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Abstract - \

The nonlinear vibration analysis of embedded multi-walled branching nanotubes with integrated nanofluids that
are resting on a Winkler-Pasternak foundation in a thermal-magnetic environment is the main emphasis of this
work. The coupled equations of motion controlling the transverse and longitudinal vibrations of the nanotube are
derived using the Euler-Bernoulli theory, Hamilton’s principle, and nonlocal elasticity theory. Additionally, the
pressure variation in the tubes and the equation for the deformation of the nanotubes are derived. Furthermore, the
vibration models are coupled with the Navier-Stokes equation and the energy equation for the fluid and nanotube.
Since the dynamics of multi-walled carbon nanotubes differ from the typical assumption of plug flow, careful inves-
tigation is needed when combining them with Navier-Stokes and energy equations. Thus, the generated coupled
systems of nonlinear partial differential equations in this work are solved using the multi-dimensional differential
transformation method. With the aid of the analytical solution, parametric studies are performed. The findings
show that the system’s stability reduces as the downstream angle increases. Furthermore, the system’s dynamic
behavior yielded results that show the magnetic effect has a 20% attenuating or damping effect. Additionally,
there is a more than 11% discrepancy between the plug flow assumption and real functioning procedures. Existing
analytical, numerical, and experimental results were used to verify and validate the analytical method. It is hoped
that this study will provide further understanding of the design of nanotubes and act as a reference for further
research in the field.
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1. INTRODUCTION

The engineering sciences and medical technology are undergoing a new revolution owing to the development of
carbon nanotubes. For nanoelectromechanical systems (NEMS), nanoresonators, and nanosensors, among other nan-
odevices, carbon nanotubes (CNTs) play crucial roles in enhancing their functionality [22, 23]. On the synthesis and
uses of branched single and multi-walled nanotubes, the fabrication of Y junctions has been achieved using branches
and stems at acute angles to each other [32]. Y junctions have been described as novel structures with variable termi-
nals and chirality [7]. An experimental study has been presented on the synthesis of Y-branching multi-walled carbon
nanotubes with a bamboolike structure and it enumerated how this novel structure may offer promising applications
for nanotube-based composites [19]. One of the applications of carbon nanotubes is using biological sensors to detect
the mass of bacteria, cells, and viruses. Typically, two static and dynamic methods are used to detect added mass in
nano-mass sensors. In the static method, the added mass is determined by measuring the deflection of a nanobeam
resulting from the attached mass on the surface.
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In the dynamic method, measuring the frequency shift due to attached mass is considered [26]. A higher frequency
shift indicates more sensitivity performance of the mass sensor [35]. Consequently, a huge amount of research has been
conducted to increase and evaluate the sensitivity of mass nanosensors. Carbon nanotube-based bio-sensors have also
been studied [10]. They determined the suitable boundary conditions for the mass sensing. The transverse vibration
of nanobeam with an attached mass, rotational, and transverse springs at its end has been studied [57]. The influence
of various geometrics microbeams on mass sensors has been examined and it was realized that the sensitivity of the
microsensor increases with the microbeam rigidity [3]. In comparing micro CNTs and beam mass sensors, it was found
that a CNT-based sensor is more sensitive than microbeam ones [8]. Studies have been conducted on the position and
mass identification in single-wall carbon nanotube (SWCNT) mass sensor [20].

Soltani et al. The nonlocal theory of elasticity has been used to carry out sensitivity analysis on a nanotube sensor
resting on an elastic foundation [44]. DWCNT vibration has been analyzed for sensing biological objects[37]. They
considered six different types of DWCNTSs and determined the best type for the mass sensors. The magnetic force
effects have been considered in research regarding micro and nano mechanical elements’ behaviour as an external
parameter. It has been demonstrated that the frequencies of a DWCNT increase with increasing the magnetic field
[30, 31]. Subsequently, the impacts of axial magnetic fields on the vibrations of magnetically sensitive systems were
inspected. The influence of magnetic field strength on the stability of an elastic foundation embedded SWCNT was
shown [60].

In another work, they considered SWCNTs under the influence of an axial magnetic field [59]. The vibration of a
nanofluid-conveying CNT in a magnetic environment has been explored [39]. A Timoshenko beam has been considered
and developed vibration models used for investigating the influences of axial magnetic field on nanotube responses [61].
Similarly, the axial magnetic field has been studied and transverse deflection of the DWCNT system has been analyzed
[1]. They found that an augmentation in the magnetic field’s intensity decreases nanotube deflection. In the study, the
sensitivity of the DWCNTs was investigated and the governing equations of motion were put forward. Influences of
axial magnetic field on nanotube configurations have also been studied. In conclusion, they established how the work
will be helpful for further development and design of mass sensors based on the DWCNT in a longitudinal magnetic
field [27, 33, 47].

On classical and nonlocal flow-induced vibrations, the applications of nanotubes and junctions are vital and of
tremendous importance especially in drug delivery systems. A presentation has been made on research that carbon
nanotubes can serve as scaffoldings for treatments of broken bones [58]; and transport proteins for cancer treatments
[24]. An experimental investigation was performed on the impacts of high-velocity fluid flow on the bending vibrations
and static divergence of a simply supported pipe [11]. The experimental setup was used to determine the relationship
between the critical velocity of flow through the pipe and the frequency for stable, unstable, and divergent regions.
This experimental result was used to validate the developed analytical solution in this work by reducing the present
study to the level of the experiment.

Focusing on past works and the need for further studies on the dynamic analysis/vibration of nanotubes, some
researchers have presented nonlinear flow-induced dynamic response analyses of DWCNTs resting on elastic foun-
dations [15-17]. In another work, linear continuum mechanics assumption and reduction of the derived equation of
motion were applied for a SWCNT to only vertical displacement under thermally induced vibrations [4]. Associated
Eigenvalues were also presented for CNT under clamped-clamped (C-C).

In the following year, the fundamental frequencies and mode shapes were obtained from the solution of the Eigen
problem after using the static condensation method. The obtained resonant frequencies for SWCNT and DWCNT
were then used for stability analysis and divergence control [28]. A transverse vibration model for an elastic nanotube
model under compressive exciting forcing function has also been presented [34]. The work includes the van der Waal
forces interactions that exist between the outer and inner nanotubes. They concluded with an obtained relationship
between the excitation load and frequency ratio for the DWCNT investigated. An investigation on the stability of a
flow-induced CNT has been conducted [56]. The research explores the impact of internal mean flow velocity on the
structural instability of CNTs. The obtained relationship between the mean velocity and response frequency for the
flow-induced SWCNT is then used to estimate the critical velocity of flow as well as the stability region of the CNT.
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A numerical technique was used to investigate the fundamental vibration frequencies and contraction behaviours of
nanotubes under thermal loading [9].

In the work, the thermofluidic induced vibration models were obtained and the thermal profiles for stable and
unstable SWCNT were presented. A mathematical relationship between the wall thickness and elastic properties of
a nanotube (SWCNT) was presented [45]. Amplitude ratio and frequency ratio are vital variables used to monitor
excitation frequency in order to prevent resonance and total damage of structures under vibration. As a result of
the need for adequate monitoring of CNT under operation, this phenomenon has been analysed using the principle
of forced vibration model and relationships between the variables have been obtained [25]. A longitudinal vibration
model via nonlocal theory has been presented with a relationship for the SWCNT amplitude and length as well as
frequency parameters and mode numbers obtained [14]. A nano-scale influence on the un-damped forced vibrations
of connected DWCNT excited by mobile nanoparticles has also been considered [40].

The vibration in the elastically connected double-walled carbon nanotubes is induced by mobile nanoparticles. Also,
thermal influences on SWCNT embedded in elastic foundations via a nonlocal theory approach have been presented
[2]. They used arbitrary end conditions to obtain and envisage the CNT responses. To understand the impact of the
small-scale term, a study on the vibration of carbon nanotubes conveying fluid embedded in a viscoelastic medium
was considered [38]. The natural flow-induced vibrations SWCNT under the multi-physics field have been analyzed
[46]. They scrutinized the impact of magnetic terms on the response of the SWCNT. Also, the influence of magnetic
strength on the nanotube’s stability was presented and discussed. Moreover, investigation on the vibrations and
stability analyses of a fluid conveying nanotube under axial magnetic fields have been reported [21].

The magnetic term was observed to be an important parameter for shifting instability modes to stability. Other
interesting works through modeling have also been presented to justify the widespread application of CNTs [41] and
[42]. Flow-induced vibrations of TWCNTSs have been explored and the stability curve for the first three modes of
vibration was obtained [36]. Meanwhile, [12] carried out free vibration analysis and obtained nondimensional critical
loads for three modes and varying end conditions. Recently, [43, 50, 51, 53-55] carried out comprehensive studies on
the dynamic analyzes and stability responses SWCNT and MWCNT using numerical, analytical, and experimental
methods.

It is known that equations of motion that describe flow-induced vibrations in nanotubes are usually presented in
dimensionless PDE or ODE forms, attentions need to be shown to how these equations are analysed. The common
option is to use numerical techniques which have their residue. To beat this challenge, approximate analytical schemes
have been put forward. These schemes include PADE-approximants, Parameter Variations method (VPM), Pertur-
bation method with Homotopy (HPM), Iteration Variational method (VIM), Temini and Ansari’s method (TA'M),
Differential transformation method (DTM), etc., in classical forms work immaculately for small convergence domains.
However, PADE -approximants are challenged with right PADE-numbers before convergence, VIM and VPM necessi-
tate arbitrary coeflicients coupled with arduous integrations before use, HPM just decomposes the equations and needs
additional methods before getting complete solutions while DTM is stable and converges regardless of the value of the
independent variables. The main merit of DTM is its ability to be used directly on nonlinear and linear equations
without discretization and linearization. Hence, discretization error does not affect the method of solution.

Therefore, a scrutiny of previous research shows that no work has been reported concerning the nonlinear thermal-
mechanical vibration analyses of embedded branched nanotube conveying fluid under magnetic influence with Navier
Stokes coupled with the vibration model. On the other hand, the different end shapes considered in this work such as
I, Y, and T shaped-CNTs can find applications in many nanoelectromechanical systems (NEMS). Motivated by the
aforementioned considerations, this novel research work explores nonlinear thermal-mechanical vibration Analysis of
embedded branched carbon nanotube conveying nanofluid under the influence of magnetic fields with Navier stokes
coupled with vibration using multi-dimensional differential transformation method (MDTM).

2. DESCRIPTION OF PROBLEM AND EQUATIONS OF MOTION.

The mathematical modelling of the vibration of mechanical systems such as nanotubes, pipes and engineering
structures generates nonlinear differential equations. These equations are called the equations of motion of the system.
an
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The terms in the obtained equations of motion have their effects on the dynamic behaviour of the structure. The
economic background knowledge of these mechanical systems under vibration has been extensively discussed by [18].

2.1. Nanotubes with varying downstream or junction angles. Figure 1 illustrates the branched-nanofluid-
conveying carbon nanotube resting on elastic foundations in a thermal-magnetic environment. The possible shapes
due to variations in junction angle are depicted in Table 1.
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FIGURE 1. Schematic of nanotubes with varying downstream angles.

TABLE 1. Different nanotube shapes due to varying junction angle.

‘ Junction Angle ‘ Nanotube Shape ‘

OO
15°
30°
45°
60°
75°
90°

I Shaped NT
Sharp Y Shaped NT
Sharp Y Shaped NT

Y Shaped NT

Slack Shaped NT
Slack Shaped NT
T Shaped NT
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2.2. Derivation of the Equations of Motion. The principle of variation used to obtain equations of motion for
dynamics of rigid bodies and systems of particles is named Hamilton’s principle. Here, the functional derivatives are
taken with respect to time [5, 13]. Now, considering the system under investigation and beginning with Hamilton’s
principle given in Equation (2.1):

t
/(5’U,T — (5k‘T — (SVT)df, =0. (2.1)
0
The variation in strain or potential energy is;
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Substitute Equations (2.3), (2.5), and (2.6) into Equation (2.1) and integrate by part to convert from weak form
to strong form and subsequently nullifying the arbitrary function, give the equations of motion for longitudinal and
transverse vibrations as:
For multi-walled CNT, the transverse vibration model for the first tube (N = 1) is developed to be:
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where
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For tubes not in direct contact with fluid (i.e., for the second, third, fourth up to the last tube), the velocity
components in the vibration models become nullified. For multi-walled CNT, the transverse vibration for the second
tube (N = 2) is:
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+ AAT" (1 —uly — 1/2w' 52 L | +aar (1 —uls — 12w 52 ) w's
+2 AAT" (—’u.”g — 'LU,Q'U)”Q) +2 A'AT’ (—’u.”g — w/Qu)”g) 'LU,Q
12 AAT" (1 —uly — 1/2w'22) 12 A'AT’ (1 —uly — 1/2w'22) w3
+AATI 7u//2 _ w//22 _ w/2w///2) +A/AT (7”1//2 _ ’LU”22 _ w/2w///2) w/2
+2 AAT’ —u“z — w/2w”2) +2 A'AT (—u“z — ’w/2’w//2) ’w”z
TAAT (1 — 'y — 1/2w'22) L AAT (1 —uly— 1/2w'22) W'y

A,,AT (u//2 + wlzw/IQ) w/2 + 2AIAT/ (ull2 + w12w1/2) le

+2 A'AT (u///2 + w//22 + w/2w///2) w/2 +2 A'AT (u//2 + w/2w//2) w//2

+ + AAT// (u//2 + w/w//2) w/2 + 2 AAT/ (u/// + w//2 + w/w///) w/
42 AAT/ (u//2 + w/2w112) w//2 + AAT (ui'u + Swu2w/u2 + w/2w2iv) w/2

412 AAT (u///2 +w//22 +w/2w///2) w//2 + AAT (u//2 +w/2w//2) w///2

)2 92 Fy(x,t)
8z2

’ i 1"t ’ 2 i 1" "2
cwa ™ w o + 2w o wa " + 36w 2w’ )

L L

1 2 v v EA’ 1 2
/(z/w/2+ (510/2) )da: (we™ +2") +2T/<z/w/zJr (Ew/2) )d:v (W5 + 2"0)
0

0

EA"

L

L
1 2
+ — / (Z,w,z + (E’w,2> ) dx (w”z + Z”o) + k1w o + ko (3?11”211122 + 67112111/22) s

(2.11)

(2.12)
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The longitudinal vibration for the second tube (N = 2) becomes:

miiz + [To — G — EAJw'ow' s — (BEA) v/’
—BA (w2 + $w'2?) + Ea (AAT' + A'AT)
—Eaw'y? (AAT' + A'AT) — EaAATw 3w" 5
_EI (szvw/2 + w//2w///2) + (eoa)2‘
M (To 7G7EAt)w'2w2“’ +3(To 7G7EA¢)U)//21U”/2 1
72EA’tw,2w”/2 _ 2EA/~L'U),/22 7.EA”tw’2w’,2
+ ((EAt”) u//2 42 (EA/t u///2 + (EA{) quv)
At”’ (u/2 + %w/22
+2At// (7J(//2 +w/2w//2) JFAt, u///2 +w//22 +wl2w///2)
+Ea (3A”AT/ +3A'AT" + AAT" + A”'AT)
3A" AT +3A’AT" 1,24y 2A' AT + T
+% +AAT'” + A AT w2 AAT" + A"AT w 2w 2
+2 (AAT' + A'AT) w”5” + 2 (AAT’ + A'AT) w'ow' 5

A”ATU)IQ'LUHQ —+ 2A/AT/’UJ/21D”2+

24" ATw" 2% + 24" ATw' sw’ 24
[ AAT" w' w5 + 2AAT,'IU”22

+2AAT w w5 + BAAT W yw"" 2+

AA‘TIUIQ’LUQIU .
L Jr[ (’LU2U1"I_U,2 +3w2ww1/2 +4’LU2“)1U”'2)

82 Fy(z,t

= Fy(x,t) + (eoa)? 22620,

1/
miy +

+E

+E

For multi-walled CNT, the transverse vibration for the third tube (N = 3) is:

2 2
BZcos
o P w//3
Hp

+ [TO -G — EA] |:7J),37J.H3 + w”;;u’;; + %w’32w”3] — FEA w/gu/g + %w/;;s}
+EaAATWs (1—u's — $w's?) + BEaAAT' (1—u's — $uw's?)
+EaA’ATw's (1 —u'3 — %71),32) — EaAATw 3 (u”g + w'gw”g)

” 7 7 ’
3u /3’11) 3+ 4u 3’[1)” 3

ms + (c+Afa'B§coszgo) w3 + |To — G — kp —

IB2s1in2«p i1 +2u’3u)3“’ + wl3u3iu
El + —— " —FEI ;
+ ( + i ) w3 +2w/32w3w 1+ 8w sw 3w 5
+2w//33
L
—E4r (Z'ow’s + %w’sz)dw [w”s + 2"0] + kiws + kaws® + (eoa)?
0

To— G — kp A
mwy + (c+ AfaBgcos2g0) Wy + _ B2cos2y ) ws*
_ (%’u)”s'u}/zs (EA™) "
—2EA’ + 3w 3w 5> A _E < %A"w'33 + 34w 32w 3 + 3Aw 3w
+(EA-G+T,) (%w'32) w3 +3 Aw'3 w3
+ (legw”g) w3 + 3w’ 33
A" AT (1 —u'y — 1/211/32) w's +2 A'AT’ (1 —u's— 1/2w’32) w's
+2A'AT (7u”3 — w'gw”g) w's +2 A'AT (1 —u'3 —1/2 w/gz) w3
+Fao + AAT" (1 —u'3 — 1/2w’32) w's + 2 AAT' (7u”3 — w’gw”g) w3
+2 AAT' (1 —u's — 1/2w’23> w3 + AAT (—u”3 —w'5% - w’aw”’g) w's
+2 AAT (—u”g — 'w/gw/lg) w5 + AAT (1 —u'3 — 1/2w/32) w3
(7EA”) (wlgu”g +w' 3u’3 +3/2 w'32w”3)

1 _3

T, —G—FEA )
+( G ) ( +3w’’53 + 9w'3w”3w/”3 + 3/2711/32’11)3“)

+J3
= F3(z,t) + (eoa

311.”3+3w”3u’”3+w’3u3w +w31/uu/3 )

)2 82 Fy(x,t)
dx ’

”_2
")

, 2w1/3u//3 + 71.)/3,ul///3 + w///3u13 EI
+ +2 (7EA ) ( +3w/3w,/32 + 3/2w/32w///3 + 4 IBESi’VL2LP
3w Hp

) w3 ¥t

1487

(2.13)

(2.14)
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Js = Ex

5uz’w’’s + 11us™w
+EI +2u 3w3"" + w'zuz’t + 26w’ 3
+28w’3w3“’w'”3 4 2w/32w3m + 36w”3w’”3

A. A. YINUSA ET AL.

A" AT (1 —ug— 1/2w’32)
+2 AAT" (1= 'y — 1/2w’32)
+2A'AT’ (7u”3 — w'gw”g)

42 A'AT! (1 —uly— 1/2w’32)
+ AAT" (1 —uls — 1/20' 52
+2 AAT" (—u”"3 — w'3w”’3)
12 AAT" (1 'y — 1/2w’32)
+ AAT’ (—u”;; —w3?

+2 AAT’ (7u”3 — w'3w”3)
+AAT (1 —u's —1/2w'3?

_ ’LU/3’LU,”3)

A”I AT (1 — u’3 — 1/2’11)/32) wlg

+2 A AT’ (1 —u/3 — 1/2w’32) w’3

+2 A" AT (7u”3 — w'3w”3) w'3

+2 AYAT (1 —u'y— 1/2w’32) w''s
+AAT" (1 —u's —1/2w's?) w's

42 A'AT (_u//3 _ U}lgw”;;) w/3

12 A'AT’ (1 'y — 1/2w’32) w3
+AIAT —’u.”;; _ w//32 _ w/3w///3) w/3
+2 A'AT (7u//3 _ w/3w1/3) ’LU”3
+AAT (1 -’y — 1/2w’32) w'™y

A'AT (u”g + w'gw"3) w'z +2A' AT’ (u”g + w'3w”3) w'3

+2 A’AT (u”/g +w's? + 'u/gu)”'g) w's +2 A'AT (u”g + w/gw/lg) w'’3
+ + AAT" (u”g + wlgw”g) w's +2 AAT’ (u'”g +w'?s5 4+ wlgw”'g) w's

+2 AAT' (u”g + w'gw”;;) w3 + AAT (u;;“’ + 3w 3w 3 + w'gwgi“) w'3

+2 AAT (u”'g + w”32 + wlgw//lg) w3 + AAT (u”g + wlgw//g) w3

’

2

//3 4 13u//3w37‘,v +8u”3w3“
w3™ + 16w 3wz w3

2

L L
HEA [ (2w's + (3u's)?) do (ws™ + =) + 252 [ (2w's + (3u'5)) da (w5 + 2""0)
0 0

L
+E£// f (z/w/3 + (%w/3)2) dx (w//3 +z”0) +k:1w”3 -‘rkg (311}“311}32 +6w3w'32)
9]

The longitudinal vibration for the third tube (N = 3) becomes:

miis + [To — G — BAJw'sw'”s — (BEA) u' s — EA', (u’3 T %w'gz) + Ea (AAT' + A’AT)

7
mig —+

+E

+Fa <

Ea
+5°

+E

= F3(z,t)

(To — G — EAy) w'3ws™
+3(To — G — EA) w303
—QEAltwlng/g _ 2EA/tw”32
—EA//tw/g’LU”:;

4 ((EAt”) ’U.”g ) (EAlt u//l3 + (EAt) ugi’u)

1"t ’ 1,.,/.2
A" (u'3 + 5w's
ey ’ ’"
+2A4:" (u”5 + w'zw’3)
’ 1”1 1 _2 ’ "
+A (u3 + w3 +w'sw 3)

3A” AT’ +3A’AT”
+AAT”/ 4 A AT
3AY AT’ P
43A'AT , o 2A AT//
FAAT w3“+4 +A§T
+A,”AT +A"AT
AAT’ o2 AAT’
“( +A'AT )w s F2( Laar

A”AT’w/3w//3 + 2A’AT'w'3w”3
+2A'ATw" 5% + 24’ ATw' 30" 3
oY +AAT" w' 3w’ 3 + QAAT'w”g2
+2AAT”LU/3U),”3 + 3AAT1.U”3’UJ'”3
+AATU)’3’UJ3¢D

w3viw/3
+1I +3’LU3U’LUN3

+4w3ivw///3

2
+ (eoa)2 E I;i(zmy‘) .

) w,3w//3

)

w’gw

3

,%w’gg (AAT' + A’AT) — EaAATw 3w’ 3 — ET (wgmw’3 + w'_'gw'”g) + (eoa)2

(2.15)

(2.16)
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The generalized transverse vibration for the MWCNT is

2 2
miwy + (c+ ApoB2cos?p) wn + [TO—G—kp—B";i(:@] "N

+ [To — G — EA] [w'Nu”N +w' Nyu' N+ %w/Nzw”N

—FA [w'Nu'N + %w'NE’] + EaAATw N (1 —u'N — %w'N2>

+EaAAT’ (1 —u'N — %w’N2) + EaA’ATw' n (1 —u'N — %w’NQ)

—EaAATW N (u”N + w'Nw”N) + (EI + %) wn Y

—EI (3u”'Nw”N +4u” nw'" § 4 20 ywun ' 4w yun ' + 2w NP wn T+ 8w yw' Nyw' N+ 2w”N3)

L
—EAT (Z'ow’N + %w/Nz)dw [w'n +2"0] + kiwn + kawn?® + (e0a)?
0
_ %’LU”NUJ,NQ (EA//)
To—G—k / ’ "2
. -+ . 0 P i —2FA 4+ 3w yw'' N
m + ( y 2 2 ) Wy + B2cos? wn" + : i
N AfoBjcos*p N —OTW +(FA—-G+T,) (%w'Nz) wy "
+ 9w' w// w/// +3w// 3
(Ow'ww"n) w"n N (2.17)

+%Aw’N2w’”N
A" AT (1 —u'y— 1/2w/1\72) w'y +2 AAT (1 —uN— 1/2w’N2) w'y
+2A'AT (7u”N - w'Nw”N) w'n +2 AAT (1 —u'N — 1/2w'N2) w’ n
+EBa | +AAT" (1-u/x = 1/20/'n?) w'n + 2 AAT' (—u/' 5 — v/ vw'/n) w'n
+2 AAT’ (1 — u/N — 1/2w/1\72) w”N + AAT (—u”N — w//N2 — w/NwWN) w'N
+2AAT (7u”N - w'Nw”N) w’ N + AAT (1 —u'N — 1/2w'N2> w' N
(-EA") (w’Nu”N +w" yu'n +3/2w 2w N
2w ' yu' N +w Nu N Fw Nu N EI+ )
) +< 1B2s5in20 )wN“

_E( %A”’LUINs +3AI’LU/N2’LU”N +3Aw'Nw”N2

2 (—EA’
+ + ( )( +3w/Nw//N2+3/2w/N2me . .
3w///Nu//N+3w//Nu///N+w/NuN7.‘U+wN7,‘Uu/N ) Mp

T, —G—FEA Y
+( o G )( +3’w//N3+9w/NU)”NU)/”N+3/2UIIN2U1N“)

+Js
= Fn(z,t) + (eca)

)

202Fy (z,t)
oz

where

A" AT (1 —u'N — 1/2w'N2) w' N
12 AYAT’ (1 —uy— 1/2w'N2) w'y
+2A”AT (71//1\/ — w/Nw”N) w'N
+2 AYAT (1 —u'y— 1/2u/N2) w' N

A" AT’ (1 'y — 1/2w'N2)
12 A'AT" (1 'y — 1/2w’N2)
+2A'AT’ (7u”N — w/Nw”N)
12 A'AT (1 —u'y — 1/2w'N2)
+AAT" (1 —u' N — 1/2w’N2) L | raar (1 —u'N— 1/2w’N2) w'y

+2 AAT" (—u" n — w' nw" N)
12 AAT" (1 —u'n— 1/2w'N2>

Jy = FEa LAAT (= N — w//NQ —w yw" N

+2 A'AT’ (—’U,HN — w'Nw”N) ’LU,N
12 A'AT' (1 —u'n - 1/2w'N2) w' N

2
FAAT (—u Ny —w' N2 = ’LU/N’UJ/”N) w' N

(2.18)

+2 AAT (71//1\/ - w/Nw”N) +2A’AT (7u”1\7 — wle”N) w”N
+AAT (1 —u'n — 1/2w/N2) +A'AT (1 —u'N — 1/2w/N2> w'’ N
A" AT (u"N + w'Nw”N) w' N +2A AT’ (UHN + w'Nw”N) w’ N
+2 A’AT (u///N +w//N2 + w/Nw///N) w'y +2 A'AT (UHN +'U),Nw”N) w” N
+ + AAT” (u”N + U)IN’LUNN) ’LU/N +2 AAT’ (’U,INN + w”N2 + w'Nw'”N) ’LU/N
+2AAT’ (u”N + w'Nw”N) w'' N + AAT (uN“’ + 3w’ yw" N + w/N’UJNi’U) w' N
12 AAT (UIHN +w//N2 +w/Nw///N) w'’ N + AAT (u//N +w/Nw”N) w”' N

Bun®w’ N 4+ 1lun@w” § + 130" nwn® + 84/ ywn"
+ EI +2u/NwNUI-‘r’w/Nqul-‘rQGw”Nsz“]+16w/NwNU’w//N
’ iv, 111 r2 vi " 112
+28w NwN T w N+ 2w N wNY + 36w yw T N
L

L
EA 1 2 ; ; EA 1 2
“I’T/(Z/w/N‘f’ (Ew,N> )dz (therzév) +2T/<ZIU)IN+ <§w,N> >dm (w”/N+Z”,0)
0 0
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EA" 1 2 5
+ 7 /(z’w,N—l- <§w/N> )dm (w”N—i-z”o)—i-klw”N+k2 (BwlleN2+6wNw,N )
0

With hepatic Vdw force given as;

< ¢

7 7
(F + (ega)? (VQF)> = Z e (w—w;) + (epa)’ [ V2 Z ce (w—w;) (2.19)
¢=1 ¢=1

While the generalized longitudinal vibration for the MWCNT becomes:

miiy + [To — G — BEAJw' yw'' n — (BEA)u" n — EA' (u'N + %w/,ﬁ) + Ea (AAT' 4+ A’AT)
7%111/1\72 (AAT' + A'AT) — EaAATw'Nw”N — EI (wNivw/N + w”Nme) + (e(,a)2
B mi + (TO -G — EAt)’u),N’LUN“] + 3(T0 -G — EAt) w”Nw’”N
N —QEA/f,w/Nw'”N _ 2EAlf,/LU”N2 _ EA”twlNUJ”N
+ ((EAt”) u//N + 2 (EA/t) U/“N + (EAt) uNiv)
+E (At/” (U/N + %U/N?) +2A1,” (UHN +7UINTUNN) +At/ (u///N +7U”N2 +U)/N1U,HN))
+Ea (3AVAT + 3A'AT" + AAT" + A" AT)
1" ’ ’7 1
e ( i‘:AATT:/’i?Z%”AAT;W ) ’LU,NQ +4 (QA,ATI 4 AAT" —O—A”AT) w Nw' N (2.20)
2
+2 (AAT' + A’AT) w’N? 42 (AAT + A/AT) w' yw'' §
A ’ATw'Nw”N —+ QA,AT,’LU/N’UJ”N
+2A’ ATw" N2 + 2A' AT yw'"’' N wntw’ N
+E | a| +AAT"w' nw'' N + 2AAT w" N2 +I1 | +3wnw’nN
+2AAT,’LU,N”LU{”N + 3AAT'LUNN’LU”/N

+dw ivw///
JrAAT’LU/N’u)N L

= P (@, ) + (eoa)? 2220,
The nonlinear model can be subjected to different boundary conditions with initial conditions expressed as;
w(r=0)=a= Acoswr, (2.21)
w(r=0)=0, (2.22)

Using the deflection, slope, bending moment and shear force, the following natural boundary conditions from
Hamilton’s principle are imposed;
Fixed-fixed supports

wl,_y =0, (2.23)
w|,_y =0, (2.24)
wl,_, =0, (2.25)
w|,_, =0. (2.26)
Fixed-free supports (Cantilever support)
w|,_g =0, (2.27)
w|,_g =0, (2.28)
w"|,_, =0, (2.29)
w”|_, = 0. (2.30)
(2.31)
Fixed-simple supports
wl,—g =0, (2.32)
w'|,_y =0, (2.33)
w|,_, =0, (2.34)
w'|,_, = (2.35)

(=)=
E)NE
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Simple-simple supports

w|,_y =0, (2.36)
w'|_, =0, (2.37)
w|,_, =0, (2.38)
w’|,_, =0. (2.39)

To fully establish the coupled relationship between the vibration models and the Navier Stokes equations describing
the fluid, the transient behaviour of the MWCNTs and fluid flow under investigation are given by:
Continuity Equation (Mass conservation).

dp 10 10 0
% o (prU;) + 90 (pUs) + 7 (pU.) = 0. (2.40)
Momentum Equations (Momentum conservation).
r — Component,

NeUr) | ¢y O Us 0 9 PUj
ot +Ur or (pUr) + r 00 (pUr) + U= 0z (pU) r
oP 10 1 02 2 0 02 pU?
= pPgr — E + |:T'87’(TUT) + ﬁw(Ur) — EE(UQ) + 322(UT):| + R cos . (2.41)
—_——

Curvature for curved tube

f# — Component,

8(pU9) 0 U9 0 0 pUrUe
5r T Urg; (0Us) + == 55 (pUs) + Uz 5 (pUs) — —
10P 9 (10 1 92 2 0 0? pU?
— o= 250 4 (o 0T+ g )+ S W+ 35 (0| = Zsind . (22
——

for
curved tube

z — Component,

8 (oU>) P Us 8 P
5 +UT5(PUz) 7%(9Uz)+Uz$(pUZ)
oP 10 0 1 02 0?
=0~z 0 |y (7 ©9) + g 0+ 5z ). 349

Cattaneo-Christov Energy equation (Conservation of Energy)
On invoking the common thermal boundary layer approximations, the energy equation when there is no viscous
dissipation is expressed as;

9 (psep.sTy) 9 Uy 0 B
: — T il T L — T,) = —V. 2.44
5e T Urg. (0repsTy) + == o5 (prep s Ty) + Us g (prep s 1) = =V (2.44)
Cattaneo-Christov’s heat flux equation is expressed as;
0
€ {63 +V.Vq—qVV +(V.V) q] = —kVT, (2.45)

V is the velocity vector. The equation above becomes the usual Fourier’s heat transfer law when ¢ = 0. For a
constant density flow process, i.e., V- U = 0, we have:

q+e {8(1 +V.Vq— q.VV} = —kVT. (2.46)

at
(&)
ENE
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Excluding q, the energy equation is obtained as in Equation (2.44):

9(Ty) 0

+U,— (T )+U§(Tf)+s[Ufi?T (Ty) + U,gaaz (f)+2UUzafaz(Tf)‘f‘UT%(Uf)%(Tf)

at ar U2 (U.) & (T7) + U2 (Uy) 2 (Ty) + U, 2 (U.) 2 (Ty)

(331 (5)

This heat flux equation (Cattaneo-Christov) helps anticipate the influences of thermal relaxation time on boundary
layer phenomena.
Pressure continuity

P+UP + pra® (U — 2vi') — 2uppa® (w'a' + Uu” + Uw'w”) = 0, (2.48)
where
o2 = K/py )
KD,
1+ {550
Geometrical Equations (Change in areas).
. A2 A . Ay oA
Az + mﬁ\/t;h L2 [ + w'91ih] + (e0a)? {A;’ + U\Fj;h 82 [ + w’zwg]} =0, (2.49)
. A . A
As + U\F\/t;h “2 [y + w'stih] + (eoa)” {Ag v\r\/t;h 2 [ily + w 3w3]} =0, (2.50)
. AsvA . Ay nA
A+ ”*F\;%Vh X [y + w' wiy] + (e0a)? {Ayv + ”‘F&gh X [y + w'wgv]} =0. (2.51)
Energy Equation of Multi-walled Nanotubes.
62 (plcp 1T1) 0 (plcp 1T1) 10 8T1 10 8T1 (9 8T1
: : = K. 1— —— | K — | K, 1— " 2.52
LT + ot ror Urigr )t mag (Mg ) T s (Mg )| T (2:52)
82 (pgcp 3T3) 0 (pgcp 3T3) 10 8T3 10 6T3 0 8T3
, , . J ] 2% (K Y g 223 " 9.
[ T R B T [m»(r “3ar) 7’289( 9350) z( Z’Sazﬂ” ’ (2:53)
82 (pNCp NTN) 8 (plcp 1T1) 1 8 6TN 1 6 8T1 8 8TN
, aly) Lo [ Ko v )0 9 (K SN " (2,54
T a2 T o [7’87"( N 3r> 290 ( 9’N80>+82( “N azﬂ*q (2:54)

3. ANALYTICAL SOLUTIONS TO THE GOVERNING THERMAL-FLUIDIC EQUATIONS

Relaxing the azimuth component because the tube under investigation is embedded in foundations, the Naiver
Stoke’s and energy equations for fluid flow through the MWCNTs are:

Continuity Equation (Mass conservation).

dp 10

s (prT) +

0
ot v or (pU) =0. (3.1)

9z

Momentum Equations (Momentum Conservation).

(=)=
E)NE
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r — Component,

a (pU,) 0 0 B opP 10 0 02 9 pU?
ot + U or (pUr) + U- 0z (PU=) = pgr = or ror TarUT + 022 (Ur)| +00B°Ur + R cosf .
———
curvedtusd
(3.2)
z — Component,
a(pU,) 0 0 B oP 9 10 0 0?
3t "l‘Ura(pUz)"_UzE(pUz) = PYz — a +0'OB U +M 7‘81" (9 (Uz) +@(Uz) . (33)

Energy equations (Cattaneo-Christov) for the fluid (Energy conservation).

o1y 0 9 U2 4 (1) + U2 L5 (T)) + 20,055 (1) + U, 2 (U) £ (1)
o+ Uy () + U @+ | S8R s ) L0 g M0 S D™ |
oT
(%)

_ 0 (‘3Tf L1
-« ar \ or r
Multi-walled nanotubes’ Energy equation.
82 (pNCp NTN) 8 (pNCp NTN) 1 6 8TN 8 8TN
, ; . K Y K " .
Ta ot? + ot [?"(9 (T "N oy >+ 0z ( =N, )} ta (3.5)

MWCNTSs boundary and initial conditions are given as:

t=0, T,=Ty, i=1,2,3,...,N.

(3.4)

Boundary and Interfacial conditions (for perfectly bonded nanotubes).

t >0, T; = Titq,
oT; oT;

t>0, KZW: i+1ﬁ 7::1,2,3,...,N71,
oT:
t>0, Kot =ho(Ty=Tin) 7= rin,
oT;
>0, Ky =hy(Tou —Tn) 7= Tour.
Boundary and Interfacial conditions (for imperfectly bonded nanotubes).
T;
t>0, Kzaair:hv(ﬂ+lfﬂ) r =",
oT:
t>0, Kyt = ha (Ty = Tin) 7= rin,
oT;
t> 0, KN a;v = hb (Tout — TN) T = Tout-

Using the similarity function expressed in Equation (3.6);
1N\ 20f(n) _ dvzf'(n)
- 7UT__77 UZ__Qia
1-pt (1— Bty a3 (1~ Bt)

The governing PDEs transmute into a system of ODEs describing fluid flow, fluid temperature, and heat transfer
in the MWCNTSs. These equations are exemplified in Equations (3.7)-(3.13):
an

Ty — T, T - T
0;(n) = %
o1, %0 =77,

0(n) = (3.6)

77:
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"+ S+ A f = As(F) = S (nf” + Mf) =0, (3.7)
n0" + M40 + Pr f6' — PrSno’ + Nn(6')” + PrnQf = 0, (3.8)
70 + O + BiXs (0 — ©1) + Ag = 0, (3.9)
19; + O + BiX; (01 — ©;) + A7 = 0, (3.10)
105, + 65, + BiXs (©; — ©,) + As =0, (3.11)

n=1, f=Af =1+bf" 0=1+c
n=0, f'=0 0=0.

Using N as the MWCNTSs counter, the MWCNTSs coupling conditions become;
©'1 + Bi, (0 —01) =0,
©'; + Bi; (061 — ©;) =0, (3.13)
O’y + Biy (0; — O,) =

Where the controlling parameters S = Bﬁj’, Pr=2 N = D(Z% L) , b= 22’3”, c = % are the dimensionless

unsteady term, Prandtl number, thermophoreses term, velocity slip term and thermal slip term respectively.

3.1. Concept of Differential transform method (DTM). Due to the presence of nonlinear terms in the derived
coupled governing equation, a method capable of transforming differential equations into another domain with a robust
and easy way of representation is required. The differential transform method (DTM) possesses these attributes. DTM
maps a governing equation into an algebraic domain and then obtains an inversion using a series summation method.
This approximate analytical method generates a solution with the controlling parameters adequately conserved. The
DTM recursive relation for transforming differential equation is shown in the Table 2 below [29, 48, 50]:

TABLE 2. Some compiled DTM recursive relation.

[S/N] DTM Expression ‘
1 Z(t)=U(t) £V (), Z() U(k) £V (k).
2 Z(t) = aU(t), Z(k) = aU(k).
3 Z(t) = Y, Z(k:) = (k+ 1)Uk +1].
4 Z(t) = LUO " Z(k) = (k+1)(k+2)Ulk + 2.
5| 2(t) =Y Z(k) = (k+ D) (k+2) - (k+m)U[k +m].
or (kzn) U[ker]
6 Z)=U@t) «V(©t), Z(k) = lzo VUK — 1.
m B _J1 ifk=m
7 Z(t) =t Z(k) =5(k —m) {0 k2 m
8 Z(t)=eM, Z(k) =2 D(e ™M)= ="
9 Z(t) (wt+a), Z(k)= %;sin (”’c —|—a)
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By applying the results shown in Table 2 to Equations (3.7)-(3.13) yield,

k k
DU+ I+2)(1+3) FysZe—r+ M (k+1) (k+2) Frya + A2 3 (14 1) (1 +2) FiyaFrey
=0 =0
k k
“ XY (4P (k+1=1) Frrr—8Y (I+1) (142) Fry26 (k= 1) — SM (k + 1) Fryq =0, (3.14)
=0 =0

k
(+1)(+2)012Zk—1+ s (k+1)0k11 +Pr Z (I +1)0141 Fi—y
1=0

M=

I
o

k
~PrSY (I+1)0i418(k—1—1)+ N Z (Z (I+1)01 (m —141) 01416 (k —m — 1)) =0, (3.15)
=0 =0
k
D (+1)(1+2)O1,,,Zk1+ (k+1)O1,,, + Bia)s (6 — ©1,) + Aed (k — 1) =0, (3.16)
=0
k
D U+1)(1+2)6i,Zk-r+ (k+1) i, + BiiAs (01, — 0;,) + A8 (k= 1) =0, (3.17)
=0
k
D> U+ 1) (1+2) Oy Z+ (k+1)Op,,, + Binhs (0i, — On,) + As (k— 1) =0, (3.18)
=0
Zi+1 = (k + ].) Zi+1 — 1) (k) . (319)

With transformed boundary conditions represented as;

Fo=p, Fi=p, F=08 b=/,
b1 =55, ©1,=0 ©1, =07, B =Ps, (3.20)
©i, = By, Ony = P10, On, = P11, Zo = Pra.

Using the DTM recursive relations, the thermal-fluidic term-by-term solutions are obtained. Afterwards, the prin-

ciple of DTM grouping is used on the term-by-term solutions and the desired thermal-fluidic solutions are summarized
as;

N
fn) = Fn* k=0,1,2,3,4,5, ..,
N
0(n) =3 0" k=0,1,2,3,4,5, ...,
k=
N
©1(n) =Y xin"  k=0,1,2,34,5,., (3.21)
k=0

N
0, (n) = kZ:Oank k=0,1,2,3,4,5, ...,

N
O, (n) = kZOank k=0,1,2,3,4,5,....
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Making necessary substitution, the desired thermofluidic solutions become:

0(n) =

©1(n) =

9;(n) =

[S2% (77) =

B1+ Ban+ Bsn® +1/6 (vr5pa 261 fo /\2+f3£212;3+25f*3—2f33*1>"3
—MSB1B2XA2 +2B1%BsA22 — B1B2% Ao s + MS?Ba — MSB2A1
L1 +2MSB3B12 — 4SB1 B3z + SB2%As + 481 B3 A1 A2 — B2 A1 s 't
2461272 —2B2B3B12 A2 +4P2B3P12A3 — MSB2 + 25283 — 4SB3 A1

+2B1B83X2 — B2?As +2B3A17 — 2583 + 2831
MSB12B2 222 — 2B1°B3 N2> + B12B27 X2 A3 + M25%B2 P12 — 2M S?B1 B2 A2
+2MSB1 B2 A1 A2 — 4MSPB1B3Bi2rz — 2M SB22B12 2 + 3MSB22B12As
+65B1%B3A2% — 2581827 A2 Xz — 6817 B3 A1 A2® + 281 822 A1 A2 s
+681 8283 B12 222 — 8618283812 A2 A3 — 2B2°B12 A2 A3 + 282°B12 \5?
+MS?By —2MS?Ba A1 + AMS? B3 12 + 3MSB1 B2 A2 + MSB2 .

41 —4MSBs P12 A1 — 65°B1Bs A2 + S%B2° X3 + 12581 Bz A1 A2 — 25B2° A1 A3 5
1208123 —65B283B12 22 + 85B2B83B12 A3 — 6812 B3 A2 + 381822 A2 A3 K

—6B1B3A1% A2 + B22A1% A3 + 68283 B12 A1 A2 — 88283812 1 A3 — 45837 B127 A2
+883%B12°As — BM S?By +3MSBx M1 — 4AMSB3B12 +25° B3 — 65831
+128B1 83Xz — 35827 A3 +6SB3A1 — 1281 B3 1 X2 + 3827 A1 )3
+4B283B12 A2 — 88283 P12 As — 283 \1° + 2M S8y — 65785 + 125830
—4B1B3 X2 +2B2% X3 — 683 X172 +4SB3 — 4831

2
/35( —Prpi? + NBsBi2 — PrSpis ) )773
_ Bs(PrBy+ign? —2PrB1dg +PrpB2fi2 —Prfr — M~ — M4
64 +,3577 2B12 6ﬁ122
3 2 2 2
—PrB1® + 5N PrB185812 — 3Pr SB1B12 — 3PrPB1?Ag + 3 PrB1B2P12

2
Bs| +5NB5B12As —3PrB12 —3PrSBiaAs —3PrBi1As2 +3PrB2B12)4 nt
—2Pr B3B122 + 2N B P12 — 2 Pr SPia — 6 Pr f1 A4 + 2 Pr B2 812
7)\46 —2Pr ﬁl — 3)\42 - 2A4

24p123 toe

(BigByrs—BiaBgAs+B7)n2
Be + Brn — = 55

12
( —Biqo B5B12 A5 + BiaS7812 A5 >n3
+2Bi, Bads — 2BiqBeAs — Bi2 e + 267

* - . Shg” 2
Big"BaB12As” — Bia~BeB12As )
—Big Pr 81851225 — BiaBs 8121 A5 it

—3Biq fB5P12 A5 +4Bia 87812 A5
+6BiaBaAs — 6BiqBs A5 — 3B12A6 + 657
248125

Bi; Bg A5 —Bi; g A5+Bg)n>
Bs + fom — (Biifo2s = Blibs s tio)n
( —Bi; B7B12 A5 + Bi; o B12As + 28B4 86 A5 )7]3

4 —2Bi; s A5 — P12 A7 + 289

68122
Biq Bi; BaB12 25> — Biq Bi; Bs B12 As> ’
—Bi;%B6 B12 252 + Bi;?Bs 125> o
+4 Bi; f7B12 A5 — 4Bi; B9 P12 A5
—6Bi;Be A5 + 6Bi; Bs A5 + 3B12A7 — 69
248193

) ) 2

Bip Bg A5 —Bip B1oA5+B11)1
Bio + B11n — (51 2512 )
+(—Bibﬁgﬁm*5+Bib311ﬁ12/\5+25‘ibﬁs*5—23%310*5—1312/\s+2ﬁ11)n3

68122
( Biy?Bs Br2As® — Biy?BroBi2Xs> — Biy BiiBsB12 X5 + Biy Bi; Bs B2 As” ) 4
—4Bip BoB12 A5 + 4Bip B11 P12 A5 + 6Bip Bs As — 6Bip f10A5 — 3PB12A8 + 6811
246193
+...

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

3.2. Bulk Thermofluidic Variable. The nonexistence of stream terms necessitate the need for bulk variables via
averaging. This technique may also be employed for reducing independent variables into preferred forms. Considering

internal flow through the MWCNTSs under investigation, the thermal energy in transport is expressed as;

(=)=
E)NE
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E, = [ pUc,TdA.; = e, Ty,
Ac

T T
[ pUcpTdA, pcp [ UT(27wr)dr J UTrdr (327)
A ™ r
Tb == ™mep = (:‘b = ib ’
pep [ U(27mr)dr [ Urdr
Ta Ta

given mean velocity as;

Th
2
L dr. 2
Us (rZ —12) /UT " (3.28)

The final bulk temperature turns out to be;

Tp
2
Ty = ——5——F [ Ulrdr. 3.29

S C el 29

Making necessary substitutions and simplifying after applying the averaging principle result in thermal-fluidic pa-
rameters (components) with similar coordinates of independent variables as present in the vibration model. This
establishment consequently makes the coupling of the flow and vibration equations possible. The thermal-fluidic
components that will be coupled with vibrations equations of motion are;

452vz(rb—ra) 8531)2(77"&3‘#7‘173)
ag2(—Bt+1) 3agl(—pt+1)2
Z(MSﬁQ—QﬁlB3)\2+ﬁ22/\3+2sﬂ3—2[33Al)vz(—raE’Jrrhs)
5000 (—Bt+1)381o
—MSB1B2A2 +261%B3 A2 — B182° A2 g
+MS?By — MSB2A1 +2MSP3 P12 — 4561 B3 A2
2| 48823 + 48183 1 h2 — B2° A1 A3 — 2B2B3 P12 A2 |vz(—raT+r,7)
+4B283B12 X3 — MSB2 + 2583 — 4S8
+2B1B83X2 — B2Xs + 283217 — 2583 + 2831

+ 21a8(—Bt+1)4852
MSB12B2 2% — 281 B3 02" + 17827 2" As
+M2S2B2B12 — 2MS?B1 B2z + 2M SB1 B2 A1 Xz
—4MSPB1Bs 122 — 2MSB2%B12 X2 + 3MSB2° P12 s
1 +65B12B3X2% — 25B1 822 X2 A3 — 68128321 A2
Ve (rt) = (15 — 74a) +281 B2 A1 A2 X3 + 6818283 B12 A2 — 8818283 B12 A2 A3 ’ (3.30)

—2B82°B12 X2 A3 + 282°B12 X% + MS® B2

—2MS?Ba A1 +4MS?B3B12 + 3MSB1 B2 A2
+MSB2A1? — AMSB3B12 A1 — 65781 B3z + S%B2% A3
+12581 8321 A2 — 28827 A1 Az — 6582 B3 B12 Ao vz(=ra®+m,?)
+85B2B3B12A3 — 6B1%B3A22 + 381 B2 A2 X3 54a010(—Bt+1)58193
—681 8317 A2 + B2ZA1% A3 + 68283 P12 A1 A2
—8B2B3B12 M1 A3 — 4B83%B12° X2 + 883 B12° X3
—3MS?By +3MSB2 1 — 4MSB3 812 +25°83
—652B3A1 + 125881 B3 A2 — 3SB2% A3 + 6SB3 A1 2
—12B1B3A1 A2 + 3822 A1 A3 + 48283 B12 A2
—8B2B3B1223 — 2B3A1° + 2M SB2

—65%83 + 12583 A1 — 481832

+282% X3 — 683 A1% +4SBs5 — 4831
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—Ta
T — Ta
Ba (ro — 1a) + 2 (ra®4m®) _ s ®rinirg)(rad+ny?)

3ag2(—Bt+1) 10a0(—Bt+1)2B14

2
Bs ( —Prp1? + NBspBi2 — PrSBia — 2 Pr B1 s ) (=raT+m7)
+PrBzfiz —PrBi — A® — 4
42000 (= Bt+1)38152

3, 2
—Prp1® + 5N Pr 185812 — 3PrSB1 Bz
2 2
0. o —3Prp1°As + 3 PrB1 82612
55(*7‘(1 +ry ) 2 2
216ag8(—Bt+1)35123 | THNBsB12A4 —3Prp1” —3PrSpBiaAs
—3PrB1Aa? +3Prp2Biala

—2Pr B3f12° + 2NB5B12 — 2 Pr SB1a—
6 Pr 81 A4 + 2 Pr 82812 — )\43 —2Pr 1 73)\42 — 2N

4 54 2 52 3 2
—Prp1" + 17N Pr31°B5 812 — 6 Pr SpB17 P12

3 . 3
—4PrB132y + 6 PrB12 8212 (3.31)
« +M Pr SB2ﬂ122 *6N2B525122+
9N Pr Sf55122 + 34N Pr 81 85 B12 M4

R 3 2 L,
—9N Pr 285 B12° — 6 Pr1® — 3 PrS?B12°—
2 2
12 Pr SpB1B12A4 + 6 Pr S B2 B122
2
85 (—rall+ry11) _6 Prﬁl Aa? 412 PFB152512>\4—

T 1320a010(—Bt+1)5 8122 Sprﬂlﬁsﬁlz —3Pr/32 B12® — 2 Pr B1 B3 B12° A2
+ Pr B2°B12° A3 + 23N Pr 81 85 B12

2 2

+17NBs5B12 24> — 14 PrSB1 B12 — 18 Pr 1% My
2

+14 PrB1B82B12 + 2 Pr SB3B12% — 6 Pr SBi2 A4

—4Pr B124% + 6 Pr B2B12M4° — 2Pr B3 8127\

2
—8 Pr B3 6122 A1 + 23N B5B12Xa — 11 Pr 1?2
—14Pr SB12Xs — 18 Pr 1 A2 + 14 Pr B2 812 M4
—6Pr B3B12° — Aa* + 6NB5B12 — 6 Pr SBi2
—22Pr B1As + 6 PrBafiz —6X4% —6Pr B — 112042 — 624

These bulk values will be substituted into the transverse and longitudinal vibration models of the CNT and solved
together with deformation and pressure formulations using the transient differential transform method (TDTM) also
known as the multi-dimensional differential transform method (MDTM). This is illustrated in Section 3.3.

3.3. Analytical Solution of Coupled Vibration, Deformation and Pressure Models. Since the bulk ther-
mofluidic variables have been obtained, substituting into the vibration equations and applying the transient section
of Table 2, the recursive relations for the vibration, deformation and pressure models become;

m(h4+1) (h+2) wi,nt2 + (c+ Ao Bo?(cos (cp))z) (h 4+ 1) wk, h+1
k h k h
+2mf (F) &1 l;) (20 (l+1)wz+1,h75+1d(k‘—l— 1,3)) +mf (F) &2 Z (20(l+1)wl+lyhfsd(k—l—1,8))

2y (3 o)) - (1 -k, - BotGosen?
+msles 3 | X I+ Dwigap-sd(k—1—1,5) To— G —kp iy (k+1) (k+2) wit2,n
=0 s=0

h—z
(z <l+1)(l+2)sz,hfzfqu,zAqu,s)))
s=0

k
+(=26v4+1) %
=0

/N
_Q ko
Il |
w
it~

0
+m ;T2 cos (¢) €4 ’é (i I+ +2)wigo,n-sd(k—1—2, S)>
lZf:O (Xh:o T+ U+2)ugo,n—s(E+1-1) wk+1—l,s>

(To — G)

Il
o
1)
Il

+
M=
/1

I+ +2)wipon—s(E+1-1) uk+1—l,s>

(2’3 ( z; I+ +2wiron—z-s(g+1) )))
==0 wq+1z(k+1—l—q)wk+1 l—q,s

Il
o

+

w -

~

%)

M=
~— \©°

M7

Q
Il
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w (s (" Tarnase
E s=0

=0 | ¢=0| g=0 | j=0| 2=0 Uip2,h—jz—s (@ + 1) wgyr,;
Rq,zAkflqug,s
h—j—z

h—j S+ 1)(+2)

k h
e iy > =
(=26v+1) =0 | ¢=0 | g¢=0 | =0l =0 W42 h—j—z—s (@ + 1) Ugt1,;

Py zAk_1—q—g,s

I+1)+2)

k k—lk—l—qk—l—q—p h h—jh—j—zh—j—z—e W42, h—j—z—e—s
+3> X X = > (a+ 1) wgtr,;
=0 q=0 p=0 g=0 j=02=0 e=0 s=0 (p+1)u1p+1,z
Py eAx—1—q—p—g.s
k k—lk—l—gq h h—jh—j—z (L+1)(1+2)
LD > > Wy h—joz-s(g+1)
[=0q=0 g=0 j=02=0 =0 w1 By .Ap_|_q g

k k—lk—l—q h h—jh—j—z (+1)(1+2)
Lt > Wit2,h—j—z—s(q+1)
l Ugt1,jEg 2 Ak—1—q—g,s
I+1)U+2)

n i k—Lk*l—qkfliq—p Z hij h—j—zh—j—z—e W42, h—j—zme—s (q-‘rl)
=04=0 p=0 g=0 j=0:=0 =0 =0 wet1,5 (p+1)

Wpt1,zE9,e Ak—l—g—p—g,s

i [k=l [ h [h—z
> ( > (Z (l+1)wl+1,h—z—qu,zAk—z_q,s>))
=0 \g=0 \ z= s=0
e zh: hIh % (I + 1) wig1,h—j—z—s (@ + 1)
I=0q=0 g=0 ;=02z=0 s=0 Ug+1,jPg,zAk—1—q—g,s
(I+1)
Wit h—j—z—e—s(q+1)
=0 werri(p+1)
Wpt1,2Pg e Ak—1—qg—p—g,s

k k—lk—l—qk—l—g—p h h—jh—j—zh—j—z—e

—1/23 3 X2 PO ILD DN D)

1=0g¢=0 p=0 g=0 j=02z=0

th (hiz I+ Dwig1,h—zs(@+1) uq+1,zAk:—l—q,s> >>

-k k [k=l [k=i—q [ n [h—j hriijfz(l-i-l)w ) (a+1)
+1/2 Z E E E = I+1,h—j—2—s 4
=0\ 1= 970 \I=O NP0\ wopa,; (9+ D wgp1,2Ak 1-gg.s
< I+ Dwigi,h—z2—sTq,2Ak—1—¢q,s ))

0
h—jh—j—=z

m
Il
<)

I+ 1) wigr,h—j—z—s

+Ea Zhd=0 =0 j=oi=o =o (a+Dug1;TgAr—i—q—g.:s

T ()

INITEVTIE T Wit h—j—z—e—s

=0 q=0 p=0 9=0 j=02z=0 e=0 s=0 (¢4 1) wgt1,y

(p+1)wp+1,zTg,eAk7l—q—pfg,s

k [k

>

=0

h—z
< S UH+NDwigrh—z2s(@+ 1) Tg41,2Ak—1-q,s
R )
+Fa - Z

N
Il
<)

=0

M7 I

=
M=M=
M=

|
|
Q

T+ D wigrn—j—z-s(@+ 1) ugt1;

=0 s=0 (g+1)Tg,zAlc—l—q—g,.e

1— hoh—jh—j—z (+DwWir1hjzes(g+1)
22 2 wepi; (PHDwprre(9+1)
g=0 j=02=0 e=0 Tg+1,eA

Il
)
"y
Il
<)
£
| «©
=
> o
|
|

!

~

[\v]
M-

P
Il

e
iy
/N
_Q =

Il |

ot A
(Y]

™M= ©
1
el
w, > O
Il |
n

|
M=
™
™

k—l—q—p—g,s

I+ Dwig1,h—2-sTq,2 (k+1—-1-q) Ak+1717q,s) ))

0
h—jh—j—z

>
|
=
|
2
>

U+ D) wigrn—j—z—s (@+ 1) ugy1;
Tgz(k+1—-1—q—9g)Art1-1—q—g.s

hejh—j—z (FDWig1h_jzee—s(@+ 1) wasn,;
(p+1)wpt1,2Tg,e
(E+1—-1l—q—p—9)Akt1-1—q—p—g,s

+Fo

(=}
Q
g
>
L«
I
To
|
el
[=]
?‘rN
Il
| <
)
| ®
S|
[=}

|
51
M=
jilg!
™
™

Il
<)
<

Il
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k]

Il
o
Q

Il
<}
<

Il
<)

u

Il
=}

o

Il
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|

k—l—qk—l—q—p h hijh,—j—z I+ Vw1 h—joz—e—s (@+ D wgs1,; (p+ 1)

. > (P+2)upt2,:Tge(k+1-1—g—p—g)
Ba {=04q=0 p=0 g=0 j=02z=0 e=0 ket l—l—q—p—g.s

Ik—l—qk—log—p h h—jh—j—z I+ w1 hjoze—s(@+1)wgyr,;
Z (p+1) (r+2) Wp+2,2Tg.e
0 950 j=02=0 e=0  (k+1-1l-q—p—g) Apt1-1—q-p—g.s

; 2. 2
+ (1E+%§“’”) (k+1)(k+2) (k+3) (k+4) wiran
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For tubes not in contact with fluid (i.e., for N > 1), the fluid velocity transform in the vibration model becomes

nullified. o o .
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These analytical solutions are treated using after treatment technique and then used to carry out the parametric
study. The fundamental frequency is attained by generating sets of equations using the natural boundary conditions
derived from Hamilton’s principle. The equations are put in the form described in Equation (3.44);

Ay FPC
= . (3.44)
As FPC

I'i (w,B,v,e0a, Ha, z,k, EI, ...) T2 (w, B,%, e0a, Ha, z,k, EI, ...)
Iy (UJ?B?’L/}?eOaa Ha7 2, k7 EI7 ) a2 (w753w3 €oa, HG,Z, k7E17 )

Conditioning the determinant of the stability matrix to varnish, the characteristic equation is obtained. This
equation is used to obtain the eigen values of the system under investigation.

4. RESULTS AND DISCUSSION

4.1. The present study’s verifications and validations. The section presents firstly validations for the novel
thermal-fluidic induced nonlinear vibrations models. This will be accomplished by means of experimental validation
as well as comparison with results from previous studies. A checklist is presented and used to establish the novelty
in the present work sections 4.1.1-4.1.2. Subsequently, using the developed MATLAB and MAPLE codes, parametric
studies and sensitivity analysis are performed. Then, thermal-fluidic results as well as their impacts on MWCNT
temperature variation, deformation, flow pressure and transverse and longitudinal dynamic responses are presented,
analyzed and discussed sections 4.1.3-4.1.15.

4.1.1. Verification of the present study with Belhadj et al. (2017). The dimensional fundamental frequency models
in this study are reduced and used to recover that of Belhadj et al. [6] nanotube model with excellent agreements
established as enumerated in Tables 3-7:

TABLE 3. Comparison of the present study with the exact solution of Belhadj et al. (2017) for pinned-
pinned condition.

Mode 1
Frequency of the Single-walled carbon nanotube (THz)

[ Length (nm) | Belhadj et al. (2017) | Present Study |

1 0.300 0.300
2 0.211 0.209
3 0.206 0.204
4 0.202 0.202
5 0.201 0.200

TABLE 4. Comparison of the present study with exact solution of Belhadj et al. (2017) for pinned -
pinned condition.

Mode 2
Frequency of the Single-walled carbon nanotube (THz)

[ Length (nm) | Belhadj et al. (2017) | Present Study |

1 1.000 1.000
2 0.612 0.614
3 0.409 0.407
4 0.304 0.302
5 0.200 0.200
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TABLE 5. Comparison of the present study with exact solution of Belhadj et al. (2017) for pinned -
pinned condition.

Mode 3
Frequency of the Single-walled carbon nanotube (THz)

[ Length (nm) | Belhadj et al. (2017) | Present Study |

1 2.500 2.500
2 1.603 1.601
3 0.707 0.703
4 0.515 0.513
5 0.200 0.200

TABLE 6. Comparison of the present study with exact solution of Belhadj et al. (2017) for pinned -
pinned condition.

Mode 4
Frequency of the Single-walled carbon nanotube (THz)

Length (nm) | Belhadj et al. (2017) | Present Study |

1 - 4.000
2 - 2.501
3 - 0.912
4 - 0.603
5 - 0.200

TABLE 7. Comparison of the present study with exact solution of Belhadj et al. (2017) for pinned -
pinned condition.

Mode 5
Frequency of the Single-walled carbon nanotube (THz)

Length (nm) [ Belhadj et al. (2017) | Present Study |

1 - 5.000
2 - 4.511
3 - 1.010
4 - 0.821
) - 0.200

TABLE 8. Validation table using the Work of Filiz and Aydogdu (2010).

Frequency Parameter
’ Mode \ Filiz and Aydogdu (2010) \ Present Study \ Percentage error (%) ‘

1 3.132 3.133 0.03192848
2 6.245 6.246 0.01601281
3 9.331 9.333 0.02143393

1507

4.1.2. Validation using the Work of Filiz and Aydogdu (2010). On reducing model in the present study to recover
that of an axial vibration of carbon nanotube using nonlocal elasticity, the Filiz and Aydogdu [14] SWCNT model
is recovered. The obtained relationship for the SWCNT amplitude and length as well as frequency parameters and

mode numbers are then used for validation as depicted in Figure 2 and Table 8 respectively.
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MWCNT’s stability for linear pre- and MWCNT’s stability for Nonlinear pre-
post-bifurcation. and post-bifurcation

4.1.3. Influence of Junction angle and Mass Ratio on Stability of the MWCNT. Figure 3 and Figure 4
portray the impacts of junction angles on nanotubes’ stability curve. The desired stability parts of the plots are the
parabolic sections which continue to reduce with increasing velocity of flow. These regions denote stable domains. The
critical flow velocity ranges for linear and nonlinear stability analyses are 2.69 to 3.18 and 4.17 to 5.17 respectively.
From the plots, it is evident that nonlinear analysis provides better stability as it provides shorter bifurcation and
regains stability faster before finally passing through the divergence of flutter. Meanwhile, Figure 5 and Figure 6
describe the impacts of mass ratio on both the imaginary and real parts of the nonlinear dimensionless frequency.
These effects are better felt for the higher velocity of flow through the tubes. Figure 5 shows how an increase in
mass ratio reduces the system’s stability while Figure 6 symbolizes the required damping for stability. The established
critical value for mass ratio is 0.40 as its continuous augmentation gives synonymous effects when it is lower than 0.40.

4.1.4. Influence of Temperature Change on Stability of the MWCNT without Magnetic Effect.
4.1.5. Influence of Temperature Change on Stability of the MWCNT with Magnetic Effect. Figures 7-14 depict the

influences of temperature change on the dimensionless frequency of the MWCNT embedded in Winkler and Pasternak
an
BE
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effect.

FiGURE 8. Effect of temperature change
on the stability of the MWCNT for Non-
linear Winkler foundation and without
magnetic effect.

foundations with and without magnetic effect. It is observed that the dimensionless frequency and dimensionless
velocity increases with increasing temperature change. When the magnetic effect is considered, the stability of the
CNT increases because the dimensionless frequency of the system reduces for the same flow velocity range as that of
when there is no magnetic effect.

4.1.6. Effects of Modal Number, Pressure, Foundation and Mass Ratio on Frequency of the MWCNT. Figures 15-16
depict the influence of modal number and flow pressure on the frequency of the MWCNT. A careful study helps
visualizes the effect of these two important parameters on stability of the CNT. The frequency of CNT which is a
vital parameter in stability study reaches some THz when dimensionalized and continues to increase as the modal
number increases. This astonishing property enables CNT to offer an exceptional optical and mechanical properties
although there is always need to dampen the frequency to an application limit. Furthermore, a synonymous effect is
realized as the induced pressure by the fluid increases. These two parameters as a result of their tremendous effects
on frequency may be used to annul the effect of mass ration when one of them is desired based on the requirement of
the engineering design and applications.
Figures 17-18 depict the impact of foundation variable and mass on the excitation frequency of the CNT.
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F1GURE 10. Effect of temperature change
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From the plots, it is obvious that an increase in foundation variable or parameter as well as a reduction in the mass
of the carbon nanotube increases its frequency. For both parameters, extreme values should be avoided to prevent
instability for very low values of the foundation parameter and over excitation or resonance for very high values.
Moderate and intelligent choice of the mass of the CNT may also be used to annul the above-mentioned effects. The
corresponding phase plane plots for qualitative stability analyses are presented in Figures 19-30.

4.1.7. Impact of Plug and Fully Coupled Flow Induced Vibration on Transverse Response of the MWCNT..

4.1.8. Impact of Plug and Fully Coupled Flow Induced Vibration on Longitudinal Response of the
MWCNT. Figures 31-36 depict the impact of plug and fully coupled flow induced vibration on steady state re-
sponse of the MWCNT for different boundary conditions. The clamped-free support gives the highest steady state
response while clamped-clamped gives the least. In design and practical applications, the plug flow assumption should
be discouraged as it deviates from actual working processes by over 11 percent. This leads to under design and
consequently system’s failure when in contact with real flow dynamics.
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4.1.9. Effect of Magnetic Term on Mzidpoint Deflection History of the MWCNT. Figures 37-38 depict
the effect of magnetic field on the Midpoint Deflection time history of the MWCNT for free and forced vibration.
CNTs under free vibration vibrate with a constant amplitude and natural frequency as shown in Figure 37. When the
an
BE
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magnetic effect is included, the responses begin to damp as the magnetic term increases. Additionally, the inner tube
gives the highest displacement both for free and forced vibration.

4.1.10. Effect of Temperature Change on the Deflection of MWCNT. Figures 41-44 show the impact of
temperature change on the Midpoint Deflection time history of the MWCNT for free and forced vibration. An
increase in temperature attenuates the dynamic response of the CNTs for free vibration with negligible effect on
forced vibration. The reason for attenuation in free vibration is because of the reduction in system’s stiffness which
results in frequency reduction. However, this loss in stiffness is augmented by the induced external agent during forced
vibration. The forcing function acts as a restoring agent by increasing the amplitude of damped vibration to the initial
case.

4.1.11. Effect of Nano-Particles on Thermofluidic and Midpoint Deflection Curve. Figures 45-50 depict
the effect of nanoparticles on the velocity profile, temperature profile and midpoint deflection time history of the
MWCNT for free and forced vibration. An augmentation in volume fraction of nanoparticles decreases the flow profile
owing to the presence of drag introduced by Lorentz force from the magnetic field. However, an opposite impact is
observed on temperature plots as augmentation in volume fraction of nanoparticles increases thermal profiles. As
nanoparticles volume fraction is increased, the dynamic response of the MWCNT begins to attenuate. Although, the
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inner tube gives the highest displacement both for free and forced vibration, nanoparticles can generally be used to
dampen vibration.

4.1.12. Effect of Magnetic Term on Pressure, Velocity and Deformation Profile. Figures 51-52 illustrate
the impact of the magnetic field on pressure, velocity, and deformation profile. When the channel of admittance takes
in nanofluid at high velocity, deformation occurs and the CNT starts to possess expanded and contracted regions.
Contracted regions are formed when the flow is at high velocity and low pressure while expanded domains are as a
result of low flow velocity and high pressure. The magnetic term may however be used to condition the flow pressure
by using the flow velocity. These responses are essential in the design of flow-induced structures and material sizing.

4.1.13.

Term.

4.1.14.
4.1.15.

fields.

Visualization of CNT Dynamic Response for Different Downstream Angles without Magnetic

Visualization of CNT Dynamic Response for Different Downstream Angles with Magnetic Term.

The Shear Force and Bending Moment of the CNT.. Figures 53-58 and figures 59-62 illustrate three-
dimensional visualization plots of the MWCNTSs’ dynamic responses for different junctions without and with magnetic
The absence of a magnetic field generates large deflections at the junctions which is not a desired option
in design due to a reduction in the system’s stability. Figures 65—-68 depict the three-dimensional Shear force and
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bending moment diagram of the CNT for the first two modes. A critical assessment shows that it is possible to
track the positions of maximum shear and maximum moment for the proper design of the CNT device. The dynamic
analysis is important as it helps in the quick monitoring and adjustment of the CNT during application. Additionally,
the checklists for validation and verification are presented in Table IX. From Table IX, the novelties in the present
study are the consideration of branched MWCNT, the coupling of Navier stokes with vibration as well as the inclusion
of pressure continuity and deformation models.

5. CONCLUSION

Generalized and Improved Thermal-Nanofluidic Flow Induced Nonlinear Vibrations of Single and Multi-Walled
Branched Nanotubes resting on Elastic Foundations in a Magnetic Environment have been developed. Using the
Euler-Bernoulli theory, Hamilton principle, and nonlocal elasticity theory, fully coupled equations of motion governing
the transverse and longitudinal vibrations of the nanotube have been developed.

Correspondingly, the deformation equation of the nanotubes as well as the pressure variation in the tubes have also
been developed. Furthermore, Navier-Stokes and energy equations for the fluid and nanotube have been successfully
coupled with the vibration models to obtain the relationship between the frequency, displacement of the MWCNT and
the flow velocity, the pressure as well as the temperature of the nanofluid. Our arguments that the use of nonlocal
theories, Navier stoke and energy equations coupled vibration models predict better than the classical approaches
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TABLE 9. Checklist for validations and verifications using previous studies.

FIGURE 62. Bending moment Diagram
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and plug flow assumption method of formulation for CNT was significantly noticed during simulation and parametric
studies. Closed form solutions of the developed coupled systems of nonlinear partial differential equations have been
provided using Galerkin decomposition method, one dimensional and multi-dimensional differential transformation
methods. After treatment techniques have also been considered where necessary in the analytical solutions. With the
aids of the analytical solutions, effects of nonlocal parameter, branched angles, magnetic field, nanoparticles, slip and
jump conditions, fluid velocity, temperature change, foundation and boundary conditions on the dynamic behaviour
of the branched flow induced nanotubes have been investigated. The results indicated that:

(1) Increasing the downstream angle decreases the stability of the system for pre-bifurcation analysis but increases
stability of the system for post bifurcation analysis.

(2) Also, the results obtained from the dynamic behavior of the system indicate that the magnetic effect has an
attenuating or damping effect of about 20% on the system’s response at any mode and for any boundary
condition considered.

(3) Fundamental frequencies of multi-walled carbon nanotubes are about 10% lower than those of single-walled
carbon nanotubes of the same outer diameter.

(4) The Navier-Stokes and energy-coupled vibration models have been compared with that of plug flow-induced
vibration. In design and practical applications, the plug flow assumption should be discouraged as it deviates
from actual working processes by over 11%.

The analytical solutions presented in this study have been found to match with existing analytical, numerical and
experimental results, hence the verification and validation of this work. Furthermore, the contributions of the present
study include:

(1) Generalized and improved thermal-nanofluidic flow-induced nonlinear vibrations of single and multi-walled
branched nanotubes resting on elastic foundations in a magnetic environment have been developed. Also, the
work developed a visualization platform using MATLAB for monitoring the dynamic and stability responses
of CNT when excited.

(2) The present study provides better physical insights into the nonlinear thermal-fluidic flow-induced vibration
of both single and multi-walled carbon nanotubes.

(3) The research provided closed-form solutions of the developed coupled systems of nonlinear partial differential
equations. This will serve as a platform for comparisons of results for subsequent numerical analysis and
experimental investigations.

(4) The work established that the magnetic term has over 20% attenuating or damping effect on the dynamic
response of the system.

(5) The work established that for optimum design and performance of the flow-induced structure, the use of
T-shaped CNT should be avoided or limited if necessary.

(6) Coupled thermal-fluidic induced vibration of multi-walled CNT for laminar flow has now been found to differ
from the previously assumed plug flow which shows significant error in the previous studies in the literature.
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