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Abstract - N

Gaseous diffusion (GD) has been used in various fields, including electromagnetic wave fields, high-energy physics,
fluid dynamics, coastal engineering, ion-acoustic waves in plasma physics, and optical fibers. GD involves random
molecular movement from areas of high partial pressure to areas of low partial pressure. Researchers have devel-
oped models to describe this phenomenon, among these models is the (2 + 1)-dimensional Chaffee-Infante (CI)-
equation. This research explores analytical soliton and wave solutions of Gaseous diffusion through a homoge-
neous medium, considering two analytical methods, the Riccati equation and F-expansion methods. Thirty-seven
different solutions have been identified and some of these solutions have been illustrated graphically. The figures
show a range of bright, dark, singular, singular-periodic, and kink-type soliton wave solutions.
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1. INTRODUCTION

One of the most significant natural phenomena, widely used in numerous fields such as physics, biology, and
chemistry is gaseous diffusion. Gaseous diffusion is the movement of molecules under a concentration gradient. GD
has produced most of the enriched uranium in the world [1]. GD in materials science is widespread, for example,
in processes such as sintering, corrosion, steel hardening, and semiconductor manufacturing. The diffusion of gas
in a homogeneous medium involves studying a particle with a homogeneous temperature under the influence of an
external force. Scientists have developed models to describe this phenomenon, among which is the (2 + 1)-dimensional
Chaffee-Infante (CI) equation [2]. CI equation can depict the physical phenomena of particle diffusion, which has
been extensively used in electromagnetic wave fields, fluid dynamics, high-energy physics, coastal engineering, fluid
mechanics, and ion-acoustic waves in plasma physics, optical fibers, and other fields [1]. CI equation can depict
the physical phenomena of a particle diffusion, which has been extensively used in electromagnetic wave fields, fluid
dynamics, high-energy physics, coastal engineering, fluid mechanics, and ion-acoustic waves in plasma physics, optical
fibers, and other fields [1]. There are many techniques that can be used to solve a wide range of higher-dimensional
nonlinear equations in the applied sciences and mathematical physics such as Lie and symmetry analysis [2-14], the
inverse scattering transformation method [15], the Darboux transformation method [16, 17], generalized exponential
rational function (GERF) technique [1, 18, 19], the Riccati equation method [20, 21], the (G/G) expansion [23-25],
the tanh-coth (TC) method [26, 27], F-expansion method [28, 29], the Backlund transformation method [30, 31],
and extra methods have been developed to get the exact solutions of nonlinear equations. Recently CI equation has
been widely studied by many researchers. Khater and Ghanbari utilized five methods to obtain the solitary wave
solutions for the CI equation: the exp(—¢)-expansion method, the extended (G’/G)-expansion method, the extended
simplest equation method, the extended tanh expansion method, and the modified Khater method [32]. Moreover,
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the differential quadrature method (DQM) is also an effective technique [33]. Also, many of these techniques are very
effective in the case of fractional calculus. Other techniques can be found here [34-36]. In [1], the GERF method
is used to produce a great number of analytical soliton solutions. According to Akbar et al. [37], the first integral
method has been employed to find the analytic solutions of the CI equation. In [38], the authors used the modified
Khatter method to seek the CI equation with numerous new closed-form solutions. The solitary wave solution is found
by the extended sinh-Gordon expansion technique [39]. There are various other techniques for the construction of
different kinds of solutions. In this article, we will apply two distinct methods, namely the Riccati equation and the
F-expansion method, to find the analytic solutions of the Cl-equation, which has the form:

Yot + (_7/)3290 + 0“703 - Oﬂb)w + U¢yy =0, (1~1)

where, « is the diffusion coefficient and o is the degradation coefficient.

The paper is arranged as follows. Section 2 introduces the Riccati equation method with application to the (2 +
1)-dimensional Chaffee-Infante equation. In section 3, the soliton wave solutions of the CI- equation are argued via
F-expansion method. The paper ends with conclusions in section 4.

2. THE RICCATI EQUATION METHOD FOR THE (2 + 1)-DIMENSIONAL CI-EQUATION

In this section, the Riccati equation method is discussed and applied to find the soliton solutions of the CI- equation.
The method can be summarized in the following steps:
Step 1: Reduce the order of the partial differential equation via wave transformation. Consider

(z,y,t) =P(1),  7=pz+ Ay —t. (2.1)
Substituting Eq. (2.1) into (1.1) reduces it to:

—pP" — pa 4 3pap® P’ — py + XN = (=P — pap + pag®y + (0N — py) ¢ = 0. (2.2)
Which can be simplified after integration to:

—1" + (0N — pry) ¥ — ponp + pap® = 0. (2.3)

Step 2: Assume that the solution of the reduced equation is in a series form:

N
Y(r) =) Aig'(r) (24)
=0

where A; are real constants will be determined, N is a positive integer, which result from the balancing principle with
higher order non-linear and linear terms in Eq. (2.3), by balancing ¢ and ¢? gives N=1, and Eq. (2.4) is written as:

Y(1) = Ao + A1, (2.5)
as ¢(7) satisfies the following Riccati equation:
¢ (1) = ag*(7) + bp + ¢ (2.6)

where a # 0, b and ¢ will be determined later. The solutions of the Riccati equation can be written as follows:
Case (1): 2> 0,

66) = -~ Y2 (éﬁf v so> , 2.7

o6 =~ ~ ot (fs ¥ 50) (2.
Case (2): 2<0,

06 =3 - L an (e rao). (2.9
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—Q -0
?(&) = —% - \/2? cot <\/;§ + é“o) . (2.10)
Case (3): =0,
b 1
¢&) =5, ~ . (2.11)

where Q = b? — 4ac,and & is the integration constant. Step 3: Inserting Eq. (2.5) together with Eq. (2.6) into Eq.
(2.3), collecting all coefficients of each power of f£,0 <i < N in the resulting equation where these coefficients must
vanish. This gives a system of algebraic equations involving the parameters A;, (i =1, 2, 3), a, b, p, A, 7, and ¢

QZ) = AO + Al@v

) = A1 = aA19® +bA1p + A,

qp” = A1<p” = 2a2A;p% + 3abA,p? + (62A1 + 2acA1) @+ cbA,
3 = A3p3 + 3A40A%p% + 3A2A 0 + AR,

(2.12)

Substituting (2.12) into (2.3), gathering coefficients of each ¢* power, and setting the sum to zero yields the subsequent
algebraic equations:

Coefficient of ¢® = —2u2a%A; + pa A3, (2.13)
Coefficient of ¢* = —3p®abA; + aA1oN\? — kmaA; + 3uaAyA?, (2.14)
Coefficient of ¢ = —k3b?A; — 2ulacA; + bAoN® — bA uy + 3uaAgA1 — paAy, (2.15)
Coefficient of ¢° = —p*cbA + cA10N* — cAypy + paAy — pady. (2.16)

Solving the algebraic system (2.13)-(2.16) using the Maple package confers six different groups of solutions of the
system, which result in twelve different solutions of the CI Equation (1.1) as:

Groupl:
bu /2 b2 — 2 o2 2«
Ay = — A =4/ — = = — d Q=—. 2.17
0 \/%7 1 a,u% & 4CL‘LL2 ) Y 1 ) an ,LL2 ( )
Casel: >0
V2
11(7) = — tanh <2Ma (ux + Ay — 7t)> , (2.18)
V2
o2(1) = — coth (J(,ux + Ay — *yt)) . (2.19)

The kink wave 1)1 is presented fora =1, b =3, ¢=1.25, a=2,t =1, and vy =X = pu =1 at Figure 1, while the
singular-type soliton solution (2.19) at a =1, b=3, ¢ =125, a =2t =1, and vy =X = p =1 at Figure 2.
Case (2): <0,

3(7) = itan <2_M2a(/w + Ay — vt)) , (2.20)

V=2«

y(1) = —icot ( (nx 4+ Ay — vt)) . (2.21)

Figure 3 indicates the double soliton solution (2.20) at a =1, b =3, ¢ =125, a = —10, and — v = A = p = 5.
Group2:
an
BE
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FiGure 1. Kink wave 9 at a
1, b=3, ¢c= 125 «a = 2t
1, andvy=XA=pu=1.

FIGURE 3. The double soliton solu-
tion ¥3 at a = 1, b = 3, ¢ =
125, a =2t =1, andy= A= p

V2bu + /a 2 20212 — o
Ao:“—\/_’ A = ~pa, C:“—z

Casel: Q>0

FI1GURE 2. singular soliton solution
Yoata=1 b=3, c=125 a=
2,t=1, andy=A=pu=1.

FIGURE 4. solitary wave solution
Ygata =1, b=3, ¢c =2, a =
2,t=1, andvy=4, A=pu=1.

oA+ 3 /a u?
VY and Q= ;—2 (2.22)
p u
(2.23)
(2.24)
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FIGURE 5. ¥g at a =1,

The solitary wave solution ¥g at a = 1,
Case (2): Q <0,

b=3,c=2, a=2t=1, andv=4, A=pu=1.

b=3,c=2, a=2,t=1andy=4, A= pu=1.is shown in Figure 4.
1 1. N
Yr(1) = 3 + X tan ( 2,”2 (px 4+ Ay — 'yt)> , (2.25)
1 1 N
Pg(T) = = — —icot ur+ Ay —~t) | . 2.26
() = 5 — gicot | G ) (2:26)
The solution, ¢g ,ata=1, b=3, c=2, a=2,t=1, and y=4, A= p =1 is depicted in Figure 5.
Group3:
—bu 2 b2u? — 2a oA? 2a
Ag=—, A1 =—/— = = — d Q=—. 2.27
0 \/%7 1 a,u’azy c 4@”2 , Y 7 , an Mz ( )
Casel: 2 >0
V2
o (7) = tanh (Tf(uz + Ay — 'yt)) ) (2.28)
V2«
¥10(7) = coth <W(;m: + Ay —t) | . (2.29)
Case (2): 2 <0,
V=2
¥11(7) = —itan ( a(u:t + Ay — vt)) , (2.30)
. V=2«
12(7) = i cot ( o (ux + Ay — vt)) . (2.31)
Group4:
by — [2 2242 — oN — I
AO:\/—M \/a7 Ay =) 2pa, e e V2 : Q:%, (2.32)
2/« a 8apu? I 2u
an
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Casel: Q>0
11 z
P13(7) = ~573 tanh 7(#17 +Ay =) |, (2.33)
11 z
1a(T) = 575 coth ﬂ(;w: + Ay — 1) (2.34)
Case (2): 2 <0,
1 1. N/ -5
Y15(r) = —5 + gitan ( TR W)) 7 (2.35)
1 /—a
V16(7) = —5 — gicot < 2H2 (pz + Ay — 7t)> : (2.36)
Group 5:
—V2bu — /o \/5 W22 — oA + o a
A A= /= = =Y d Q=—. 2.
0 2\/5 9 aﬂav c 80,/12 ) Y L ) an 2’”2 ( 37)
Casel: Q>0
1 1 &
Y17(r) = =5 + 5 tanh <\2/,E(“x + Ay — vt)> ; (2.38)
1 1 5
P1s(7) = 3 + B} coth ﬂ(/ﬂﬂ + Ay —9t) | . (2.39)
Case (2): 2 <0,
1 1. /=5
Y19(7) = —5 " 5t tan ( 2M2 (pr + Ay — fy?f)) , (2.40)
1 1, N
t20(T) = —5 + Sicot ( 2u2 (e + Ay — ’yt)> : (2.41)
Group 6
—V2bp + Va 2 W22 — oA — SsVa i a
AO = 2f 5 Al = —\/ —Ha, c= D) 3 = ’ Q= 9,2 (242)
« a 8ayt o) 21
Casel: Q>0
1 1 <
U (r) = 5 + 5 tanh <\2/E(ux + Ay — vt)> , (2.43)
1 1 e
W22(7) = 5 + 5 coth <\2/E(uw + Ay — vt)> : (2.44)
Case (2): 2 <0,
11, V-5 1 1. (-2
_ — — — = — — — . 2.4
Wa3(7) = 5 2”%( o (nx + Ay vt)>,w24(7) 5 T 2200t< o (hx + Ay — 1) (2.45)

(=)=
E)NE
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Case (3): =0
1
Pa5(T) = _m~ (2.46)

3. F-EXPANSION METHOD FOR THE (2 + 1)- DIMENSIONAL CI- EQUATION

F-expansion method [21, 40] mainly starts from the reduced Equation (2.3), where the solution of the ODE is
assumed to be:

Y(r) = Z s FU(T), (3.1)

N
=0

where, N = 1. This value is obtained from the balancing between the higher-order nonlinear and linear terms in Eq.
(2.3) and leads to:

¢ = S0 + 51F7

W =51 F = s, (pF*+ QF2 + R)™,

) =s1F" =251pF® + 5,QF,

1/}3 = 803 + 350251F + 350812F2 + 513F3.
s; are real constants and F'(7) satisfies the following first order ODE:

F'(§) = (PFY() + QF* + B)™7 (3.3)

as P # 0, Q and R are real constants. They will be determined later. The solutions of Eq. (3.3)are illustrated in
terms of Jacobian elliptic functions, for more details see [41]. Inserting Eq. (3.1) together with Eq. (3.3) into Eq.

(2.3), collecting all coefficients of each power of F?, i = 0,1,..., N to zero, results in the following system of algebraic
equations:
Coef ficient of F®: 4p%s1?u8 — dapsi*p* + o2p?s,% =0, (3.4)

Coef ficient of F®: —12apsos;>pu* + 6spa’u?s1® = 0,
Coef ficient of F*: 4Qpsi?u® — 12apso?s12p* — 2Qasi* i + 1502502 u?s1* + daps, 2t
— 20212511 — ps1202 M 4 2puyos1 20N — psi 2Pyt =0, (3.6)
Coef ficient of F3 : —4apsiso®u* — 6Qasos1®u* + 2002 u?s0%s1% + dpsgsiap* — 8sqa’ps® = 0,
Coef ficient of F3 : —4aps,so°u* — 6Qasgs:®u + 2002 12s03s1° + dpsosiap® — 8soa? u?s®

— Qs120° M +2Quyos12 0% — Qs12 %y =0, (3.8)
Coef ficient of F* : —2Qas150°u* + 65102 u%s0° + 2aQsos1pt — 8510212 s0> + 2595102 u? = 0, (3.9)
Coef ficient of FO : a®u?s0® — 202 p%s0* + a?p?s0? — Rs120%\* + 2Rpuyos120% — Rs 2p~* = 0, (3.10)

Solving the algebraic system (3.4)-(3.10)using the MAPLE package confers five different groups of solutions of the
system which result in numerous different solutions of the CI Equation (1.1) as:
Group 1:

2 2
s1°¢ —o oA
5,90 Q:ja Y= (311)

Case 1: If P=m?, Q=-1-m? m=1,
A kink-type solution is obtained:

50:07 S1 = 81, b=

os(T) = (81 tanh(ux + Ay — ~t)) . (3.12)
This solution is plotted in Figure 6 at:
p=1 Q=-2, R=1, a=2t=1, y=A=pu=1, and sy = 1. (3.13)

(&)
ENE
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FIGURE 6. Kink wave 13 at p=1, Q=-2, R=1, a=2,t=1, v=A=u=1, and s, = 1.

1 .4—_ 8-
1.2 .
@

1.0+
0,8;
0,6:
0.4:
0.2—:

FIGURE 7. Bright kink soliton solu-
tion Y14 at p = =1, @ =1, R =
La=-1t=1,vy=A=u=1,
and s; = V2.

FIGURE 8. Singular solution 115 at
p=10Q=-2 R=1,a=2t=
L,y=A=p=1,and s; = 1.

Case 2: f P=-—m2,Q=2m> -1, m=1,
Bright soliton solutions is obtained:
ar(7) = 81 (sech(uz + Ay — ~t) (3.14)
This solution is illustrated in Figure 7Tat p=—1, Q=1, R=1, a=—-1,t=1, y=A=pu=1, and s; = V2.
Case 3: If P=1, Q = —1 —m?,
The following solutions are obtained:
a- Singular solution with m =1
g (7) = $1 (coth(pz + Ay — ~t)), (3.15)
which is graphed at p=1, @Q=-2, R=1, a=2,t=1, y=A=u=1, and s; = 1, in Figure 8.
b-Singular periodic solution with m =0
hag (1) = $1 (csc(px + Ay — ~t)). (3.16)
This solution is depicted in Figure 9 atp=1, Q=—-1, R=1, a=1,t=1, y=A=pu=1, and s; = V2.
Case 4: If P=1-m2,Q=2m? - 1,m =0
an
BE
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FIGURE 9. Singular periodic solu- FIGURE 10. Singular periodic solu-
tion 16 at p =1, Q = —1, R = tion Y17 at p =1 Q= -1, R =
1,azl,t=1,’y:)\:M: ].,Oé::l,t:]_"y:)\:’u,:
1,and81:\/§. 1»Cmd81=\/§-

A singular periodic solution is obtained as:
P3o(7) = s1 (sec(pz + Ay — 1)) . (3.17)

This solution is illustrated in Figure 10 for p=1, Q= -1, R=1, a=1,t =1, y=A=pu =1, and s; = V2.
Group 2:

2 _ o 4+ 3 Ja p?
517 o 72 a
S0 25 S1 S1, D 2/142 ) Q 4/142 y L ) 32#2812 ( )
Case 1: If P=m?, Q=—-1-m?m=1.
A kink-type soliton solution is obtained:
1
P31(7) = 5T (s1tanh(pz + Ay — 1)) (3.19)
Case 2: If P=—m2,Q=2m?> -1, m = 1.
A Bright and dark soliton solution is obtained:
1
P3o(T) = 3 + 51 (sech(px + Ay — ~t)) . (3.20)
Case 3: If P=1, Q =—-1—m?.
The following solutions are obtained:
a-Singular solution with m =1
1
33(7) = 5 + s1 (coth(uz + Ay — 1)), (3.21)
b-Singular periodic solution with m = 0.
1
e (7) = 3 + 51 (cse(px + Ay — 1)) . (3.22)
Case 4: If P=1—-m2,Q=2m?>—-1, m=0.
A singular periodic solution is obtained:
1
P35(7) = 5 + s1 (sec(px + Ay — t)) . (3.23)

2
(&)
ENE
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Group 3:

-1 B 751204 |«
50*?, S1 = S1, P*T/ﬁa Q*m7

Case 1: If P=m?, Q=—-1-m?,m=1.
A kink-type soliton solution is obtained:

Y36(T) = —% + (s1 tanh(pux + Ay — 1)) .

Case 2: If P=-—m2,Q=2m?> -1, m = 1.
Bright and dark soliton solutions is obtained:

Y37(7) = —% + s1 (sech(pzx + Ay — ~t)) .

Case 3: If P=1, Q = -1 —m?.
The following solutions are created:
a-Singular solution with m =1

1
as(7) = =5 + 51 (coth(uz + Ay 1)),
b-Singular periodic solution with m = 0
1
Y39(T) = Tyt (esc(uz + Ay —91)).

Case 4: f P=1—-m2,Q=2m?>—-1,m=0.
A singular periodic solution is created:

1
bao(7) = —5+s (sec(uz + Ay —t)) .
Group 4:

1 51°a 0 -
So ==, 81 =51, = -, = —
0=75 1 L P 22

4p?’
Case 1: If P=m?, Q=—-1-m?,m=1.
A kink-type soliton solution is obtained:

1/}41 (T) = % + (81 tanh(ﬂm + )\y _ ’Yt)) .

Case 2: f P=-—m2,Q=2m?> -1, m=1
Bright and dark soliton solution is given:

Yaa(T) = % + 51 (sech(pz + Ay — 1)) .

Case 3: If P=1, Q = —1—m?.

’y:

The following solutions are: a-Singular solution with m =1

1
Ya3(7) = 5 + s1 (coth(uz + Ay — 1)),
b-Singular periodic solution with m = 0.

Paa(T) = 1 + 51 (csc(ux + Ay — i) .

2
(=)=
E)NE

oA + % Vap?

1

)

o«
C32u2s,2"

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)
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Case 4: If P=1-m2?,Q=2m?> -1, m=0.
A singular periodic solution is given in the following form:

1
Pys(7) = 3 + 51 (sec(ux + Ay — 1)) . (3.35)
Group 5:
2 _ 3 2
-1 512 -« oA — ﬁ\/aﬂ o
S0 2 3 S1 S1, p 2M2 ) Q 4[127 Y L ) 32/1425127 ( )
Case 1: f P=m?, Q=—-1-m?,m=1.
A kink-type soliton solution is created:
1
Pa6(7) = —3 + (s1 tanh(px + Ay — 1)) . (3.37)
Case 2: f P=—m2,Q=2m>—-1, m=1
Bright and dark soliton solution is given:
1
y7(T) = ~3 + 51 (sech(pz + Ay — ~t)) . (3.38)
Case 3: f P=1, Q = —1—m?.
The following solutions are created:
a-Singular solution with m = 1.
1
Pag(T) = ~5 + s1 (coth(ux + Ay — t)), (3.39)
b-Singular periodic solution with m = 0.
1
Pag(T) = . + s1 (csc(pux + Ay — t)) . (3.40)
Case 4: If P=1-m2,Q=2m?>—-1,m=0.
A singular periodic solution is obtained:
1
Py (T) = ~3 + 51 (sec(ux + Ay — ¥t)) . (3.41)

4. CONCLUSIONS

In this article, the dynamical behavior of gas diffusion was examined by investigating the (2 4+ 1)-dimensional
Chaffee-Infante equation. Firstly, the Riccati equation method is applied, revealing six groups of soliton solutions.
The F-expansion method is then applied, which confers five different groups of solutions, resulting in twenty-five
different solutions. The obtained solutions vary between kink-type soliton, singular soliton, singular periodic dark,
and bright soliton solutions. Many of these solutions are essential for understanding the behavior of high frequency
waves. Such results are tremendously recommended in advanced research and innovation.
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