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Abstract

In this study, we consider impulsive singular Hahn-Dirac systems. Green’s function and a spectral function for
these systems are constructed. Finally, an integral representation of the resolvent operator is obtained.
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1. INTRODUCTION

In 1949, W. Hahn gave a definition of difference operator [13]. With this definition, the author wanted to combine
two important operators under a single structure. These operators are the ¢-difference operator and the forward
difference operator. By 2018, Annaby et al.[6] studied the Hahn—Sturm-Liouville operators. In 2020, F. Hira [15]
examined this system by taking the Hahn derivative instead of the ordinary derivative in the classical Dirac system.
Allahverdiev and Tuna [1] investigated the basic features of the Hahn—Dirac system.

Differential equations with impulsive boundary conditions are one of the important problems studied in the theory
of differential equations. Impulsive equations serve as basic models to study the dynamics of processes that are
subject to sudden changes in their states. There is quite substantial literature on such type problems (see [4, 7-12, 16—
19, 26, 28, 29]).

In this paper, the Hahn—Dirac system under impulsive conditions is considered. Using Levitan and Sargsjan’s
method [21], the spectral representation of the resolvent operator for such systems will be obtained. In the Hahn—
Dirac system (given below), if ¢ = 0, the g-Dirac system is obtained, if ¢ — 1 and ¢ = 0, the classical Dirac system
is obtained. The spectral representation of the resolvent operator for the classical Dirac system under impulsive
conditions was studied by Allahverdiev and Tuna in [2]. A similar problem in the ¢-Dirac system was considered in
[3]. With this study, a more general version of the classical Dirac system will be analyzed under impulsive conditions.
Recently, solutions utilizing the expansion method for different types of equations and the characteristics of the
solutions have been the subject of study in [22-25, 30].

2. PRELIMINARIES

In this context, we provide a concise overview of the Hahn calculus [5, 6, 13, 14]. Let g € (0,1),00:=0/(1 —¢q), 0 >
0, and let ¥ : J C R — R is a function such that o¢ € J.
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Definition 2.1 ([13], [14]). The Hahn derivative D, ¥ is defined by
Y(o+¢0) =¥ ()
DogW(Q) =4 e ST
LG (0’0) 5 C = 0p.

Definition 2.2 ([5]). Let a,b, 00 € J. The Hahn integral (o, g-integral) is defined by

/ab U () dy € = /Uj U (¢)dyqC — /U: U (C) dy.qC,

where

¢ & _n
[ @it a-ac-a X v (a0 v o), ce
g n=0

0

provided that the series converges at ( = a and ( = b.

3. MAIN RESULTS

Consider the impulsive Hahn—Dirac problem

{ T n i o, o
y2 (90, A) cos B + y1 (00, A) sin 8 = 0, (3.2)
y1 (d=) = kyyy (d+) =0, (3.3)
yo (1 (d=)) = kayo (1" (d+)) =0, (3.4)
Yo <u_1(qln)7)\> cos a + <qln)\) sina =0, (3.5)

where k1, ko, o, 6 € R, n € N:={1,2,3,...}, and X is a complex eigenvalue parameter.

Our basic assumptions throughout the paper are the following:

(A1) Let ¢ € (0,1), 09 :=0/(L=¢q), 0 >0, u(¢) =q¢+ o, I :=[og,d), Iz := (d, ﬁ], op < d< q% (n € N),
I:=1, Ul and kiks =6 > 0.

(A2) p,r: I — R are continuous functions on I and have finite limits p (d£), r (d+).

Now we introduce the Hilbert space Hy = L2 , (I1) + L2 ,(I3) with its inner product

d 4
(), = / () s o g + 0 / (s 0) g o g

0

where
_ U1 C) _ ul(C)v CEI,
0= (10 ) mo=1 e e
_ u21(€)’ C S Ila
v (0)= { uz(C), (€I
and
0= 50 ) mo-{ 08 &
[c )
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_ J wna(Q), ¢eh,
we ()= { w22(C), (€ L.
Set
y1 and yo are continuous at oy,
one-sided limits y; (d+) and yo (' (d+))
exist and finite, y1 (d—) — k1y1 (d+) =0, ’
y2 (17" (d=)) = kayo (u~"' (d+)) = 0 and Ty € H,

Dmax: yGHl:

where

1
=D _o 1ys + ;
ry o= 4 TiP-5a2 P On andy:<y1>'
Do qy1 +1(C) 2, Y2

Then the mazimal operator Lyax on Diyay is defined by Liyaxy = 7Y, ¥ € Diax.
Green’s formula is given by

1

/q" (7, 0) e — (1,70)) 2] dogC = Wiy (u,) (qln) — W, (u,7) (d4) (3.6)
+ Woq (u,0) (d=) = Wo,q (u, ) (00)
where
u = < u; >, v = ( U; ), U,V € Dipax,
and
Wo.q (u,0) (¢) := u1 (Q)va (=1 (€)) — ua (™" ()1 (C)-
Let
on-( 263
(1) (1)
_ ®1 (ca)‘)7 CEIl, _ @ (Cv)‘)? CEII»
e = { oD, Ce, (M= { BN, cen
and

NS
60 =( ey )
ggl)(ga)‘)v C € Ilv agl)(ga )‘)7 C € Ilv
02 (C,N), e, 05 (C,\), €,

be two solutions of Eq. (3.1) satisfying the initial conditions

PtV (00, A) = sin B, 8" (00, A) = —cos 3,

01(C,>\)={ 92(C,A)={

3.8
951) (00, ) = cos 3, 951) (00, ) = sin . (8:8)
and impulsive conditions (3.3)-(3.4).
We will denote by 6(¢,A) +m 1 (A) (¢, A) the solution of Eq. (3.1) which satisfies (3.5). Then, we find

1 (qin, /\) cota + 6% (ufl(qin), A)

moa, \) =— oNE @ — . (3.9)
#1 (qTa )\) cot o + (M_ (qT)’ )\)

(&)



4 B. P. ALLAHVERDIEV, H. TUNA, AND H. A. ISAYEV

The function (3.9) is a meromorphic function of A due to 6 and ¢ are entire functions of A. This function is called the
Titchmarsh-Weyl function of Problem (3.1)-(3.5). By (3.9), we see that

0 () 2+ 08 (b1 (2 A)
ma (N z)=— @ @ , (3.10)
! e (qu/\)Z‘F‘PQ (u‘l(q%)w\)
where z = cot a. From the properties of the mapping (3.10) the real axis of the z-plane has as its image a circle in the

m-plane.
Let H = L?,’q (I1) + Lg’q(lg) be a Hilbert space endowed with the following inner product

d oo
(u,w) ;:/ (va)«ﬁ do,qC+5/d (“,W)(ﬂ do,q€,

0

where I3 := (d, 00),
_( m(GN)
u(¢) = ( u; (¢, A) )

[ un(GN), el [ um(GN), el
“1(“)‘{ BN, Cel UZ(C’A)‘{ui(c,A), Cely

and

_ w (Cv)‘)’ <€I7 o w (Cv/\)7 CGI,
“’1(“)‘{ 2(CN), Ce s, “’2“’*)—{w22(<,x>, e,

Lemma 3.1. Let
Xqin(g )‘) = 9(<7 /\) + mq% ()‘) @(Cv /\)’ el (311)

For every nonreal A, we have

x%ﬂ(é,k) +x(C ), oo,

Vi A)H a,q<+5/ HX(Q)CA)HQQda,qC

ey / @
Proof. Tt is obv10us that
X (6 = XN + {m o, () =m () f oG,

where x(¢,A) € H and m 1_ () is a point of the circle. From [21], we infer that

1
0,q<7 — — 0
q

[, ) =m )| <20y, )

d 2
fao ||<P(1) (C’ A)H(['j2 dO’v‘IC
= 1ol 1 2
+0 qu" H‘PQ) (C7 >‘) ||(Cz da,q(
where 71 denotes the radius of the circle and Im A = v # 0. Letting q% — oo yields
X1, (GA) = x(GA),

(=)=
E)NE
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due to = (A) — 0. Moreover, we deduce that

{ m, ( )}90(”(4 M|, dout

/‘* g <>} . A>H ot
= |ma () HCN||, doa
ol ) m(A)\ /d H<p(2)( o

C
1 -1
< <|m [/Ud e )\)H; da,qc+5/dq Hsﬂm(c”\)H; dMCD :

Letting q% — 00, we obtain

d
/Cfo

2 o0
VN, drat +6/ (Y] DAt +5 [ o
]
Set

X2 (GN@T (1 X), t<¢, C#d, t#d,

G (GHBA) =9 Jie v (£ d d (3.12)
qa" @(Ca )Xq%(tv )7 t><a<7é 7t7é P

where y 1 and ¢ are defined above with the formulas (3.11) and (3.7). Let R+, : Hy — H; and

a En

(R a9)© =N = [ Gt gt +5 [ 7 G o (Gt MOt A€, (3.13)

where

91 () )
= , g € Hy.
g(¢) < 9 (C) g 1
Our next objective is to prove that (3.13) satisfies 7y = Ay + g, where ¢ € I, g € Hy and conditions (3.2)-(3.5). From

(3.13), we get
¢ (1)
yl((:,)\)zx(qi:l(c,)\)q/ ( sal(( (), Ngr (“(i) )dwt
dyqt
)

+o5 (1 (1), Vg2 (1 (
% (1) ,)\ 1
+¢§1)(<’A)§q/dq ( X (Sw (), N)g1 ( (t)i) ) dgqt, ¢ €11, (3.14)

o [ X G (1) Mg (e (1)
o6 /c +x(1)2(u(t),>\)gz (p(t
X (1), Mgz (k(t
e (e /d A0 ) N 10 ]
Y16, A) = X1 (6, A)G o.qt
7o\ +ef (i (), Vg (1 (1)
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(2) 7)\ (5 Q1n qn do’ R I7 3].5
terle )q/< <+xfgg<u<t>7x>g2<u<t>>) b ¢ Eh (3.15)

and

; qut, C el. (316)

vl ) = x(;)g(c,/\)q

w ) dygt; C € I, (3.17)

By (3.15), we conclude that

¢ (1)
Dogy1(¢,A) = cqu(p (¢, N / ( 9"1(1§(ﬂ<()) )) /(L
(1)

)

)

o A0 N ()
=Pt | L o M )

(

NG
(X2 0. s (1 (0)
(1)
+ Do g} (CaA)fsq/d ( +x(3) (1 (1), N g2 (1 (1) )d t

+ qu (@7Xq$n) 92(4)3 C € Il7 (318)

and
d (1)
Dg,qm(c,A)=Doﬁq><i?m(<’*)q/ao(f$§1§< (<)> )> (@(2;)) i
P (), Mg (1 (2))
+DUqX1 (¢ >\)5Q/d <+¢§2)( (), N)go (1 (1)) o
1 (2)
=t (), N1 (1)
# Daagl? 0 (+x<3< (1), N (Mtﬁ)dmt
+ Way (cp,xﬁ)gz(o, ¢ €l 19
(<[]
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Hence
¢ (1)
Drn(6:0) = A= r(O} (¢ Ve [ ( A )d :
a ) 2
a (XD (), N (u(t))
”A_T(O}*”Q)(C’A)ql (+x<§2<u(t) Ng ?mw))d“qt
(AP @), g (u (1)
+ 0@ 00 | (+x<?>2< 0N (e ) |
+92(¢), ¢ € I, (3.20)
and

d (1)
Do i (6 A) = A= (O} X 3,(¢ N / ( fé(lgﬂ <t1 N (p <t1
¢
A= (O (€N | ( jx)

+ =1} 8 (¢ Mg A ( +X;n>2<u (£),\)g2 (1 (2)

+92(¢) = {A = 7(Q)} y2(¢, A) + 92(€), ¢ € Ia. (3.21)

Likewise, the validity of the other equation in (3.1) is proved. Furthermore (3.13) satisfies (3.2)-(3.5), as is easy to
check.

Theorem 3.2. Assume that X is not an eigenvalue of problem (3.1)-(3.5). Then GL (¢,t, N is a o, q-Hilbert—Schmidt

kernel, i.e.,

[l
[y
o

T 0 qg/

smcex L (.,/\) ¢ (.,\) € Hy. Hence

[ )]
A

2

(¢, t, )

dyqCdy gt < 00,

q

C2
2

doqCdg,qt < 00.
C2

na

‘ (G

2
dy gt < 00,
(C2

1 C?t A)

qm

2
Ay qt < 00,

g

\ LGN

(CQ

2

(¢, 1,

dyqCdy gt < 00,

1
q™ C2

2

G, (¢t

q

Ay o Cl gt < 00. (3.22)

(&)
ENE

C2
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]
Theorem 3.3 ([27]). Let A{t;} = {z;},i € N:={1,2,3,...}, where
oo
vi =Y Mirte, i,k €N. (3.23)
k=1
If
[mi|? < oo, (3.24)
ik=1

then the operator A is compact in 2.

Theorem 3.4. Assume that A\ = 0 is not an eigenvalue of problem (3.1)-(3.5). Then R := R__, is a self-adjoint
and compact operator.

Proof. Let u,v € Hy and let ¥; = U, (s) (i € N) be a complete, orthonormal basis of Hy. By Theorem 3.2, we infer
that

tl=<u,wi>1=/ (w(0), Wi(O))ezds 7q<+6/ (O))c2dagC

d
£ = (0,0, = / (0(C), Wi(Q))cadogC + 6 /d (0(0), W Q) co g,

0

Nik 7/ / % C t, 0 (C) \I/k(C))(pdaqtdg q<+§2/ / % C 2 0 (C)vlpk(g))(f?qutqug

where i, k € N. Then H; is mapped isometrically on to /2. By this mapping, R 1 transforms into A defined as (3.23)
q
in I and (3.22) is translated into (3.24). By Theorems 3.2 and 3.3, we see that A and R_ is compact.
Since G 1 (¢,t,0) = G (t,¢,0) and G 1 (t,¢,0) is a real matrix-valued function defined on I x I, we deduce that

d
(R u,v)1 / (Rzu) (O),v(O))c2do ,qC+5/ 2) (€),0(¢))c2do g€

qm

//G (G4, 0t (t) dorgt, v (C))c2 o g
v / / G% G100t () do gt v (€))c2d o

(C) da,qC)C2 dcr,qt

Il
\
\

C)

)ﬂ

m

(t,¢,0) v (¢) dogC)c2do gt

Il
\
\

Q

+o8 /d (u(t), dq" 4 (16,000 (Q) do gQ)cdogt = (u, Ry, 0)1.
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From Theorem 3.4 and the Hilbert—Schmidt theorem, we conclude that there exists an orthonormal system

{qﬁm 1 }OO where

. ¢m7q%1(g) . d)?(’:b?q%l(c)’ CEID . (zbfrll))q%g(c)v CEIlv
¢m,q%(<.) - < ¢m,q%2(4) ) ) Qsm,q%l(C) - { ¢"(72L’)%2(<), CG 1.2’ ¢m,q%2(§) - ¢§3’)%2(<)7 C c 1-2,

of eigenvectors of Problem (3.1)-(3.5) with corresponding nonzero eigenvalues \,, 1 (where m € Z := {0, £1,42,...})
such that

ol = / (\g“’ )|+ o8 ])dmcw / (W 0| +]s8 ¢ \)da,qc (3.25)

12 (5870600 + 6 Q62O doa |

= > E;g’ : (3.26)

m==e Sm |15 [ (02 (082 (0) + 082 (8D1(Q)) dorgC

where
_( 91(©) )
90 = (249 ).
(1) (1)
_ 91 (C)a Celh _ 92 (C)) Cella
) { a7(Q). (e, (0 { a2(Q), ¢ el
g < Hl, and
d 2
o= ((oﬁii)bl(o) (4552(0)) ) aC+a | ((<z>£?b1(<)) + (¢5h2(0) ) ac
Set
- > b, forAg0
A<X,, 1 <0 g
QW(A)_ Z a21 , for A>0
0<A, 4 <A AT
By (3.25), we obtain
lolly = [ e de, (V. (327)
where
/ (420880 (O + 857(O821a(0)) dara
+4 / " (8200210 + 4826 215(0)) ol (3.28)
Lemma 3.5. For any positive N, there is a positive constant Y = M (N) not depending on q% such that
N
1
\/ {gf (/\)} = Y e mea N —eg (-N) <M (3.29)
-N —NSA, g <N ms g

wheren € N; d < q—ln.
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Proof. Let sin 8 # 0. By (3.8), there is a positive number k such that

1 roth (1) : L. o
gL ena) g (3.30)
due to <p1 (C A) is continuous on the region {(¢,A): =N <A< N, o¢ < ¢ <d}.

Let gx(¢) = < z:; 28 ) be a function such that

1
961(Q) = 0, gra(C) = { A UOCSZC;O iok+ k

Combining (3.27), (3.29), and (3.30), we conclude that

oo+k
[ @@+ et = 5= [ ( /¢><” ) dog, )

N (1 rk W
> / P o) doy
s’ 8oy (V) — oy (-N)}! (3.31)
If sin 8 = 0, then we shall define g;(¢) = ( iklgg ) by the formula
k2
1
_ =k 0‘0§C<0‘0+k‘, .
gr1(Q) = { 0, C> o0+ k, gr2(¢) = 0.
Hence, the proof of the lemma follows by the Parseval equality:. O

By o, g-integration by parts, we obtain

/Ud (70,60 () doat +5 /d " 62, (©)) doat

i
[¢]

iro

:/ [‘aD—;n; v () +p(C)y “ﬂ ) 41 (O
w1

+é ., [ 5D7g,§y§2)(4)+p(4) (2)} wﬁ?ﬁl(c)d(,,qg‘

d . ) X
+/ [Da,qﬁﬁ (€) + (s )} w;?ﬁ(c)dmg
s " [Da,qy?)(g‘) + r(g)yéz)} 90(2);”,2(4“)(10,(1{
171
- / [_qD—?;‘PS,)lg(C) +p(C)s0f,1L?q1nl} S dy o€

Doz 1020+ 0062 | g

+9 [Do—,q‘p(z?ﬁl(C) + T(C)(Pfj)bz} 3/1 ds,qC
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where
d
W) = [ (VN O) et
3 [T (1PN () deat
and m € Z.
Set

YA = Y 9 ) e, 1 (),

and

I W
dm = / (g(l)(C)a ‘pm’q

+6/q (g@)(é),wfj)
d

’q

(©),, doat

I

Hence, for m,n € Z, d < q%,we have

1
0

d q
dp = / (V) 00 1 (O))crmal +6 /

1
g d

-/ (1) (06 (erdogC +9 / (e

q

’ i
3 [ W06 @8 [T 00,64

1
g

= (M =2) 1 V),

since y({, A) satisfies 7y = Ay + ¢ (C € I, g € H;) and conditions (3.2)-(3.5). Therefore, we obtain

m A =3
Y (A) s A
where m € Z, and

1
1 9]

y(C,A)z/q G (N g(t)dogt = > s

0 m=—oo ~"ugmw

Thus, we find

L 2

%(C))(? do’,qc (m S Z)

11

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(&)
ENE
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Lemma 3.6. Let z be a nonreal number and ¢ be a fired number. Then we have

< e |’
/_OOH Az | Lo W <K (3.38)
Proof. Writing ¢(¢) = gamw%(() (m € Z) in (3.36) yields
P, 2 (€)
1 (61 2) oy, 1, (8) do gt = : : (3.39)
! ! Q1 ()\m 1 — Z)

due to ¢, 1 (¢) are orthogonal. By virtue of (3.39) and the Parseval equality, we deduce that
k) q'Vl

2

.
[ e s ) duac= > v le
g0 m=-—00 )\m 1 — Z‘
>’ > q™
0o 2
PG

= do1 (A 3.40
[ |5 des . (3.40)
which proves the lemma, since the integral in (3.40) is convergent. ]

By Lemma 3.5, ¢ 1 ()) is bounded. Using Helly’s theorems, one can find a sequence {q%k} such that 01 (N

converges (ny — 00) to a monotone function g (\) .

Lemma 3.7. Let z be a nonreal number, and let (¢, \) be as in (3.7). Then the following relation holds

H —Z llc2

where  be a fixed number.

Proof. By (3.38), for arbitrary n > 0, we find

do(\) < K, (3.41)

n MK
—n A—z Cc2 ar
Letting n — oo and ﬁ — 00, the proof of the lemma follows. O

Lemma 3.8. For arbitrary n > 0, the following relations hold.

/_—77 dg)\(Q)\) <o /noo dg)\(z)\) < 0. (3.42)

oo

2
Proof. Since H‘Pm,% (00, /\)H«:2 £ 0, if we take ¢ =0 in (3.41) then we get

/°° do (M) < o
—00 |)\—Z|2 ’

which proves the lemma. O

Lemma 3.9. Let g(.) € H and
/ G((,t,2)g(t)ds

_ [ x(G2) e  (t2), t<( CH#d, t#4d,
G(C’t’z){ ©(C2)xT (tz), t>¢ (#d, t#d.
[c[m]

where
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Then the following relation holds

13

d oo 1 d oo
/00<Rg><<7z>||ézda,q<+5 /d |<Rg><<7z>|ézda,q<<v2(/Uo||g<<>||ézda,qc+6 /d |g<<>||ézda,q<),

where z = u + iv.

Proof. Combining (3.36) and (3.27), for each q% > d, we obtain

[N(raa) @l trces [*

(90) @m3 ()

2

doqC

C2

(Rﬁ,zg) (C)‘

2

Hy

IA
|

1 1
U2Za21

m=—o0 m777

1 d F
=2 (/UO 19(O)122 do € +5/d 9(O)|12 dg,q(> .

Letting q% — 00, we get the desired result.

Theorem 3.10. For every nonreal z and each g (.) € H, the following equality holds

(Ro) (6.5 = [ ZEr e,

foo A2

where

d L
T = / (9(0): ¢V (¢ N2 g€+ Jim dqg (9(0), 9" (¢, M)e2do oG,

0

and ©(C, \) is defined by (3.7).
Proof. Let ¢ be an arbitrary positive number and the vector-valued function

921(0) 951(0). ¢ € [oo.), 95,(0),
(€)= ( 9:2(0 ) 5 92,4(¢) = (2) 915(¢) = &)

g
B i 92,0, Ce @] i

a1
q€

satisfies the following conditions.
1) . (¢) vanishes outside the set [og,d) U (d, q%], <L,
q
2) g 1 (¢) has a continuous Hahn derivative at og.
q
3) U (¢) satisfy conditions (3.2)-(3.5).
Set
%
T = [ 600N el +8 /d (93(0) 0P (¢ M)edoqC.
a o - q

From (3.37), we find

(Rae) = [ 52Ty 0oy

4 q€ q
ates) (Y
:/ﬂ) S Tq%(A)dQ;n (/\)Jr/g — Tq% (Ao, (M)

(3.43)
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o0 7)\
[Ty ey, =it T+ s
s a N

Firstly, we shall estimate J;. By (3.36), we get

A—2z &

il =| [ EETr, ey, )

— 00

|y e o \T3e T P
N <ms 7 4 </\k & = Z) (@ (2
Tqr am 4 ‘H;fd g% (C)v@k 1 (O da,qc
q (C2
2 1/2
H% L(C)‘
o C2

<| X : :

A1 << @i 1[N 1 —z‘
o\ 1/2

A, 1 <—s ki e
kL <TS +4d fd5 (g(z)(O’@fj)lﬂ(C)) dy g€
C2

)

By o, g-integration by parts, we deduce that

d 1
/ (gﬁ”(o,so;”ln(c,A)) doaC+5 [ (g@(<>,w;2§1(c,x>) o
o at ’q c2 d € ’a Cc2

0 aq

Iy 90 {30 2 10 ay (O F DOy 1 (O) ] o€

1 7 e

D) 1
T 0 5 980 {0 16, (0 +PORY, (O} e
1 S 98 { Dot (O + (Ol (0} o

Jro ‘F’z(:,)%,l(ﬁ) {*%D—g,égg)(é) + p(C)gg)(C)} do,qC

U A O -3Po5 108 © 2O (©)f doa

Sy 2 () {Daagls) (O +7(0) 95 (€)} g

AL a
T A0 o, O {Daadd (© 7003 (O} daa

(3.44)

(3.45)

(3.46)
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From Lemma 3.5, we find

where

1
3
From Bessel inequality, we infer that

K1/2 d 2 5 3
< =
< = [ x| drac+s |

0

Likewise, we can prove that |J3] < % Then J; and J3 tend to zero as ¢ — oo, uniformly in q%. By Helly’s theorems,
we see that

(qu%) (€, N) = / TNy (do(). (3.47)

— 00 A—2z 'S

If g(.) € H, then we can find a sequence { 91 (C)} (q% > d) which satisfies the previous conditions and tends to

g(¢) as + — co. From the Parseval equality, the sequence of Fourier transform converges to the transform of g(¢). By
q
Lemmas 3.7 and 3.9, the proof of the theorem follows. O

4. CONCLUSION

In this work, we have considered a singular impulsive Hahn—Dirac system. For this system, Green’s function and
a spectral function are constructed. Finally, an integral representation of the resolvent operator is obtained. It is a
well-established fact that in the Hahn—Dirac system, if ¢ = 0, the ¢-Dirac system is obtained. Similarly, if ¢ — 1
and ¢ = 0, the classical Dirac system is obtained. Consequently, this article presents a more generalized analysis of
existing studies within the existing literature.
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