’/

‘ﬁ”@ﬁw;dmC+§LWH¢”@Aw; m4>

(=)=
E)NE

(3.11)
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Letting iﬂ — 00, we obtain

[ RN ot + / (] N R A NIV e
0 ]
Set
G (8 0) = {x;n(M)soT(t,AL t<( C#d t#d, (3.1
- PG (BN, G C£d, t#d
where X and ¢ are defined above with the formulas (3.11) and (3.7). Let R i Hi— H and
(R, A9)(O) = (6 V) / G (Gt \)g ,,qt+5/ G 1, (¢t \g()dagt, AEC, (3.13)

where
g1 (€) )
= , g € Hy.
9(¢) ( g2 () g 1
Our next objective is to prove that (3.13) satisfies 7y = Ay + g, where ¢ € I, g € H; and conditions (3.2)-(3.5). From

(3.13), we get
1 ¢ (1) Ay
(€N =x (N [ ( (1§(/f2) >) %j’é §)> it
a (XD (8 Mg (1))
(1) 1
FAlCN | (+x<32< (). Vg2 (1 (1) )d”t
1 (2)
" (A @ g (1)
+901 (Cv)‘)(SQ/d ( +X(%)2( (t),A)gg (M (t)) do,qtv Cellv (314)
M@ e [ A () Mg (1)) )
16, =X ) aqt
MR )/ el (0 Mgz (e (1) )
¢ (2)
2) 1 (1 (t)  N)gr (e (t
A6 <+$§2)< (t), \)ga (1 >>d“’qt
1 (2)
F (XD ), N (1)
A | (fx%( (1.2 ?uu)))d"’qt’caz’ 1

)
t

)
)
t)

and
¢
126, 0) =Xy € N [ (00 N (1 () + 8 6), gz (1 (1)) ot
d
+¢57 (¢, Mg /4 (X(lzl(u(t),/\)gl (e (t ))+X(p2( (t); A)ge (’“‘(t))) doqt
(2)

) a [ x, (k@) N)g1 (1 (t))
e | (+X<1’2<u<t>7x>gz (u(ty ) ot et (3.16)
oo
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(
¢ (2)
R S (SPNLY] /d ( 9";(2)(

, 2)
a [ X (e (), A)gn (e (t
+oP(¢,N)g /C ( el

By (3.15), we conclude that

¢ (1)
Y M Wt
)

1
d XLl(/”L (t )
+ Do g0t (¢, /\)q/c ( ‘)

1
+XL2
g

1 ( )
a L (), N)gr (e (1)
+D07q4pgl)(<7>\)5Q/d ( (2) s ) ) doqt

>
N
)
[
—
=
—~
~

+X1

+ Woyq (cp,xq%) 92(¢), ¢ €1,
and

d (1) A
Doqy1 (¢, A) = qu ! bl(C A /0 ( fg;glg( (()) ))g 2(?#(?
t
(

< (2) Ay
+ Do 3, (€. Vg [ (f;gg( (?> >)g 2<?<

) NG
i L (), M) g (i (1))
+Da,q<p§2)(C,A)5Q/C ( (2)

+ Woyq (‘P,X%ﬂ) 92(€), C € L.

Hence

dy gt
X (1), Vg2 (u(t))) |
O e (), Vg (1)
Doatn(6:2) = QA =m0 200 Nas (0

)

Yo
) a (X8 (), N1 (u(t
0= | ( fxmf(t) oty | Bt

1 (2)
1 a0, N (1 (0)
A= (O} (¢ Mg /d ( fx()fu(t) o (t))da,qt

+92(<)7 C € Il,
and

d (1)
Do gy (¢, A) ={A—r(C )}X1 (G N)g / < 1 (H( )

(=)=
E)NE

(3.17)

(3.18)

(3.19)

(3.20)
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X(l)l(u (), Ngr (p (1))
(2) doqt
L (t) ;N g2 (1 (1))

1 ( )
. @) 7T Xoa o (), A)gr (p(2))

A= (O} (¢ N /C B0 |

+92(Q) = {A = (O} y2(¢,A) +92(€), (€ Iy (3.21)

Likewise, the validity of the other equation in (3.1) is proved. Moreover, Equation (3.13) clearly fulfills the equations
stated in (3.2)-(3.5).

¢
+ =10} (6 Vg /d

Theorem 3.2. Assume that X is not an eigenvalue of problem (3.1)-(3.5). Then GL (¢, t,N) is a o, q-Hilbert—Schmidt

kernel, i.e.,

2
L (GEN|| oo gt < o0,
((:2
/ / H e (¢t N) U,qéqut < 0.
Proof. By (3.12), we see that
2
/ an/ L (Gt N) dyqt < 00,
q C2
2
/ d ,q(j/ G, ((t,A)|| dgqt < o0,
E c2

since X . (-A), ¢ (., A) € Hy. Hence

2

G, ((t,N)| dyqldeqt < o0,
T o
. 2
/ / G, ((,t,N)|| dogldegt < o0. (3.22)
T -
]
Theorem 3.3 ([27]). Let A{t;} = {=;}, i € N:={1,2,3,...}, where
vi =Y Mirte, i,k €N. (3.23)
k=1
If
oo
> Inikl® < o0, (3.24)
ik=1

)

then the operator A is compact in 2.

Theorem 3.4. Assume that A = 0 is not an eigenvalue of problem (3.1)-(3.5). Then R1 := R.1_, is a self-adjoint
q qn?
and compact operator.
Bo
BB
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Proof. Let u,v € Hy and let ¥; = U, (s) (¢ € N) be a complete, orthonormal basis of H;. By Theorem 3.2, we infer
that

d
b= (81 = [ (0O WO)crdnC +9 / () crdoC,
a .
5= (0 = [ 0O W Oesdal +5 / (0(0), 4(Q)) (.
mk_/ / 5 (6 800W(Q), q/,c@))@daqtd(,qgw?/ / 1.(6,£,0)W3(C), Wi (Q))c2do gt o€,

where 4,k € N. Then H; is mapped isometrically on to [2. By this mapping, R 1 transforms into A defined as (3.23)
in [ and (3.22) is translated into (3.24). By Theorems 3.2 and 3.3, we see that A and R__ is compact.
Since G L (¢,1,0) =G, (t,¢,0) and G (¢,¢,0) is a real matrix-valued function defined on I x I, we deduce that
qm a

d
Bawth = [ (B (00 (st +0 / 1) (€0 (Q))erdrgC

/ /G (G, 8, 0)u (1) dogt, v (€))c2 oG

+ 52/dq (/dq/ GT%(C,t,O)u(t) do.qt, v (O))c2dy.oC
d d

/(u(t),/ G; (C,1,0)0 () dogC)cade gt

+ 52/d"" (u (t)y/dq" G:qin (¢, £,0)v(C) dpqC)c2dy gt

d d
[ @), [ 64 .60 Q) dralcadest

+ 52/dﬁ(u(t),/dq Gy, (£,6,0)0 () dogC)c2dogt = (u, Ry 01

q

From Theorem 3.4 and the Hilbert—Schmidt theorem, we conclude that there exists an orthonormal system
oo
{qu = } where
74" ) m=—o00

D1 (€) 600, e, e, e,
¢m,q%(<) < ¢ % (C) > ) (bm,q%l(C) - ¢i?%2(<—), Ce 12’ (/I)m,q%Q(C) - ¢(2 <<)7 C c 12)

of eigenvectors of Problem (3.1)-(3.5) with corresponding nonzero eigenvalues A, 1 (where m € Z := {0, £1,42,...})
such that

oty = [ (|0 + 6820 ) doa 45 / (Js2 @[ + [ ) deat

(=)=
E)NE
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I (60000 + 6 (60 (Q)) e
- Z o2 ; (3.25)

m=me T |4 T (920020 + 98 (Q8D1a(0)) do

where
_{ 91(¢)
9(() = ( 92(4) )»
(1) (1)
_ g1 (C)v Cella _ 9s (C)? Cella
() { &), ¢eb, 2(¢) { #2), cel,
g e Hl, and
d 2 2 7 2 2
= [ ((#0) + (6000) a5 [ ((62000) "+ (62100) ") ac
Set
- Z — L forA<0,
A<A,, 1 <0 ™ g
o (N = > A forr>0.
0<A,, 1 <A g

By (3.25), we obtain

lolly = [ EORde, . (3.26)

— 00

a r
Y00 = [ (5600 + 68 (0 () da +5 /d (47950 (0) + 887 (6305(Q)) dogC. (327)

Lemma 3.5. For any positive N, there is a positive constant Y = M (N) not depending on = such that

o
N 1
Vi {g%ﬂ ()\)} = Y = (N —eg (CN) <M, (3.28)
-N —N<X,, 1 <N migw
wheren € N, d < q%.
Proof. Let sin 8 # 0. By (3.8), there is a positive number & such that
2
1 [ootk 1.
5 / AV A)d<) > 5 sin’ B, (3.29)
oo

due to <p§1)(<, A) is continuous on the region {(¢(,A): =N <A< N, o¢ < ¢ <d}.

Let gx(¢) = < i:;gg ) be a function such that
%, O'0§<<O'0+]€,

r1(€) =0, gr2(¢) = {0 ¢> o0+ k.
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Combining (3.26), (3.28), and (3.29), we conclude that

oo+k
[ a0+ sk =5 = [ ( /¢<l> ) dog, (O
N k
> / (,1 / ¢§”<<,A)d<> dos, (V)

sm ﬂ{ Lﬂ( )*Q%(*N)}

q

If sin 8 = 0, then we shall define g (¢) = ( gklgg ) by the formula
k2

1
gkl(C) - {[C]CCW’ =tk 9k2(§) =0.

0, (>o00+k,
Hence, the proof of the lemma follows by the Parseval equality.

By o, g-integration by parts, we obtain

/gd (Ty 2 SL?T"( do,qC + 5/ " (Ty @) m, (C))Cz do,qC

0

1
+(5 |:—qu’290£721) Q(C) +p(C)SD1(j?qln1:| y§2)d0,q<

+6 [Do—,q‘p(m?ﬁl(C) + T(C)(Pfj)bz} 3/1 doqC

where

= [ (N @) ot 45 [ (1PN (@) doat

and m € Z.

(=)=
E)NE

(3.30)

(3.31)

(3.32)
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Set

o0

y(GN = D Y (A e 2.(0),

m=—0o0

and

7
’q

d,, = /Ud <g(1)(<), <1>%( ))CZ da,qc+5/dql” (9(2)(07@5)4(())@2 dyoC (m € Z).

Hence, for myn € Z, d < q%, we have

1
qn

d L o )
dm = / (6. @) 4 (O)cdogC +6 / (9210, , (O))c2doqC
oo d

= / - (y<1>) () 4 (O)ezdogC + 6 / e (v2(0)) @l (s

q

- W) () ead ¢ — A8 e 0P (O))c2dog
[ @ et =26 [ WD (st
- ()\m’ , —A) (),

since y(¢, A) satisfies 7y = Ay + ¢ (¢ € I, g € Hy) and conditions (3.2)-(3.5). Therefore, we obtain

T (A) =

where m € Z, and
L o5}
q7

v = [T G N IO degt = > o 1 (O

1
0 m=—oo = "ugm

Thus, we find

(Rﬁ,z9> €)= Z -

Lemma 3.6. Let z be a nonreal number and ¢ be a fixed number. Then we have
/°° P(C |

ool A= 2 2

Proof. Writing g(¢) = ¢,,, 1 (¢) (m € Z) in (3.35) yields

dQ% ()\) < K.

i

1
1 a P, 1, (C)
’ Ln (Cat7 Z) , =L (t) dant = *

)
« 1
m (exs) 1 1 —
Tqm am,—qn /\m,—qn z

due to ¢, 1 (¢) are orthogonal. By virtue of (3.38) and the Parseval equality, we deduce that

2

/ Lt = Y QHsom,;n@)\

(C2
2

0 = —
m==00 00 4| Am, e g

139

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)
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oy (), (3.39)

q

-5

which proves the lemma, since the integral in (3.39) is convergent. O

q"k

By Lemma 3.5, o1 ()) is bounded. Using Helly’s theorems, one can find a sequence {L} such that [ (A)
q’” 7"k

converges (ny — 00) to a monotone function ¢ (A).

Lemma 3.7. Let z be a nonreal number, and let o(C,\) be as in (3.7). Then the following relation holds

H —Z llc2

where  be a fixed number.

do(N) < K, (3.40)

Proof. By (3.37), for arbitrary n > 0, we find

n MK
/ (6 A) oo (\) < K.
gl A=2 |l T
Letting n — oo and — 00, the proof of the lemma follows. O

Lemma 3.8. For arbztmry n > 0, the following relations hold.

/—n dg)\(Q)\) s /noo dQ)\(Q)\) <o (3.41)

— 00

2
Proof. Since H%n,% (o0, )\)ch # 0, if we take ¢ = 0 in (3.40) then we get

© do (A
/ o )2<OO7
—oo [A = 2]

which proves the lemma. U

Lemma 3.9. Let g(.) € H and
/Gc,tz (t)ds

Gt ) = 41X (© DT (h2), t<C CAd t#d
o ‘P(C,Z)XT(t,z), t>C (£d, t#d.

Then the following relation holds

[ 180 €N o+ [ N N < (/ 9O ot +3 [ (Ol ,qc)

where z = u + v.

Proof. Combining (3.35) and (3.26), for each % > d, we obtain

[ (s 0) O, aq<+6/ RS —
. = ]

where

129 (C)‘

[¢]
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d .
- ( / l9(ONIze do.qC + 0 /d l9(O)lIz da,q<>.

Letting q% — 00, we get the desired result.

Theorem 3.10. For every nonreal z and each g (.) € H, the following equality holds

(79)(¢.5) = [ ZEDryae

where
T(A)=/ (g(C),so(”(C,A))@da,qCJr5513{)10 ; (9(0), ©2(¢, A))c2dg g,

0

and p(C, ) is defined by (3.7).
Proof. Let ¢ be an arbitrary positive number and the vector-valued function

9%1(0
gq%(C) = ( 9%2(4-) > ) gq%l(C) =

satisfies the following conditions.
1) U (¢) vanishes outside the set [0g,d) U (d, %], & < .

2) g: (¢) has a continuous Hahn derivative at oy.

3) g%(g) satisfy conditions (3.2)-(3.5).

Set
d a

M) = [ 680V erdnt 6 [T 62102 (€N
o0 a

q

T

%
From (3.36), we find
oo ,)\
(Rpeoy)©= [ B4Vt (yaoy,

- z
_ [T elGN ALY
f/ A—2z (/\)dgl (A)+/§ )\—sz&O\)dQ%’L()\)
+/ Sﬁ)\(Ca/:)frq% ()\)dgq% (A) = J1+ J2 + Js.
Ji. By (3'35)7 we get

Firstly, we shall estimate

TGN
|5 ey )
i (8060642, (©)) dnat

|J1| =

(3.42)

(3.43)
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o\ 1/2
e @ " ffo(?(o,so;{% (<)) S
k, 2 2 q a c2?
S Z ) - = X Z azl )
1 <— 1 1 — 1 <— k,q% 3
Mg <75 O 1 Ak, z‘ M, 2 <76 +6 [ (g(fg)(c)’gpé%)h(g)) dy.qC
q a C2
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From Lemma 3.5, we find

where

KY2 [ rdy 2 i
< = [ Jea©, dnac+5 [
o a* c2 d

Likewise, we can prove that |J5] < % Then J; and J3 tend to zero as ¢ — oo, uniformly in q%. By Helly’s theorems,
we see that

(qu%) (€, N) = / TGNy o). (3.46)
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If g(.) € H, then we can find a sequence { 91 (C)} (q% > d) which satisfies the previous conditions and tends to

g(¢) as = — o0o. From the Parseval equality, the sequence of Fourier transform converges to the transform of g(¢). By
q
Lemmas 3.7 and 3.9, the proof of the theorem follows. ]

4. CONCLUSION

In this work, we have considered a singular impulsive Hahn—Dirac system. For this system, the Green’s function
and a spectral function are constructed. Finally, an integral representation of the resolvent operator is obtained. It is
a well-established fact that in the Hahn—Dirac system, if o = 0, the ¢-Dirac system is obtained. Similarly, if ¢ — 1
and o = 0, the classical Dirac system is obtained. Consequently, this article presents a more generalized analysis of
existing studies within the existing literature.

REFERENCES

[1] B. P. Allahverdiev and H. Tuna, Spectral analysis of Hahn-Dirac system, Proyecciones (Antofagasta, On line),
40(6) (2021), 1547-1567.

[2] B. P. Allahverdiev and H. Tuna, Resolvent operator of singular dirac system with transmission conditions, Rad
Hrvat. Akad. Znan. Umjet. Mat. Znan., 23(538) (2019), 85-105.

[3] B. P. Allahverdiev and H. Tuna, Properties of the resolvent of singular q-Dirac operators, Electr. J. Differ. Equat.,
2020(3) (2020), 1-13.

[4] R. K. Amirov, On a system of Dirac differential equations with discontinuity conditions inside an interval, Ukrain.
Math. J., 57(5) (2005), 712-727.

[5] M. H. Annaby, A. E. Hamza, and K. A. Aldwoah, Hahn difference operator and associated Jackson—Norlund
integrals, J. Optim. Theory Appl., 154 (2012), 133-153.

[6) M. H. Annaby, A. E. Hamza, and S. D. Makharesh, A Sturm-Liouville theory for Hahn difference operator, in:
Xin Li, Zuhair Nashed (Eds.), Frontiers of Orthogonal Polynomials and ¢-Series, World Scientific, Singapore,
(2018), 35-84.

[7] K. Aydemir, H. Olgar, and O. Sh. Mukhtarov, The principal eigenvalue and the principal eigenfunction of a
boundary-value-transmission problem, Turkish J. Math. Comput. Sci., 11(2) (2019), 97-100.

[8] K. Aydemir, H. Olgar, O. Sh. Mukhtarov, and F. Muhtarov, Differential operator equations with interface condi-
tions in modified direct sum spaces, Filomat, 32(3) (2018), 921-931.

[9] Y. Aygar and E. Bairamov, Scattering theory of impulsive Sturm—Liouville equation in quantum calculus, Bull.
Malays. Math. Sci. Soc., 42 (2019), 3247-3259.

[10] M. Bohner and S. Cebesoy, Spectral analysis of an impulsive quantum difference operator, Math. Meth. Appl.
Sci., 42 (2019), 5331-5339.

[11] S. Faydaoglu and G. Sh. Guseinov, Figenfunction expansion for a Sturm—Liouville boundary value problem with
impulse, Int. J. Pure Appl. Math., 8(2) (2003), 137-170.

[12] Y. Gildi, On discontinuous Dirac operator with eigenparameter dependent boundary and two transmission con-
ditions, Bound. Value Probl., 2016(135) (2016), 1-19.

[13] W. Hahn, Beitradge zur Theorie der Heineschen Reihen, Math. Nachr., 2 (1949), 340-379, (in German).

[14] W. Hahn, Fin Beitrag zur Theorie der Orthogonalpolynome, Monatsh. Math., 95 (1983), 19-24.

[15] F. Hira, Dirac system associated with Hahn difference operator, Bull. Malays. Math. Sci. Soc., 43 (2020), 3481-
3497.

[16] D. Karahan and K. R. Mamedov, On a g-boundary value problem with discontinuity conditions, Vestn. Yuzhno-
Ural. Gos. Un-ta. Ser. Matem. Mekh. Fiz., 13(4) (2021), 5-12.

[17] D. Karahan and K. R. Mamedov, On a g-analogue of the Sturm—Liouville operator with discontinuity conditions,
Vestn. Samar. Gos. Tekh. Univ., Ser. Fiz.-Mat. Nauk., 26(3) (2022), 407-418.

[18] D. Karahan and K. R. Mamedov, Sampling theory associated with q-Sturm—Liouville operator with discontinuity
conditions, J. Contemp. Appl. Math., 10(2) (2020), 40-48.

(&)
ENE



144

[19]
[20]
[21]
[22]
[23]

[24]

[25]

REFERENCES

B. Keskin and A. S. Ozkan, Inverse spectral problems for Dirac operator with eigenvalue dependent boundary and
Jjump conditions, Acta Math. Hungarica, 130 (2011), 309-320.

H. Koyunbakan and E. S. Panakhov, Solution of a discontinuous inverse nodal problem on a finite interval, Math.
Comput. Model., 44(1-2) (2006), 204-209.

B. M. Levitan and I. S. Sargsjan, Sturm-—Liouville and Dirac operators, Mathematics and its Applications (Soviet
Series). Kluwer Academic Publishers Group, Dordrecht, 1991 (translated from the Russian).

J. Manafian and M. Lakestani, Optical soliton solutions for the Gerdjikov—Ivanov model via tan(¢/2)-expansion
method, Optik, 127(20) (2016), 9603-9620.

J. Manafian and M. Lakestani, Abundant soliton solutions for the Kundu—Eckhaus equation via tan(¢/2 )-expansion
method, Optik, 127(14) (2016), 5543-5551.

J. Manafian and M. Lakestani, N-lump and interaction solutions of localized waves to the (2 + 1)-dimensional
variable-coefficient Caudrey—Dodd—Gibbon—Kotera—Sawada equation, Journal of Geometry and Physics, 150
(2020), 103598.

J. Manafian, L. A. Dawood, and M. Lakestani, New solutions to a generalized fifth-order KdV like equation
with prime number p = 3via a generalized bilinear differential operator, Partial Differential Equations in Applied
Mathematics, 9 (2024), 100600.

O. S. Mukhtarov, Discontinuous boundary-value problem with spectral parameter in boundary conditions, Turkish
J. Math., 18 (1994), 183-192.

M. A. Naimark, Linear Differential Operators, 2nd edn., Nauka, Moscow,1969; English transl. of 1st. edn., 1,2,
New York, 1968.

A. S. Ozkan and R. Kh. Amirov, An interior inverse problem for the impulsive Dirac operator, Tamkang J. Math.,
42(3) (2011), 259-263.

A. Zettl, Adjoint and self-adjoint boundary value problems with interface conditions, SIAM J. Appl. Math., 16(4)
(1968), 851-859.

M. Zhang, X. Xie, J. Manafian, O. A. Ilhan, and G. Singh, Characteristics of the new multiple rogue wave solutions
to the fractional generalized CBS-BK equation, Journal of Advanced Research, 38 (2022), 131-142.



	1. Introduction
	2. Preliminaries
	3. Main Results
	4. Conclusion
	References

