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Abstract r )

This paper deals with the numerical solution of a class of nonlinear multi-term weakly singular fractional Volterra
integro-differential equations by the Jacobi collocation method based on Jacobi orthogonal polynomials. Since
the solution of the proposed equation is not smooth enough at the origin, the idea of a smoothing transformation
is used to increase the smoothness of the solution. We represent an operator-based discussion of the smoothing
transformation and Gauss-Jacobi quadrature for Riemann-Liouville integral operators and weakly singular integral
operators using their similar constructions and extend it to the error analysis of the proposed method and obtain
an error bound for the discrete collocation solution. In addition, we propose an improved stochastic method,
based on the efficient sum-of-exponentials (SOE) approximation, to address the low computational efficiency of
the proposed method. To test the efficiency and accuracy, various numerical examples are solved by the proposed
method and the obtained error results are in accordance with the convergence analysis of the method. Finally,
we present an example regarding the stochastic Volterra integro-differential equations with one singular kernel
function.
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1. INTRODUCTION

In recent decades, much attention has been paid to fractional calculus (integrals and derivatives of non-integer order)
and fractional differential equations due to their application in more accurate mathematical modeling of physical and
engineering phenomena. Therefore, many researchers have studied the theoretical and numerical analysis of various
definitions of fractional derivatives and their related fractional differential equations with initial or boundary conditions
[3, 4, 8-10, 14, 21, 23].

There is an increasing interest in fractional integro-differential equations in the literature [1, 2, 24, 27], and some
authors have investigated the numerical solution of their linear form with a weakly singular kernel [15, 18-20, 26].
However, there are very few studies for nonlinear equations with a weakly singular kernel in the literature. Our
motivation in this paper is to consider the possibility of constructing a high order numerical method for solving the
following initial value problem for nonlinear multi-term weakly singular fractional Volterra integro-differential equation:

Q t
(D2u)(t) = f(tu(t) + 3 ml#q) /0 (1~ 5)7# Ry (1,5, u(s). (D2u)(s) ) ds, (1.1)

u(0) = wo, (1.2)

for t € [0,1]. In this equation, we suppose 0 < B, < a<1l,¢=1,...,0Q,1<Q eNand 0 < p1 < po < ... < pg <1
Furthermore, we suppose that u(t) € A'[0,1] (the space of all absolutely continuous functions) is the unknown solution,
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and the function f(¢,u) and the kernels Ry(t,s,u,v), ¢ = 1,...,Q are all known and m times (m > 0) continuously
differentiable with respect to all of their components.Thus, the summation in Eq. (1.1) can not be simplified for
m > 1. The operator: D : L1]0,1] — L1[0,1] for 0 < v < 1 denotes the fractional derivative of order v in the Caputo
sense, define by the following formula (see e.g. [9]):

d, i_
(DJu)(t) := %(Jl u —u(0)))(®), (1.3)
in which we use the Riemann-Liouville fractional integral operator
1 t
(JTu)(t) = —/ (t —s) tu(s)ds, t >0, JO =1, (1.4)
L) Jo
with I the identity operator and I' the Euler Gamma function. It is easy to check that
(JTDIu)(t) = u(t) — u(0), (DIJ u)(t) = u(t). (1.5)

It is obvious from Eq. (1.1) that (D%u)(t) € C[0, 1] which implies (quu)(t) e C0,1],g = 1,...,Q (see [9], p. 56).
Using these results, simple calculations show that the solution of Egs. (1.1) and (1.2) is not smooth. Indeed, by
applying the operator J¢ to both sides of Eq. (1.1) and using the mean-value theorem for integrals, we find that

Q 1 t | T 5
u(t) = ug + (Jo‘f(,,u(.)))(t)—i-zw/o (t—1)" /0 (7'—s)—HqRq(T,s,u(s),(D*QU)(s))deT
Q t T
=u « U . u Bay, — 7)Y = ) Padsdr
=0+ (DO + 3 ey Ra(€ ). (DT ) | [ a=mrte = asa
N 8 o=
= w0+ (IS (a0 + 3 s Ra (€6, (D0 0)) g

Il
-

q

where 0 < £, 7 < t are some constants. From this result, we conclude that (D%u)(t) ¢ C[0,1] and u(t) ¢ C[0,1] if
a < puar. Also, when t — 0T, we have

(Du)(t) ~ t17He, y(t) ~ tiTere,

Then employing classical numerical methods to solve Egs. (1.1) and (1.2) without applying any smoothing transfor-
mation will yield low-order accuracy, as observed in works like [6]. This transformation is well-known and is employed
to increase the smoothness of non-smooth functions [16, 17, 22]. The smoothing transformation that we apply on
Eq. (1.1) is in the form of ¢ = 2", s = y",r € N and this transformation will increase the smoothness of the solution
u(t) near t = 0. Finally, we generalize the Volterra integral equations to the stochastic case with one singular kernel
function and provide the error analysis, which is tabulated in Tables 5 and 6.

The remainder of this paper is organized as follows. In section 2, we reformulate the operator (J*v)(t) using a
variable transformation and apply Gauss-Jacobi quadrature. Section 3 extends these results to the main Equation
(1.1), employing a smoothing transformation and the same quadrature approach. In section 4, we present the error
analysis and discuss the convergence order of the proposed numerical method. Section 5 is dedicated to the efficient
implementation of the method using the sum-of-exponentials (SOE) approximation, aiming to reduce both compu-
tational cost and memory usage. Finally, Section 6 provides numerical experiments to demonstrate the applicability
and efficiency of the proposed method.

2. GAUSS-JACOBI QUADRATURE FOR RIEMANN-LIOUVILLE INTEGRAL OPERATOR
Let v(t) € C[0,1] and r € N. By applying the change of variables
t=z", s=9y", 0<y<z<I, (2.1)

(&)
ENE
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and defining w(x) := v(z"), the Riemann-Liouville integral operator takes the form:

(Jo)(t) = ﬁ (= s to(ds
1 * r rya—1 r—1 o -
= @A (" =y")* T wy)ry" " dy = (Jg [ qw)(@) = (JJw)(2). (2.2)

Here, J [27,1] is the modified Erdelyi-Kober integral operator [10] with base function 2" and weight function 1, which
we denote simply by J%. To approximate (JYw)(z) using Gauss-Jacobi quadrature, we define the kernel

r—1 IT — yr a—1
wl,a,r(%y):? (x—y)  TY, 0<y<z<l, (2.3)
(a) (rav—1)e=1, z=y,
and aim to map the integration interval in (2.2) to [—1, 1] using the transformations:
1 1
1 1
5; 9+%—ng(9) 1<h<1. (2.5)
Applying the first change of variables (2.4) to Eq. (2.2) yields:
£+1 1/ -1 §+1np+1  n+1
- —a,r ) . 2.
r) i = [ e o, (L T D Dy (26)
1
Define z(§) = w(%) Substituting this into (2.6) and applying the second transformation (2.5) gives the final
integral:
(772)() : = (Jrw)(>—)
£+1 1/1 L 41 ne(6) +1
=(C—)"— [ 1-0)"twi_g. (=, 0))de
e [ =0 oo (52 KO D s(ae(o)
1
= [ a0t 0= 0) . (2.7
where
§+1 §+1 775(9)+1

@l—a,r(fanf(o)):( 4 )awl—a,r( 5 B) ) (28)

Note that for any fixed £ > —1, the function @i_q (&, 7¢(0)) is smooth with respect to 8 € [—1,1]. Now consider
the weight function w®?(0) = (1 — 0)*(1 + 0)°, with a,b > —1, associated with the orthogonal Jacobi polynomials
{p‘;\}b(ﬁ)}]ovozo on the interval [—1,1]. We approximate the integral in (2.7) using Gauss-Jacobi quadrature as:

N
(T22)(€) 2 D B1mar (€ 1e(00)) 2 (ne (Bn))wr = (TN 2)(€), 1< €<, (2.9)

k=0

where 0, and Wy, for k = 0, ..., N, are the quadrature nodes and weights associated with the weight function w®=19(9).

3. JACOBI COLLOCATION METHOD WITH SMOOTHING TRANSFORMATION

Consider integro-differential Equation (1.1) and define v(¢) := (D%u)(¢). Then the solution u(t) can be expressed
as u(t) = ug + (J*)(¢). Substituting this into Eq. (1.1) yields the integral equation

v(t) = f(tiuo + (J*)(t)) + Z / (t—s) MR, (t, s,ug + (JY)(s), (Ja_ﬁqv)(s))ds. (3.1)

L1 — pg)
ElE
BIE
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After approximating the Riemann-Liouville integral operator via Gauss-Jacobi quadrature in section 2, here we apply
the same numerical scheme to the integral terms of (3.1) and couple it with a collocation method. Throughout the
computations, the operations performed on the terms (J%v)(s) and (J* Pav)(s) will follow the same pattern and
notation introduced in section 2; hence, we omit the detailed repetition.

Since the solution v(t) of Eq. (3.1) behaves like t!=#@ near ¢t — 07, a direct numerical treatment may lack accuracy.
To improve convergence and accuracy, we apply the smoothing change of variables (2.1) ¢ = 2", which transforms
(3.1) into

Q x
w(a) = gl + Fw)@) + 3 [ @ =) ) R (9000 + TF0) ), 7o) 0) by (32)
where the functions are defined using the notation from Egs. (2.2) and (2.3) as
g(xvuo + (ng)(l’)) = f(ffr»uo + (Jav)(xr))v
Ry (2,900 + (J7w) (), (2 Pw) () = By (27,7 w0 + (J*0)(47), (7 )y (3.3)

By applying the linear transformation (2.4), we can rewrite (3.2) as

26 = 955w+ (772)(6)

Q I3
1 B E+1 n+1
ey [ e G
q=

E+1 n+1 o a
% Ry (2= oo + (T2 0), (T2~ P2)(n) ) (3.4
Next, applying the second change of variables (2.5), we transform Eq. (3.4)to the fixed interval [—1, 1], resulting in

2(6) = (55 w0 + (T7)(©)

Q 1
+Zl/_1(1—9)_quuq,r(§vn§(6))

Koor (€76(0), 10 + (T72) (ne(0)). (T2 742) (ne 6) ) do

+1
=gttt

Q
5o + (J)72) +q§::1 (T 1Ky o (T2 2, T2 P12)) (), (3.5)

where
o aby +1 ne(0) +1 . by
Ko (€m60), w0 + (722) e 0)), (722 2)me(0))) = Roor (S5, OFTL g (g2 2) e, (07 ") me(0))). 36)
Let Py be the space of all polynomials of degree at most N. Suppose {&;}, are the roots of the Jacobi polynomial
pi}il(f ) of degree N+1, where a,b > 1. We construct the Lagrange fundamental polynomials {L;(£)}, corresponding
to nodes {&}, as a basis of Py. A collocation solution zx(£) € Py of Eq. (4.2) is sought in the form zy(§) =
Z;\[:O z;L; (&), such that it satisfies the collocation conditions

Zn (&) = g(= ;1

1
+Z/ (1—0) " @, (&, e (0))
)

yuo + (JT72n) (&)

q=1""1

X Ko (616, (0), w0 + (T2) (1 (6)), (T~ 02) (e, (6)) ) o, (37)
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for i =0,...,N. We seek a discrete collocation solution zy (§) € Py, where zZy(§) = Z;V:O Z;L;(€). The integral terms
in Eq. (3.7) are then approximated using the Gauss-Jacobi quadrature in two steps as follows:

—

g

(1= 0) 0,61 () Koy (€1, 100 + (T2 ) (1e(6)), (T2 722)(1e(6) ) 0

R

By (€51 (07)) K g (57 ne(07), uo + (T2 2) (e (67)), (%””“Z)(Uf(éz)))ﬁ’z

12

(€O K (6,0e0), w0 + (TN 2) e (80)), (T4 2) (e (81)) )
=0

(jl Nan’qu(jaN ja Bq,N ))(5), q=1,...,0Q, (3~8)

where 0,% and W} denotes the nodes and weights associated with the weight function w=#+:°(f). Now, the discrete
collocation solution zZy (&) is determined by satisfying the following discrete collocation equation:

?r‘

i+ 1 Za.N —
Zn (&) :9(5 2 Jug + (TN 2N (&)
+ZZKqT(@,n& 1), 0 + (T2 2n) (e, (0), (77N ) (e, (87) )
q=1 k=0
§,+1 Q _ —
= g(F5— w0 + (" NEn) (&) + (TN Ky (T8N, PN EN)) (6), (3.9)
q=1
for i =0, ..., N. Substituting the representation zy (§) = Ej.v:o Z;L;(€), yields
i+1 al 7o
7= g5 w0+ (Y 570V L) (6)
7=0
Q N N B N B _
303 Ko (S0me, (8D w0 + (3 50N Ly) e (1), (3 572 L) me, (67) )
q=1 k=0 =0 j=0
&+1 Sy
= 9(>5 uo+ (D5 TN L) (&)
7=0
Q N ~ N -
Z (T NKe Oz TN Y 2 T07 PN L)) (&) (3.10)
q=1 =0 =0

for i = 0,..., N. Equation (3.10) represents a nonlinear system with unknowns z;,7 = 0,..., N. Solving this system
yields the discrete collocation solution zZy(§) = Z;VZO Z;jL;(§). Based on the variable transformation, the relationship
between the solution v(t) of Eq. (3.1), the solution w(z) of Eq. (3.2), and the solution z(§) of Eq. (4.2) is given by

v(t) = w(Vt) = 22Vt —1),0 <t < 1.
Accordingly, the numerical solution corresponding to each of these formulations is
on(t) = wn(VE) = Zy(2VE - 1).
Furthermore, the numerical solution @y (t) of Egs. (1.1) and (1.2) is obtained as:
an(t) = uo + (J%N)(t)
= up + (JYwn) ()
= ug + (J,72n)(§)
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=~ ug + (I V2N (€)
=uo+ (JMVan)2VE—1), 0<t < 1. (3.11)

4. CONVERGENCE ANALYSIS

Assume that P{'\L;b is the interpolation operator that is defined on the nodes {¢;}X¥,, which are the roots of the
Jacobi polynomial p?\}z_l(f), and maps C[—1,1] to Py. To analyze the convergence of the proposed method, we first
present the following auxiliary lemmas.

Lemma 4.1. [5/ Suppose that {£;}N., are the roots of the orthogonal Jacobi polynomial of degree N + 1, and let
L;(€),i=0,1,...,N, denote the Lagmnge fundamental polynomials with respect to these nodes. Then

wby (logN), —-1<a,b<—
Py ||oo—jrg?ilz|L { (N7+2) —+<ab<1,

where v = max {a, b}.
Lemma 4.2. [25] Let f(&) € AY[—1,1], the space of functions whose (d —1)-th derivative is absolutely continuous and
satisfies
3
£ = 101+ [ gy,
—1
where g(n) € L*(—1,1) and is of bounded variation, i.e., var(g(n)) < oo on [—1,1]. Assume that {£;}}, are the roots
of the Jacobi polynomial of degree N + 1. Then for N > d+1
1f =P flloo < CNHmO773 -y = max {a, b}, (4.1)

where C' is a constant independent of N.

Theorem 4.3. Suppose that u(t) is the exact solution of Fgs. (1.1) and (1.2), and uy(t) defined in Eq. (3.11) is
the numerical solution obtained by the method introduced in sections 2 and 3. Assume that g(z,u) and KCq (u,v) are
Fréchet differentiable with respect u and (u,v), respectively, and the homogeneous linear fractional integral equation

Q
B = g EE 2T + 30 T (K (20r )T+ Ko (20r )T ) 9(6), (1.2

has only the trivial solution ¢(§) =0 for all zy, z¢,¢q € C[—1,1]. Then

N~ 4+ N-™logN, —-1<a,b< -1

= ! ) U 739,

e =tnlleo < © {N—d+max{0n—é} + N Lo b <1 (4.3)
where d = [r(1 — pg)] + 1.

Proof. Since v(t) ~ t17#Q ast — 07, it follows that z(&) ~ (€+1)"(17#@) as ¢ — —17 and 2(¢) satisfies the assumptions
of Lemma 4.2 with d = [r(1 — ug)] + 1 and g(§) = 24(¢) € L*(—1,1). Therefore, Lemma 4.2 yields
|2 = Pi’2lloe < CoN 0173}y — max {a, b}, (4.4)

where Cj is a constant independent of N. Multiplying both sides of Eq. (3.10) by L;(£¢) and summing over i, we
obtain

ZN Z’PX,’bg(x, Ug + jra, + Z,Pa bjl HQ’NKL] r(ja’ ja PV ) <45)
q=1
an
BE
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Similarly, Eq. (4.2) can be rewritten as
Q
z=g(z,uo+ J22) + Z TPk, (T2, T Paz). (4.6)
q=1
Applying the operator Pj'(;b to both sides and adding z, we get
Q
z=z—-Pylz 4 Pj‘i,’bg(a:, ug + Jz) + Z PLE TR, (T2, T Paz). (4.7

q=1

Subtracting both sides of Eq. (4.5) from the above, we arrive at

z—zZy =z — Pyl + PY ( (z,uo + T2) — g(@,uo + jﬁ"NZN))
Q
+ Z ,P?\fb ("77“17#(1 ’CCIW(jraZ’ jraiﬁq Z) - jrliﬂq,NICq,T(jra,Nsz jraiﬁq’NzN)) : (48)
=1

Since g(z,w) is Fréchet differentiable with respect to w, the third term in the right hand side of Eq. (4.8) can be
written as

Py’ <g(m, ug + (J22)) — g(z,uo + (J, zN))> =PpeP <(§Z($»Zo)) (T2 — TN zy)

o (0 (0 N
=P (Gt ) (2 — o) + PP (Fhlonan) ) (72 — ). (19)

where zg € C[-1,1].
For the fourth term on the right-hand side of Eq. (4.8), we write

jrlfl‘qlcqm(jﬁ‘z?j?qa*ﬁqz) _ jrlfl‘quK: (jo‘f ja Bq,N ZN)
=T} (Kgo (T2, T2 P02) = Kg o (TN 2w, T2 PN 2y))
+ TP K (TN N, TP PN an) = TN K (0N 2, TP N 2N, (4.10)

and since the operator /g (u, v) is Fréchet differentiable with respect to u and v, then there exist z4,{, € C[-1,1]
such that

_ 0 (')
ICq,T(jTO‘z7jTO‘_ﬂQz)—IC (I NZN’ja po )= (6‘u r (24:Cq) T + 7= Kgr (24, Cq) T ﬂq)(z_zN)

= Kg,r (2, C) (2 — Zn). (4.11)
Substituting Eqgs. (4.9), (4.10) and (4.11) into Eq. (4.8) yields

a o / = a a a o= el —
(Imb( 5 (0 70) +Z~71 = zq,<q>>)<zzm<zmbz>+mb <aZ(I,Zo) (Tran = ’NZN)>

Q
+>_ Py (Jl SLOTI VA VALY
=1

= TN K (T 2 jra_B“’NEN))- (4.12)
Since Eq. (4.2) has only the zero solution, the integral operator
Jg <
7- (%(.ﬁ,ZO)jra +Z\7rl_uql(::1,r(zq7<-q>)7 (413)
q=1

(=)=
E)NE
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has a bounded inverse for all zy, z4, (; € C[—1, 1]. Moreover, by Lemma 4.2 we have

Q
aby (0 o -
Iz - P]\;b)(a—z(x,zo)\ﬂ + g T (24,6)) oo — 0 as N — o0, (4.14)

q=1

which implies that for sufficiently large N, the operator

Q
a 8 « - !
I- Pﬁb(afz(x, 20) T+ Y TMK (24,)),s (4.15)

q=1

is also invertible with bounded inverse on C[—1,1] as

Q -1
D . .
(7= PR (G2 + Y 1K) ) e < Co (4.16)

q=1

Therefore, from Eq. (4.12), we obtain

ou

_ 0 _ —o N =
12 = 2N lloo < Ch (HZ — P 2le + [PH lloe | 52 (2, 20) oo 1T 28 = TN 2w e

Q
+ Z Hpgf)b”oo||-7r1_”q’Cq,r(~77fX’N2N7 jﬁ_ﬂq’NzN)

q=1
- j’r‘l_uq’NK:q,r(jra’NgN7 jra_ﬁq’NZN)Hoo) . (417)

Since zy € Py, we know

|72z — TNz || < CoNT™,

| TPk, (TN 2N, T PN zN) — TN, (TN 20, T PN 2 ) oo S C3N™™, ¢=1,2,...,Q.  (4.18)
Finally, applying Lemma 4.1, Eq. (4.4), and bound (4.18) in Eq. (4.17), we obtain the following error estimate:

N4 4 N-™]og N, -1<ab< -3,

”Z - ZN”DO <C {N—d+max{0,7—é} + N—m+’7+%, _% <ab<l, (419)

where C'is a constant depending on Cjy, C1, Cs, and C3 but independent of N, m and d. Using Eqs. (4.1), (4.18), and
the error bound in (4.19), we obtain the following estimate for the numerical approximation of the solutions to Egs.
(1.1) and (1.2):
||u - ’H’N”oo = eraz - jra7N2N|‘oo y
< NI oo N1z = Znll oo + |28 = TN 2w || o
<o N4+ N-™logN, -1<ab< 3,
- N—dtmax{0y—3} 4 N—mtrty _71 <a,b< 1.

5. THE SOE APPROXIMATION FOR THE STOCHASTIC CASE

In this section, we address the challenges arising from the low-order accuracy of the proposed method. To improve
computational efficiency, we employ an alternative approach known as the SOE approximation (see [[13], Theorem
2.1] or [11]).

an
BE
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Lemma 5.1. For every v € (0, 1), there exist positive quadrature nodes 7, and weights wy;, | = 1,2, -, Meyp, together
with an absolute error tolerance € < 1 and a cut-off time point §, such that

Mexp
7= we T <€, VEE 5T, (5.1)
=1

where Moy satisfies

1 1 T 1 1 1
Mexp = O(log E(IOgIOgE + log g) + log g(loglogz + log 5)) (5.2)

In other words, by setting the cut-off time as 6 = h for a fixed precision €, we obtain

O(logN), if T>1,
Mexp = 2 . -
O(log"N), if T=1,

T
here h = —.
where N

By using the SOE approximation (5.1), the proposed method can be reformulated as

n—1 Mexp,1 n—1 Mexp,2
iy =ug+h Y > wae” T ) 43 TN g pe T g (1) AW, (5.3)
k=0 I=1 k=0 I=1
wheren = 1,2,..., N, and AW}, := W,, ., — W;, denotes the Wiener process increment. The singular kernels (¢, — ;)7

M,

exp,J

and (t, — t;) 7 are replaced by the exponential sums ;" wl’je*”-i(t"*tk), 7 = 1,2, respectively. Furthermore,
Eq. (5.3) can be compactly expressed as

Mexp,1 Marp 2
e Z lePl,l(tn) + Z wl,2P2,l(tn)a (54)
=t =1
where
n—1
Pl,l(tn) =h Z e—Tz,l(tn—tk)f(ak%
k=0
n—1
Poy(tn) = Y 720" g ) AW (5.5)
k=0

This representation shows that the computational complexity is reduced from O(N?) to (’)(N Mexp).

Remark 5.2. For the proposed method based on the SOE approximation, the exponential structure leads to functions
key recurrence relations

Pl,l(tn) = 6_Tl’1hP1)l(tn,1> + e_Tl’lhf<’l]n,1)h, (56)
Pg’l(tn) = e_Tl’thQ)l(tnfl) + e_Tl’zhg(ﬂnfl)Aanl. (57)
Combination Lemma 5.1 with the proposed scheme demonstrates that the computational cost and memory usage per

sample are reduced from O(N?) and O(N) to O(N log N) and O(log N), respectively, when 7> 1. When T ~ 1,
these complexities become O(N log? N) and O(log® N), respectively.

(=)=
E)NE
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TABLE 1. The global root mean square errors, Erass, for varying values of NV and r in Example 6.1.

N r=1 r=>5 r=9 r=13

8 1.55e — 04 8.38¢ — 07 2.42e¢ — 05 4.20e — 04
16 2.88e — 05 1.34e — 08 2.13e — 10 3.19e — 11
24 6.60e — 06 1.28e¢ — 09 6.35e — 12 5.8le — 14
32 3.07e — 06 2.44e — 10 4.66e — 13 2.02e — 15

-4 [
10 1073}

10—6 L
107°

1078 L
10—7 L

10710 L

10—12 L

Root Mean Square of Errors
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FiGURE 1. Graph of the root mean FIGURE 2. Graph of the root mean
square of the absolute errors for Exam- square of the absolute errors for Exam-
ple 6.1. ple 6.2.

6. NUMERICAL EXPERIMENTS AND RESULTS

To demonstrate the accuracy and the efficiency of the proposed Jacobi collocation method combined with the SOE
approximation, we apply the scheme to several numerical examples involving Eqgs. (1.1) and (1.2). In each example,
the root mean square error (RMSE) of the absolute errors, denoted by Egras, is computed at equidistant points
ti =15, 1=1,2,...,10.

Example 6.1. Consider the following nonlinear fractional Volterra integro-differential equation:
t
(DSu)(t) = f(t,u(t)) +/ (t — s) M2 151 T2 By () (DPu)(s)ds, tel0,1], w(0)=0, (6.1)
0

where the nonlinear source term is given by

ity = P@ra—m o, D +da 2000 - pT@ta—p)
’ L2-p) T+ 40 30l wlCta—B—pn)
The exact solution of this problem is u(t) = ¢t'**~#. For the specific choices o = 5:B8=7%,and p = %, we have
u(t) € A0, 1].

Table 1 presents the root mean square error Fgrpss for various values of N and r = 1,5,9,13. As expected from
the error bound in Eq. (4.2), increasing r (and thus d = [r(1 — 2)] + 1) leads to a reduction in the numerical error,
particularly for sufficiently large N. Figure 1 illustrates the error behavior reported in Table 1 for different values
of N and r. The convergence trend observed in the figure confirms the high accuracy of the proposed method and
validates the theoretical findings.

an
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TABLE 2. The global root mean square errors Fgrpsg for increasing values of N and r in Example 6.2.

N r=1 r=>5 r=9 r=13

8 4.82e — 04 2.11e — 04 3.06e — 03 1.03e — 02
16 7.57e — 05 1.72e — 07 2.76e — 06 3.88e — 05
32 1.71e — 05 8.10e — 09 4.50e — 11 1.67¢ — 10
40 1.10e — 05 2.40e — 09 9.00e — 12 1.19¢ — 13

TABLE 3. The global root mean square errors Fgrysg for increasing values of N and r in Example 6.3.

N r=1 r=>5 r=9 r=13 r=17 r=21

8 3.60e — 02 1.57e — 01 6.69e — 01 8.50e — 01 3.84e — 02 6.70e — 01
16 1.0le — 02 6.64e — 06 1.93e — 06 2.78¢ — 07 2.63e — 06 2.39e — 07
24 4.46e — 03 1.27e — 06 5.39e — 08 3.22e — 08 6.42e — 09 2.18¢ — 09
32 2.46e — 03 4.96e — 07 1.41e — 08 4.20e — 09 5.81e — 10 4.24e — 11

Example 6.2. We consider the following fractional integro-differential equation:

: o
Fuw =10+ (-9 F e ol wo-1. (62)

In this equation, the function f(t) is chosen such that the exact solution is the Mittag-Leffler function
u(t) = Es(t7) € A')0,1],
2
defined by
oo k
z

Ey()=Y — .
H2) kZ:O T(bk+ 1)

We compute the errors Fryrs by applying the proposed Jacobi collocation method to Eq. (6.2) for various values of
N and r. The results are presented in Table 2 and Figure 2.

Example 6.3. As the third example, consider the following nonlinear weakly singular fractional Volterra integro-
differential equation:

wimw=ﬂw+4@—@%w@+uﬁw@f@7 te o1, u(0)=0. (6:3)

For this problem, the data function f(¢) is selected such that the exact solution is u(t) = t10 e A'0,1]. We apply
the proposed method to this equation and report the errors Egrprs for different values of N and r in Table 3 and
Figure 3.

Example 6.4. As a multi-term equation, consider the following nonlinear two-term weakly singular fractional integro-
differential equation:

T /O t(t—s)fﬂqRq(t,s,u(s),(Dfm)(s))ds, u(0) = 0, (6.4)

1
, Ba = 5 the kernel functions R; and Rs, and the forcing function f are given
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TABLE 4. The global root mean square errors Fgrpsg for increasing values of N, r in Example 6.4.

N r=1 r=>5 r=9 r=13 r=17 r=21

8 2.30e — 04 1.19¢ — 05 3.76e — 06 9.22¢ — 06 1.77¢ — 04 9.59¢ — 04
16 4.81e — 05 6.95e — 07 9.61le — 08 4.83e — 09 6.16e — 10 1.98¢ — 10
24 1.43e — 05 1.41e — 07 1.19e — 08 3.11e — 10 2.43e — 11 4.36e — 12
32 1.03e — 05 4.65e — 08 2.32e — 09 4.59¢ — 11 2.26e — 12 3.06e — 13

(%) 1 A(D(5))°T(3) 9 (3T (%) 5
f(t,u)_ré)t — W%(%) 32 ¢12 0 _7F(§)P(%)t ul.

The exact solution of this problem is u(t) = ¢3. Similar to the previous examples, we approximate the solution of
Eq. (6.4) and report the errors for different values of N and r in Table 4 and Figure 4.

Example 6.5. Consider the following linear multi-term weakly singular integro-differential equation:

2 t
(D2u)(t) = f(t.u(t) + / (t = 8) "Ry (L 5,u(s), (DI'w)(5))ds,  u(0) =0, (6.5)

1 3
a==, Py = 3 The kernel functions R;, Re and the forcing function f are given

. 1
with parameters p; = =3 5

by
Ry(t, s,u,v) = —u,
Ro(t, s,u,v) = —v,
20(3)° s, 20(3)

Ft,u) = 2t% +

The exact solution of this problem is u(t) = 2t1. This problem was previously solved by the spline collocation
method in [18]. The authors computed maximum absolute errors, ¢y, defined by

ey = Iax - max (Tjk) — un(T8)],

|u
j=1,...Nk 10
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TABLE 5. The global root mean square errors Egrpss for a range of increasing values of IV, r in Example 6.5.

N r=1 r=>5 r=9 r=13 r=17 r=21

8 4.25e — 04 1.19¢ — 05 1.21e — 06 2.54e — 07 1.32e — 06 1.69¢ — 05
16 8.78¢ — 05 3.73e — 07 1.10e — 08 6.07e¢ — 10 5.22e — 11 6.73e¢ — 12
24 2.62e — 05 5.17e — 08 6.80e — 10 1.50e — 11 6.14e — 13 3.44e — 14
32 7.24e — 06 1.31e — 08 8.76e — 11 1.22¢ — 12 2.39¢ — 14 7.97¢ — 16

1078t

10-10}

10-12 L

Koot Mean Square or errors

10714}

10*16‘\\\\\\\\\\\\\\\\\\\\
FIGURE 5. Graph of the root mean square of the absolute errors for Example 6.5.

where

Tjk:tj,1+k(tj—tj,1)/10, k:0,...,10, ‘]‘:].,...7]\77

N\ T
and the grid points ¢; are defined by t; = b(%) ,r € R,r > 1, for various values of N, r, and spline orders m = 2,3

(see Table 6). To compare with the spline collocation method, we compute the root mean square of absolute errors
ERrMS for a range of N, r using the proposed method and present the results in Table 5 and Figure 5. The comparison
shows that the proposed method achieves significantly smaller errors than the spline collocation method.

Example 6.6. As a stochastic case, consider the nonlinear weakly singular stochastic Volterra integral equation [11]:

du(t) = (1 - 0) /O (t — 5)~ sin (u(s))ds + 0 /O (t— 5)~7 cos® (u(s))dW(s), ¢ e [0,1], (6.6)

with initial condition u(0) = 0. Two cases are considered for positive parameters 7y and o:
e Case : y=04, 0 =04,
e CaseIl: v=0.7, 0 =0.1.
The numerical results for this example, with step sizes h = 277,278,279 and 2719 are presented in Tables 7 and 8.
Tables 7 and 8 demonstrate that the proposed method (5.4) achieves a convergence order of approximately 0.2 in
both cases.

7. CONCLUSIONS

In this article, we applied the Jacobi collocation method to numerically solve nonlinear multi-term weakly singu-
lar fractional Volterra integro-differential equations. We introduced an operator-based framework to incorporate a
smoothing transformation in conjunction with Gauss-Jacobi quadrature for the Riemann—Liouville fractional integral
operator, which we employed to approximate the integral terms in the main equation. Increasing the smoothing

(=)=
E)NE
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TABLE 6. Numerical results from [18] for Example 6.5.

en with m =2

N r=1 r=2 r=10 r=>5

8 2.64e — 02 6.70e — 03 2.65¢ — 03 5.75e¢ — 03
16 1.69e — 02 2.27¢ — 03 4.05e¢ — 04 1.03e — 03
32 1.04e — 02 8.19e — 04 7.0le — 05 1.81e — 04
64 6.32e — 03 2.85e — 04 1.18e — 05 3.20e — 05
128 3.80e — 03 1.01e — 04 1.90e — 06 4.94e — 06
256 2.27¢ — 03 3.57e — 05 2.77e — 07 8.02e — 07
512 1.36e — 03 1.26e — 05 6.37e — 08 1.54e — 07
1024 8.07e — 04 4.46e — 06 1.54e — 08 2.57e¢ — 08
en with m =3

N r=1 r=2 r=4 r=>5

8 1.04e — 02 2.49¢ — 03 2.49¢ — 04 4.51e — 04
16 6.65¢ — 03 9.0le — 04 4.80e — 05 4.10e — 05
32 4.11e — 03 3.20e — 04 4.64e — 06 3.65e — 06
64 2.50e — 03 1.13e — 04 5.59¢ — 07 2.92e — 07
128 1.50e — 03 4.00e — 05 7.76e — 08 2.50e — 08
256 8.99¢ — 04 1.42e — 05 1.02e — 08 2.21e — 09
512 5.37e — 04 5.01le — 06 1.26e — 09 1.82¢ — 10
1024 3.20e — 04 1.77e — 06 1.51e — 10 1.73e — 11

TABLE 7. Convergence orders and CPU times of the proposed method with € = 10712 for u(t) in case I.

TABLE 8.

h 0=0.2 0=0.5 0=0.8 CPU time
277 0.4967 0.5247 0.5683 0.64
278 0.3893 0.4102 0.4326 2.79
279 0.2941 0.3098 0.3259 10.42
9-10 0.2336 0.2468 0.2649 24.81

order 0.2148 0.2206 0.2433 53.26

Convergence orders and CPU times of the proposed method with ¢ = 10712 for u(t) in case II.

h 0=0.2 0=05 0=0..8 CPU time
27 0.4737 0.4952 0.5180 0.58
2-8 0.3692 0.3973 0.4214 2.33
279 0.2741 0.2941 0.3143 9.14
210 0.2318 0.2422 0.2516 22.56

order 0.2103 0.2158 0.2190 48.83

parameter r enhances the regularity of the solution as well as the regularity of the integrands within the integrals
approximated by the Gauss-Jacobi quadrature.

Our error analysis shows that the error bound depends on N, the number of collocation nodes, and on r, the
smoothing parameter. Numerical results indicate that for large values of N, increasing r reduces the error, in agreement
with the theoretical analysis. However, for small values of N, using large values of r actually increases the error, which
is contrary to the expected behavior. This phenomenon occurs because, when the number of nodes is small, applying
a smoothing transformation with a large r clusters nodes near the origin and leads to larger step sizes elsewhere on the
interval, thus reducing overall accuracy. This observation suggests the existence of an optimal relationship between r
and N to minimize the error.

Additionally, our numerical experiments demonstrate the computational efficiency of the proposed scheme, partic-
ularly when combined with the sum-of-exponentials (SOE) approximation in the stochastic case.

(&)
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STATEMENT

A preprint of this paper has previously been published [12].

[1]

2]

[17]
[18]
[19]
[20]

[21]

REFERENCES

A. Aghajani, Y. Jalilian, and J. J. Trujillo, On the existence of solutions of fractional integro-differential equations,
Fractional Calculus and Applied Analysis, 15, 44-69.

A. Arikoglu and I. Ozkol, Solution of fractional integro-differential equations by using fractional differential trans-
form method, Chaos, Solitons & Fractals, 40(2) (2009), 521-529.

R. L. Bagley and P. J. Torvik, A theoretical basis for the application of fractional calculus to viscoelasticity, J.
Rheol., 27 (1983), 201-210.

D. Baleanu, K. Diethelm, E. Scalas, and J. J. Trujillo, Fractional Calculus. Models and Numerical Methods, World
Scientific Publishing Co. Pte. Ltd., Singapore, (2012).

G. Ben-Yu and L. L. Wang, Jacobi interpolation approximations and their applications to singular differential
equations, Advances in Computational Mathematics, 14(3) (2001), 227-276.

J. Biazar and K. Sadri, Solution of weakly singular fractional integro-differential equations by using a new opera-
tional approach, Journal of Computational and Applied Mathematics, 352 (2019), 453-477.

H. Brunner, Volterra Integral Equations; An Introduction to Theory and Applications, Cambridge University
Press, (2017).

A. Cardone M. Donatelli, F. Durastante, R. Garrappa, M. Mazza, and M. Popolizio, Fractional differential
equations: modeling, discretization, and numerical solvers, Springer INdAAM Series 50, Springer Nature Singapore
Pte Ltd., (2023).

K. Diethelm, The Analysis of Fractional Differential Equations, an Application Oriented, Fxposition Using Dif-
ferential Operators of Caputo Type, Lecture Notes in Mathematics, Springer, Berlin, (2010).

S. Das, Kindergarten of Fractional Calculus, Cambridge Scholars Publishing, (2020).

O. Farkhondeh Rouz, S. Shahmorad, and D. Ahmadian, Double weakly singular kernels in stochastic Volterra
integral equations with application to the rough Heston model, Appl. Math. Comput., 475 (2024), 128720.

Q. H. Haddam, E. Najafi, and S. Sohabi, Numerical solution of nonlinear multi-term weakly singular fractional
Volterra integro-differential equations using Jacobi collocation method, (2024), PREPRINT (Version 1) available
at Research Square.

S. Jiang, J. Zhang, Q. Zhang, and Z. Zhang, Fast evaluation of the Caputo fractional derivative and its applications
to fractional diffusion equations, Commun. Comput. Phys., 21 (2017), 650-678.

F. Mainardi, Fractional Calculus and Waves in Linear Viscoelasticity, Imperial College Press, London, (2010).
P. Mokhtary, Numerical analysis of an operational Jacobi Tau method for fractional weakly singular integro-
differential equations, Applied Numerical Mathematics, 121 (2017), 52-67.

E. Najafi, Nystrom-quasilinearization method and smoothing transformation for the numerical solution of nonlin-
ear weakly singular Fredholm integral equations, Journal of Computational and Applied Mathematics, 368 (2020),
112538.

E. Najafi, Smoothing transformation for numerical solution of nonlinear weakly singular Volterra integral equations
using quasilinearization and product integration methods, Applied Numerical Mathematics, 158 (2020), 540-557.
A. Pedas, E. Tamme, and M. Vikerpuur, Spline collocation for fractional weakly singular integro-differential
equations, Applied Numerical Mathematics, 110 (2016), 204-214.

A. Pedas, E. Tamme, and M. Vikerpuur, Numerical solution of linear fractional weakly singular integro-differential
equations with integral boundary conditions, Applied Numerical Mathematics, 149 (2020), 124-140.

A. Pedas and M. Vikerpuur, Spline collocation for multi-term fractional integro-differential equations with weakly
singular kernels, Fractal and Fractional, 5(3) (2021), 90.

I. Podlubny, Fractional Differential Equations: An Introduction to Fractional Derivatives, Fractional Differential
Equations, to Methods of Their Solution and Some of Their Applications, Ukraine, Elsevier Science, (1998).

(=)=
E)NE



REFERENCES 757

[22] T. Rezazadeh and E. Najafi, Jacobi collocation method and smoothing transformation for numerical solution of
neutral nonlinear weakly singular Fredholm integro-differential equations, Applied Numerical Mathematics, 181
(2022), 135-150.

[23] E. Shishkina and S. Sitnik, Transmutations Singular and Fractional Differential Equations with Applications to
Mathematical Physics, London: Academic Press, (2020).

[24] M. Vikerpuur, Two Collocation Type Methods for Fractional Differential Equations with Non-Local Boundary
Conditions, Mathematical Modelling and Analysis, 22(5) (2017), 654-670.

[25] S. Xiang, On interpolation approxzimation: convergence rates for polynomial interpolation for functions of limited
regularity, STAM Journal on Numerical Analysis, 54(4) (2016), 2081-2113.

[26] M. Yi, L. Wang, and J. Huang, Legendre wavelets method for the numerical solution of fractional integro-
differential equations with weakly singular kernel, Applied Mathematical Modelling, 40(4) (2016), 3422-3437.

[27] J. Zhao, J. Xiao, and N. J Ford, Collocation methods for fractional integro-differential equations with weakly
singular kernels, Numer. Algor., 65 (2014), 723-743.



	1. Introduction
	2. Gauss-Jacobi quadrature for Riemann-Liouville integral operator
	3. Jacobi collocation method with smoothing transformation
	4. Convergence analysis
	5. The SOE approximation for the stochastic case
	6. Numerical experiments and results
	7. Conclusions
	Statement
	References

