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Abstract

The nonlinear vibration analysis of embedded multi-walled branching nanotubes with integrated nanofluids that

are resting on a Winkler-Pasternak foundation in a thermal-magnetic environment is the main emphasis of this
work. The coupled equations of motion controlling the transverse and longitudinal vibrations of the nanotube are

derived using the Euler-Bernoulli theory, Hamilton’s principle, and nonlocal elasticity theory. Additionally, the

pressure variation in the tubes and the equation for the deformation of the nanotubes are derived. Furthermore,
the vibration models are coupled with the Navier-Stokes equation and the energy equation for the fluid and nan-

otube. Since the dynamics of multi-walled carbon nanotubes differ from the typical assumption of plug flow, careful

investigation is needed when combining them with Navier-Stokes and energy equations. Thus, the generated cou-
pled systems of nonlinear partial differential equations in this work are solved using multi-dimensional differential

transformation method. With the aid of the analytical solution, parametric studies are performed. The findings

show that the system’s stability reduces as the downstream angle increases. Furthermore, the system’s dynamic
behavior yielded results that show the magnetic effect has a 20% attenuating or damping effect. Additionally,

there is a more than 11% discrepancy between the plug flow assumption and real functioning procedures. Existing

analytical, numerical, and experimental results were used to verify and validate the analytical method. It is hoped
that this study will provide further understanding of the design of nanotubes and act as a reference for further

research in the field.

Keywords. Nanofluidic flow, Nonlinear vibrations, Nanotubes, Thermal-magnetic environment.

1991 Mathematics Subject Classification. 65L05, 34K06, 34K28.

1. Introduction

The engineering sciences and medical technology are undergoing a new revolution owing to the development of
carbon nanotubes. For nanoelectromechanical systems (NEMS), nanoresonators, and nanosensors, among other nan-
odevices, carbon nanotubes (CNTs) play crucial roles in enhancing their functionality [22, 23]. On the synthesis and
uses of branched single and multi-walled nanotubes, the fabrication of Y junctions has been achieved using branches
and stems at acute angles to each other [32]. Y junctions have been described as novel structures with variable termi-
nals and chirality [7]. An experimental study has been presented on the synthesis of Y-branching multi-walled carbon
nanotubes with a bamboolike structure and it enumerated how this novel structure may offer promising applications
for nanotube-based composites [19]. One of the applications of carbon nanotubes is using biological sensors to detect
the mass of bacteria, cells, and viruses. Typically, two static and dynamic methods are used to detect added mass in
nano-mass sensors. In the static method, the added mass is determined by measuring the deflection of a nanobeam re-
sulting from the attached mass on the surface. In the dynamic method, measuring the frequency shift due to attached
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mass is considered [26]. A higher frequency shift indicates more sensitivity performance of mass sensor [35]. Conse-
quently, a huge amount of research has been conducted to increase and evaluate the sensitivity of mass nanosensors.
Carbon nanotube-based bio-sensors have also been studied[10]. They determined the suitable boundary conditions for
the mass sensing. The transverse vibration of nanobeam with an attached mass, rotational, and transverse springs
at its end has been studied [57]. The influence of various geometrics microbeams on mass sensors has been examined
and it was realized that the sensitivity of the microsensor increases with the microbeam rigidity[3]. In comparing
micro CNTs and beam mass sensors, it was found that a CNT-based sensor is more sensitive than microbeam ones
[8]. Studies have been conducted on the position and mass identification in single-wall carbon nanotube (SWCNT)
mass sensor[20]. Soltani et al. The nonlocal theory of elasticity has been used to carry out sensitivity analysis on
a nanotube sensor resting on an elastic foundation[44]. DWCNT vibration has been analysed for sensing biological
objects[37]. They considered six different types of DWCNTs and determined the best type for the mass sensors. The
magnetic force effects have been considered in research regarding micro and nano mechanical elements’ behaviour
as an external parameter. It has been demonstrated that the frequencies of a DWCNT increase with increasing the
magnetic field[30, 31]. Subsequently, the impacts of axial magnetic fields on the vibrations of magnetically sensitive
systems were inspected. The influence of magnetic field strength on the stability of an elastic foundation embedded
SWCNT was shown [60]. In another work, they considered SWCNTs under the influence of an axial magnetic field
[59]. The vibration of a nanofluid-conveying CNT in a magnetic environment has been explored[39]. A Timoshenko
beam has been considered and developed vibration models used for investigating the influences of axial magnetic
field on nanotube responses [61]. Similarly, the axial magnetic field has been studied and transverse deflection of the
DWCNT system has been analysed[1]. They found that an augmentation in the magnetic field’s intensity decreases
nanotube deflection. In the study, the sensitivity of the DWCNTs was investigated and the governing equations of
motion were put forward. Influences of axial magnetic field on nanotube configurations have also been studied. In
conclusion, they established how the work will be helpful for further development and design of mass sensors based
on the DWCNT in a longitudinal magnetic field [27, 33, 47]. On classical and nonlocal flow-induced vibrations, the
applications of nanotubes and junctions are vital and of tremendous importance especially in drug delivery systems.
A presentation has been made on research that carbon nanotubes can serve as scaffoldings for treatments of broken
bones [58]; and transport proteins for cancer treatments [24]. An experimental investigation was performed on the
impacts of high-velocity fluid flow on the bending vibrations and static divergence of a simply supported pipe[11]. The
experimental setup was used to determine the relationship between the critical velocity of flow through the pipe and
the frequency for stable, unstable, and divergent regions. This experimental result was used to validate the developed
analytical solution in this work by reducing the present study to the level of the experiment. Focusing on past works
and the need for further studies on the dynamic analysis/vibration of nanotubes, some researchers have presented non-
linear flow-induced dynamic response analyses of DWCNTs resting on elastic foundations [15–17]. In another work
linear continuum mechanics assumption and reduction of the derived equation of motion was applied for a SWCNT
to only vertical displacement under thermally induced vibrations[4]. Associated Eigenvalues were also presented for
CNT under clamped-clamped (C-C). The following year, the fundamental frequencies and mode shapes were obtained
from the solution of the Eigen problem after using the static condensation method. The obtained resonant frequencies
for SWCNT and DWCNT were then used for stability analysis and divergence control[28]. A transverse vibration
model for an elastic nanotube model under compressive exciting forcing function has also been presented[34]. The
work includes the van der Waal forces interactions that exist between the outer and inner nanotubes. They concluded
with an obtained relationship between the excitation load and frequency ratio for the DWCNT investigated. An inves-
tigation on the stability of a flow-induced CNT has been conducted[56]. The research explores the impact of internal
mean flow velocity on the structural instability of CNTs. The obtained relationship between the mean velocity and
response frequency for the flow-induced SWCNT is then used to estimate the critical velocity of flow as well as the
stability region of the CNT. A numerical technique was used to investigate the fundamental vibration frequencies
and contraction behaviours of nanotubes under thermal loading[9]. In the work, the thermofluidic induced vibration
models were obtained and the thermal profiles for stable and unstable SWCNT were presented. A mathematical
relationship between the wall thickness and elastic properties of a nanotube (SWCNT) was presented[45]. Amplitude
ratio and frequency ratio are vital variables used to monitor excitation frequency in order to prevent resonance and
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total damage of structures under vibration. As a result of the need for adequate monitoring of CNT under oper-
ation, this phenomenon has been analysed using the principle of forced vibration model and relationships between
the variables have been obtained[25]. A longitudinal vibration model via nonlocal theory has been presented with a
relationship for the SWCNT amplitude and length as well as frequency parameters and mode numbers obtained [14].
A nano-scale influence on the un-damped forced vibrations of connected DWCNT excited by mobile nanoparticles
has also been considered[40]. The vibration in the elastically connected double-walled carbon nanotubes is induced
by mobile nanoparticles. Also, thermal influences on SWCNT embedded in elastic foundations via a nonlocal theory
approach have been presented [2]. They used arbitrary end conditions to obtain and envisage the CNT responses. To
understand the impact of the small-scale term, a study on the vibration of carbon nanotubes conveying fluid embedded
in a viscoelastic medium was considered [38]. The natural flow-induced vibrations SWCNT under the multi-physics
field have been analyzed [46]. They scrutinized the impact of magnetic terms on the response of the SWCNT. Also,
the influence of magnetic strength on the nanotube’s stability was presented and discussed. Moreover, investigation
on the vibrations and stability analyses of a fluid conveying nanotube under axial magnetic fields have been reported
[21]. The magnetic term was observed to be an important parameter for shifting instability modes to stability. Other
interesting works through modelling have also been presented to justify the widespread application of CNTs [41] and
[42]. Flow-induced vibrations of TWCNTs has been explored and the stability curve for the first three modes of
vibration was obtained[36]. Meanwhile, [12] carried out free vibration analysis and obtained nondimensional critical
loads for three modes and varying end conditions. Recently, [54], [55],[53], [51], [43], and [50], carried out compre-
hensive studies on the dynamic analyses and stability responses SWCNT and MWCNT using numerical, analytical
and experimental methods. It is known that equations of motion that describe flow-induced vibrations in nanotubes
are usually presented in dimensionless PDE or ODE forms, attentions need to be shown to how these equations
are analysed. The common option is to use numerical techniques which have their residue. To beat this challenge,
approximate analytical schemes have been put forward. These schemes include PADE-approximants, Parameter Vari-
ations method (VPM), Perturbation method with Homotopy (HPM), Iteration Variational method (VIM), Temini
and Ansari’s method (TA’M), Differential transformation method (DTM) etc., in classical forms work immaculately
for small convergence domains. However, PADE -approximants is challenged with right PADE-numbers before con-
vergence, VIM and VPM necessitate arbitrary coefficients coupled with arduous integrations before use, HPM just
decomposes the equations and needs additional methods before getting complete solutions while DTM is stable and
converges regardless of the value of the independent variables. The main merit of DTM is its ability to be used directly
on nonlinear and linear equations without discretization and linearization. Hence, discretization error does not affect
the method of solution. Therefore, a scrutiny of previous researches shows that no work has been reported concerning
the nonlinear thermal-mechanical vibration analyses of embedded branched nanotube conveying fluid under magnetic
influence with Navier Stokes coupled with the vibration model. On the other hand, the different end shapes considered
in this work such as I, Y, and T shaped-CNTs can find applications in many nanoelectromechanical systems (NEMS).
Motivated by the aforementioned considerations, this novel research work explores nonlinear thermal-mechanical vi-
bration Analysis of embedded branched carbon nanotube conveying nanofluid under the influence of magnetic fields
with Navier stokes coupled with vibration using multi-dimensional differential transformation method (MDTM).

2. Description of problem and equations of motion.

The mathematical modelling of the vibration of mechanical systems such as nanotubes, pipes and engineering
structures generates nonlinear differential equations. These equations are called the equations of motion of the system.
The terms in the obtained equations of motion have their effects on the dynamic behaviour of the structure. The
economic background knowledge of these mechanical systems under vibration has been extensively discussed by [18].

2.1. Nanotubes with varying downstream or junction angles. Figure 1 illustrates the branched-nanofluid-
conveying carbon nanotube resting on elastic foundations in a thermal-magnetic environment. The possible shapes
due to variations in junction angle are depicted in Table 1.

2.2. Derivation of the Equations of Motion. The principle of variation used to obtain equations of motion for
dynamics of rigid bodies and systems of particles is named Hamilton’s principle. Here, the functional derivatives are
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Figure 1. Schematic of nanotubes with varying downstream angles.

Table 1. Different nanotube shapes due to varying junction angle.

Junction Angle Nanotube Shape

0o I Shaped NT
15o Sharp Y Shaped NT
30o Sharp Y Shaped NT
45o Y Shaped NT
60o Slack Shaped NT
75o Slack Shaped NT
90o T Shaped NT

taken with respect to time [5, 13]. Now, considering the system under investigation and beginning with Hamilton’s
principle given in Equation (2.1):

t∫
0

(δuT − δkT − δvT )dt = 0. (2.1)
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The variation in strain or potential energy is;

δuT =
1

2

∫∫∫
Vt

σxxδεxxdVt
=

1

2

L∫
0

∫
At

σxxδεxxdxdAt (2.2)

since εxx = −zw′′, put in Equation (2.1)and make it simpler to get:

δuT =
1

2

L∫
0

[
Mxx∇2 (δw)

]
dx. (2.3)

Correspondingly, that kinetic energy and virtual work done become:

δkT =



1
2

L∫
0

∫
At

ρt

[(
∂(δũ)
∂t

)2

+
(
∂(δw̃)
∂t

)2
]
dxdAt

+ 1
2

L∫
0

∫
Af

t

ρft δ
[
(ΓU)

2
+
(
∂w
∂t + ΓU ∂w

∂x

)2]
dxdAft

+ 1
2

L∫
0

mjδ
(
δ (x− L)

[(
∂ũ
∂t

)2
+
(
∂w̃
∂t

)2])
dx

1
2

L∫
0

mf
j δ
[
(ΓU)

2
+
(
∂w
∂t + ΓU ∂w

∂x

)2]
δ (x− L) dx


, (2.4)

and

δvT =

L∫
0


µeffA

vf
t ∇2

(
∂w
∂t + ΓU ∂w

∂x

)
+

(
Mf (ΓU)

2
[1− cosφ]

+PA− T −KP − EAα∆θ
1−2v

)
∂2w
∂x2

+
[
B2

ocos2αAt

µp

]
∇2w −

[
B2

osin2αICNT

µp

]
∇4w

−σB2
ocos2αAf

(
∂w
∂t + ΓU ∂w

∂x

)
+kww + k3w

3 −G∂2w
∂x2 + c∂w∂t

 δwdx. (2.5)

Substitute Equations (2.3),(2.4) and (2.5) into Equation (2.1) and integrate by part to convert from weak form
to strong form and subsequently nullifying the arbitrary function, give the equations of motion for longitudinal and
transverse vibrations as:



Unco
rre

cte
d Pro

of

6 A. A. YINUSA ET AL.

For multi-walled CNT, the transverse vibration model for the first tube (N = 1) is developed to be:

mẅ1 +
(
c+AfσB

2
ocos

2ϕ
)
ẇ1 + 2mfΓUẇ′1 +mfΓU̇w′1 +mfΓ2UU ′w′1

−
[
T0 − P (1− 2vδ)A−G− kp −mfΓ2U2cosφ− B2

ocos
2ϕ

µp

]
w′′1+

[T0 − P (1− 2vδ)A−G− EA]
[
w′1u

′′
1 + w′′1u

′
1 + 3

2w
′
1
2
w′′1

]
+P (1− 2vδ)Aw′1

(
1− u′1 − 1

2w
′
1
2
)
− EA

[
w′1u

′
1 + 1

2w
′
1
3
]

+

EαA∆Tw′1

(
1− u′1 − 1

2w
′
1
2
)

+ EαA∆T ′
(

1− u′1 − 1
2w
′
1
2
)

+

EαA′∆Tw′1

(
1− u′1 − 1

2w
′
1
2
)
− EαA∆Tw′1 (u′′1 + w′1w

′′
1) +

(
EI +

IB2
osin

2ϕ
µp

)
wiv1

−EI
(

3u′′′1w
′′

1 + 4u′′1w
′′′

1 + 2u′1w
iv
1 + w′1u

iv
1 + 2w′1

2
wiv1 + 8w′1w

′′
1w
′′′

1 + 2w′′1
3
)

−EAL
L∫
0

(
z′0w

′
1 + 1

2w
′
1
2
)
dx [w′′1 + z′′0] + k1w1 + k2w

3
1 + (eoa)

2

mẅ′′1 +
(
c+AfσB

2
ocos

2ϕ
)
ẇ′′1 + 2Γmf (U ′′ẇ′1 + 2U ′ẇ′′1 + Uẇ′′′1 ) +

Γmf

(
U̇ ′′w′1 + 2U̇ ′w′′1 + U̇w′′′1

)
+

Γ2mf

(
3U ′′U ′w′1 + 2U ′

2
w′′1 + UU ′′′w′1 + 2UU ′′w′′1 + UU ′w′′′1

)

−

(
T0 −G− kp
−B

2
ocos

2ϕ
µp

)
wiv1 + (1− 2vδ)


P ′′Aw′′1
+2P ′A′w′′1
+2P ′Aw′′1
+PA′′w′′1
+2PA′w′′′1
+PAwiv1

+mfΓ2cosφ


2U ′

2
w′′1

+4Uw′′′1 U
′

+2Uw′′1U
′′

+U2wiv1



+



−
(

3
2w
′′

1w
′
1
2

+ U ′w′′1 + U ′′w′1

)( (−2vδP + E + P )A′′

− (2vδ − 1) (P ′′A+ 2P ′A′)

)
−2 (−2vδP + E + P )A′ + 4P ′A

(
vδ − 1

2

) (
3
2w
′
1
2

+ U ′
)
w′′′1+

3w′1w
′′

1
2

+ w′1U
′′′

+2w′′1U
′′ +

((
2vδP−
E − P

)
A−G+ To

)(
3
2w
′
1
2

+ U ′
)
wiv1 + w′1U

iv

+ (9w′1w
′′

1 + 3U ′′)w′′′1 + 3w′′1
3 + 3w′′1U

′′′


+ (2vδ − 1)

AP
(

3
2w
′
1
2

+ U ′ − 1
)
w′′′1 +APw′1U

′′′ + 3APw′1w
′′
1

2+(
2APU ′′ + 2 (P ′A+ PA′)

(
3
2w
′
1
2

+ U ′ − 1
))

w′′1

+w′P
(

1
2w
′2 + U ′ − 1

)
A′′ +A

(
3
2w
′2 + U ′ − 1

)
P ′′+

(2P ′A+ 2PA′)U ′′ + 2A′
(

1
2w
′2 + U ′ − 1

)
P ′


−E


Aw′′′1 U

′ + 2Aw′′1U
′′ + 2A′w′′1U

′

+Aw′1U + 2A′w′1U
′′ +A′′w′1U

′+
1
2A
′′w′1

3
+ 3A′w′1

2
w′′ + 3Aw′1w

′′
1

2

+ 3
2Aw

′
1
2
w′′′1



+Eα



A′′∆T
(

1− u′1 − 1/2w′1
2
)
w′1 + 2A′∆T ′

(
1− u′1 − 1/2w′

2
)
w′1

+2A′∆T (−u′′1 − w′1w′′1)w′1 + 2A′∆T
(

1− u′1 − 1/2w′1
2
)
w′′1

+A∆T ′′
(

1− u′1 − 1/2w′1
2
)
w′1 + 2A∆T ′ (−u′′1 − w′1w′′1)w′1

+2A∆T ′
(

1− u′1 − 1/2w′1
2
)
w′′1 + A∆T

(
−u′′1 − w′′1 2 − w′1w′′′1

)
w′1

+2A∆T (−u′′1 − w′1w′′1)w′′1 + A∆T
(

1− u′1 − 1/2w′1
2
)
w′′′1


+J1


= F1(x, t) + (eoa)

2 ∂2F1(x,t)
∂x2 ,

(2.6)
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Where:

J1 =

(
−P ′′ (−2δv + 1)A− 2P ′ (−2δv + 1)A′

−P (−2δv + 1)A′′ − EA′′
)(

w′1u
′′

1 + w′′1u
′
1

+3/2w′1
2
w′′1

)

+2

(
−P ′ (−2δv + 1)A−
P (−2δv + 1)A′ − EA′

)
2w′′1u

′′
1 + w′1u

′′′

1 + w′′′1 u
′
1

+3w′1w
′′

1
2
+

3/2w′1
2
w′′′1


+

(
To − P (−2δv + 1)
A−G− EA

)
3w′′′1 u

′′
1 + 3w′′1u

′′′
1+

w′1u
iv
1 + wiv1 u

′
1

+3w′′1
3 + 9w′1w

′′
1w
′′′

1+

3/2w′1
2
wiv1




+

(
EI+
IB2

osin
2ϕ

µp

)
wvi

+Eα



A′′∆T ′
(

1− u′1 − 1/2w′1
2
)

+2A′∆T ′′
(

1− u′1 − 1/2w′1
2
)

+2A′∆T ′ (−u′′1 − w′1w′′1)

+2A′∆T ′
(

1− u′1 − 1/2w′1
2
)

+A∆T ′′′
(

1− u′1 − 1/2w′1
2
)

+2A∆T ′′ (−u′′1 − w′1w′′1)

+2A∆T ′′
(

1− u′1 − 1/2w′1
2
)

+A∆T ′
(
−u′′1 − w′′12 − w′1w′′′1

)
+2A∆T ′ (−u′′1 − w′1w′′1)

+A∆T ′
(

1− u′1 − 1/2w′1
2
)



+



A′′′∆T
(

1− u′1 − 1/2w′1
2
)
w′1

+2A′′∆T ′
(

1− u′1 − 1/2w′1
2
)
w′1

+2A′′∆T (−u′′1 − w′1w′′1)w′1

+2A′′∆T
(

1− u′1 − 1/2w′1
2
)
w′′1

+A′∆T ′′
(

1− u′1 − 1/2w′1
2
)
w′1

+2A′∆T ′ (−u′′1 − w′1w′′1)w′1

+2A′∆T ′
(

1− u′1 − 1/2w′1
2
)
w′′1

+A′∆T
(
−u′′1 − w′′12 − w′1w′′′1

)
w′1

+2A′∆T (−u′′1 − w′1w′′1)w′′1

+A′∆T
(

1− u′1 − 1/2w′1
2
)
w′′′1



+



A′′∆T (u′′1 + w′1w
′′

1)w′1
+2A′∆T ′ (u′′1 + w′1w

′′
1)w′1

+2A′∆T
(
u′′′1 + w′′1

2
+ w′1w

′′′
1

)
w′1

+2A′∆T (u′′1 + w′1w
′′

1)w′′1
+A∆T ′′ (u′′1 + w′1w

′′
1)w′1

+2A∆T ′
(
u′′′1 + w′′1

2
+ w′1w

′′′
1

)
w′1

+2A∆T ′ (u′′1 + w′1w
′′

1)w′′1
+A∆T

(
uiv1 + 3w′′1w

′′′
1 + w′1w

iv
1

)
w′1

+2A∆T
(
u′′′1 + w′′1

2
+ w′1w

′′′
1

)
w′′1

+A∆T (u′′1 + w′1w
′′

1)w′′′1




+

EI

 5uv1w
′′

1 + 11uiv1 w
′′′

1 + 13u′′1w
iv
1 + 8u′′1w

v
1

+2u′1w
vi
1 + w′1u

vi
1 + 26w′′1

2wiv1 + 16w′1w
v
1w
′′

1

+28w′1w
iv
1 w
′′′

1 + 2w′1
2
wvi1 + 36w′′1w

′′′
1

2


+EA

L

L∫
0

(
z′w′1 +

(
1
2w
′
1

)2)
dx
(
wiv1 + ziv0

)
+ 2EA

′

L

L∫
0

(
z′w′1 +

(
1
2w
′
1

)2)
dx (w′′′1 + z′′′0)

+EA′′

L

L∫
0

(
z′w′1 +

(
1
2w
′
1

)2)
dx (w′′1 + z′′0) + k1w

′′
1 + k2

(
3w′′1w

2
1 + 6w1w

′
1
2
)
,
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(2.7)

While the longitudinal vibration for the first tube (N = 1) becomes:

mü1 + 2mfΓUu̇′′1 +mfΓU̇u′′′1 +mfΓÜ +mfΓ2UU ′ (1 + u′1) + [T0 −G− EAt]w′1w′′1−(
EAt −mfΓ2U2

)
u′′1 + (PA)

′
(1− 2vδ)− PA (1− 2vδ)w′1w

′′
1

−EA′t
(
u′1 + 1

2w
′
1
2
)
− (PA)′

2 (1− 2vδ)w′1
2

+ Eα (A∆T ′ +A′∆T )−
Eα
2 w′1

2
(A∆T ′ +A′∆T )− EαA∆Tw′1w

′′
1 − EI

(
w1

ivw′1 + w′′1w
′′′

1

)

+(eoa)
2



mü′′1 + 2Γmf

(
U ′′u̇′′1+
2U ′u̇′′′1 + Uu̇iv1

)
+ Γmf

(
U̇ ′′u′′′1 + 2U̇ ′u̇iv1 + U̇ u̇v1

)
+

Γmf Ü
′′ + Γ2mf

(
3U ′U ′′ (1 + u′) + 2U ′

2
u′′1 + UU ′′′ (1 + u′1)

+2UU ′′u′′1 + UU ′u′′′1

)
+

(
(T0 −G− EAt)w′1w1

iv + 3 (T0 −G− EAt)w′′1w′′′1
−2EA′tw

′
1w
′′′

1 − 2EA′tw
′′

1
2 − EA′′tw′1w′′1

)
+((

EAt
′′ − 2Γ2mfU

′2

−2Γ2mfUU
′′

)
u′′1 + 2

(
EA′t−
2mfΓ2UU ′

)
u′′′1 +

(
EAt−
mfΓ2U2

)
u1
iv

)
+ (1− 2vδ) (P ′′′A+ 3P ′′A′ + 3P ′A′′ + PA′′′) + (1− 2vδ) P ′′Aw′1w

′′
1 + 2P ′A′w′1w

′′
1 + 2P ′Aw′′1

2
+

2P ′Aw′1w
′′′

1 + PA′′w′1w
′′

1 + 2PA′w′′1
2

+2PA′w′1w
′′′

1 + 3PAw′′1w
′′′

1 + PAw′1w1
iv


+E

(
At
′′′
(
u′1 + 1

2w
′
1
2
)

+ 2At
′′ (u′′1 + w′1w

′′
1) +At

′
(
u′′′1 + w′′1

2
+

w′1w
′′′

1

))
+ 1

2 (1− 2vδ)

 (P ′′′A+ 3P ′′A′ + 3P ′A′′w′′1w
′′

1 + PA′′′w′1w
′′′

1)w′1
2

+ (4P ′′A+ 2P ′A′ + PA′′)w′′1w
′
1

+2 (P ′A+ PA′)w′′1
2

+ (P ′A+ PA′)w′′′1


+Eα (3A′′∆T ′ + 3A′∆T ′′ +A∆T ′′′ +A′′′∆T ) +

Eα
2

 (
3A′′∆T ′ + 3A′∆T ′′

+A∆T ′′′ +A′′′∆T

)
w′1

2
+ 4

(
2A′∆T ′ +A∆T ′′+
A′′∆T

)
w′1w

′′
1

+2 (A∆T ′ +A′∆T )w′′1
2

+ 2 (A∆T ′ +A′∆T )w′1w
′′′

1


+E

 α

 A′′∆Tw′1w
′′

1 + 2A′∆T ′w′1w
′′

1 + 2A′∆Tw′′1
2

+2A′∆Tw′1w
′′′

1 +A∆T ′′w′1w
′′

1 + 2A∆T ′w′′1
2

+2A∆T ′w′1w
′′′

1 + 3A∆Tw′′1w
′′′

1 +A∆Tw′1w1
iv

+

EI
(
w1

viw′1 + 3w1
vw′′1 + 4w1

ivw′′′1
)




= F1(x, t) + (eoa)

2 ∂2F1(x,t)
∂x2 ,

(2.8)

For tubes not in direct contact with fluid (i.e., for the second, third, fourth up to the last tube), the velocity
components in the vibration models become nullified. For multi-walled CNT, the transverse vibration for the second
tube (N = 2) is:
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mẅ2 +
(
c+AfσB

2
ocos

2ϕ
)
ẇ2 +

[
T0 −G− kp − B2

ocos
2ϕ

µp

]
w′′2 + [T0 −G− EA]

[
w′2u

′′
2 + w′′2u

′
2 + 3

2w
′
2
2
w′′2

]
−EA

[
w′2u

′
2 + 1

2w
′
2
3
]

+ EαA∆Tw′2

(
1− u′2 − 1

2w
′
2
2
)

+ EαA∆T ′
(

1− u′2 − 1
2w
′
2
2
)

+

EαA′∆Tw′2

(
1− u′2 − 1

2w
′
2
2
)
− EαA∆Tw′2 (u′′2 + w′2w

′′
2) +

(
EI +

IB2
osin

2ϕ
µp

)
w2

iv

−EI
(

3u′′′2w
′′

2 + 4u′′2w
′′′

2 + 2u′2w2
iv + w′2u2

iv + 2w′2
2
w2

iv + 8w′2w
′′

2w
′′′

2 + 2w′′2
3
)

−EAL
L∫
0

(
z′0w

′
2 + 1

2w
′
2
2
)
dx [w′′2 + z′′0] + k1w2 + k2w2

3 + (eoa)
2

mẅ′′2 +
(
c+AfσB

2
ocos

2ϕ
)
ẇ′′2 +

(
T0 −G− kp
−B

2
ocos

2ϕ
µp

)
w2

iv+
−
(

3
2w
′′

2w
′2
)

(EA′′)

−2EA′ + 3w′2w
′′

2
2

+ (EA−G+ To)
(

3
2w
′
2
2
)
w2

iv

+ (9w′2w
′′

2)w′′′2 + 3w′′2
3

− E
(

1
2A
′′w′2

3
+ 3A′w′2

2
w′′2 + 3Aw′2w

′′
2
2

+ 3
2Aw

′
2
2
w′′′2

)

+Eα



A′′∆T
(

1− u′2 − 1/2w′2
2
)
w′2 + 2A′∆T ′

(
1− u′2 − 1/2w′2

2
)
w′2

+2A′∆T (−u′′2 − w′2w′′2)w′2 + 2A′∆T
(

1− u′2 − 1/2w′2
2
)
w′′2

+A∆T ′′
(

1− u′2 − 1/2w′2
2
)
w′ + 2A∆T ′ (−u′′ − w′w′′)w′

+2A∆T ′
(

1− u′ − 1/2w′
2
)
w′′2 + A∆T

(
−u′′2 − w′′22 − w′2w′′′2

)
w′2

+2A∆T (−u′′2 − w′2w′′2)w′′2 + A∆T
(

1− u′2 − 1/2w′2
2
)
w′′′2


+


(−EA′′)

(
w′2u

′′
2 + w′′2u

′
2 + 3/2w′2

2
w′′2

)
+2 (−EA′)

(
2w′′2u

′′
2 + w′2u

′′′
2 + w′′′2u

′
2

+3w′2w
′′

2
2

+ 3/2w′2
2
w′′′2

)
+ (To −G− EA)

(
3w′′′2u

′′
2 + 3w′′2u

′′′
2 + w′2u2

iv + w2
ivu′2

+3w′′2
3

+ 9w′2w
′′

2w
′′′

2 + 3/2w′2
2
w2

iv

)
+

(
EI+
IB2

osin
2ϕ

µp

)
w2

vi

+Eα





A′′∆T ′
(

1− u′2 − 1/2w′2
2
)

+2A′∆T ′′
(

1− u′2 − 1/2w′2
2
)

+2A′∆T ′ (−u′′2 − w′2w′′2)

+2A′∆T ′
(

1− u′2 − 1/2w′2
2
)

+A∆T ′′′
(

1− u′2 − 1/2w′2
2
)

+2A∆T ′′ (−u′′2 − w′2w′′2)

+2A∆T ′′
(

1− u′2 − 1/2w′2
2
)

+A∆T ′
(
−u′′2 − w′′22 − w′2w′′′2

)
+2A∆T ′ (−u′′2 − w′2w′′2)

+A∆T ′
(

1− u′2 − 1/2w′2
2
)



+



A′′′∆T
(

1− u′2 − 1/2w′2
2
)
w′2

+2A′′∆T ′
(

1− u′2 − 1/2w′2
2
)
w′2

+2A′′∆T (−u′′2 − w′2w′′2)w′2

+2A′′∆T
(

1− u′2 − 1/2w′2
2
)
w′′2

+A′∆T ′′
(

1− u′2 − 1/2w′2
2
)
w′2

+2A′∆T ′ (−u′′2 − w′2w′′2)w′2

+2A′∆T ′
(

1− u′2 − 1/2w′2
2
)
w′′2

+A′∆T
(
−u′′2 − w′′22 − w′2w′′′2

)
w′2

+2A′∆T (−u′′2 − w′2w′′2)w′′2

+A′∆T
(

1− u′2 − 1/2w′2
2
)
w′′′2



+



A′′∆T (u′′2 + w′2w
′′

2)w′2 + 2A′∆T ′ (u′′2 + w′2w
′′

2)w′2

+2A′∆T
(
u′′′2 + w′′2

2
+ w′2w

′′′
2

)
w′2 + 2A′∆T (u′′2 + w′2w

′′
2)w′′2

+A∆T ′′ (u′′2 + w′w′′2)w′2 + 2A∆T ′
(
u′′′ + w′′

2
+ w′w′′′

)
w′

+2A∆T ′ (u′′2 + w′2w
′′

2)w′′2 + A∆T
(
uiv + 3w′′2w

′′′
2 + w′2w2

iv
)
w′2

+2A∆T
(
u′′′2 + w′′2

2
+ w′2w

′′′
2

)
w′′2 +A∆T (u′′2 + w′2w

′′
2)w′′′2





+

J2


= F2(x, t) + (eoa)

2 ∂2F2(x,t)
∂x2 ,
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(2.9)

Where:

J2 =

EI

 5u2
vw′′2 + 11u2

ivw′′′2 + 13u′′2w2
iv + 8u′′2w2

v

+2u′2w2
vi + w′2u2

vi + 26w′′2
2
w2

iv + 16w′2w2
vw′′2

+28w′2w2
ivw′′′2 + 2w′2

2
w2

vi + 36w′′2w
′′′

2
2


+EA

L

L∫
0

(
z′w′2 +

(
1
2w
′
2

)2)
dx
(
w2

iv + ziv0
)

+

2EA
′

L

L∫
0

(
z′w′2 +

(
1
2w
′
2

)2)
dx (w′′′2 + z′′′0)

+EA′′

L

L∫
0

(
z′w′2 +

(
1
2w
′
2

)2)
dx (w′′2 + z′′0) +

k1w
′′

2 + k2

(
3w′′2w2

2 + 6w2w
′
2
2
)
,

(2.10)

The longitudinal vibration for the second tube (N = 2) becomes:

mü2 + [T0 −G− EAt]w′2w′′2 − (EAt)u
′′

2

−EA′t
(
u′2 + 1

2w
′
2
2
)

+ Eα (A∆T ′ +A′∆T )−
Eα
2 w′2

2
(A∆T ′ +A′∆T )− EαA∆Tw′2w

′′
2

−EI
(
w2

ivw′2 + w′′2w
′′′

2

)
+ (eoa)

2

mü′′2 +

(
(T0 −G− EAt)w′2w2

iv + 3 (T0 −G− EAt)w′′2w′′′2
−2EA′tw

′
2w
′′′

2 − 2EA′tw
′′

2
2 − EA′′tw′2w′′2

)
+
((
EAt

′′)u′′2 + 2 (EA′t)u
′′′

2 + (EAt)u2
iv
)

+E

 At
′′′
(
u′2 + 1

2w
′
2
2
)

+2At
′′ (u′′2 + w′2w

′′
2) +At

′
(
u′′′2 + w′′2

2
+ w′2w

′′′
2

) 
+Eα (3A′′∆T ′ + 3A′∆T ′′ +A∆T ′′′ +A′′′∆T ) +

Eα
2

 (
3A′′∆T ′ + 3A′∆T ′′

+A∆T ′′′ +A′′′∆T

)
w′2

2
+ 4

(
2A′∆T ′+
A∆T ′′ +A′′∆T

)
w′2w

′′
2

+2 (A∆T ′ +A′∆T )w′′2
2

+ 2 (A∆T ′ +A′∆T )w′2w
′′′

2



+E


α


A′′∆Tw′2w

′′
2 + 2A′∆T ′w′2w

′′
2+

2A′∆Tw′′2
2

+ 2A′∆Tw′2w
′′′

2+

A∆T ′′w′2w
′′

2 + 2A∆T ′w′′2
2

+2A∆T ′w′2w
′′′

2 + 3A∆Tw′′2w
′′′

2+
A∆Tw′2w2

iv

+

I
(
w2

viw′2 + 3w2
vw′′2 + 4w2

ivw′′′2
)




= F2(x, t) + (eoa)

2 ∂2F2(x,t)
∂x2 ,

(2.11)
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For multi-walled CNT, the transverse vibration for the third tube (N = 3) is:

mẅ3 +
(
c+AfσB

2
ocos

2ϕ
)
ẇ3 +

[
T0 −G− kp − B2

ocos
2ϕ

µp

]
w′′3+

[T0 −G− EA]
[
w′3u

′′
3 + w′′3u

′
3 + 3

2w
′
3
2
w′′3

]
− EA

[
w′3u

′
3 + 1

2w
′
3
3
]

+

EαA∆Tw′3

(
1− u′3 − 1

2w
′
3
2
)

+ EαA∆T ′
(

1− u′3 − 1
2w
′
3
2
)

+

EαA′∆Tw′3

(
1− u′3 − 1

2w
′
3
2
)
− EαA∆Tw′3 (u′′3 + w′3w

′′
3) +

(
EI +

IB2
osin

2ϕ
µp

)
w3

iv − EI


3u′′′3w

′′
3 + 4u′′3w

′′′
3+

2u′3w3
iv + w′3u3

iv+

2w′3
2
w3

iv + 8w′3w
′′

3w
′′′

3+

2w′′3
3


−EAL

L∫
0

(
z′0w

′
3 + 1

2w
′
3
2
)
dx [w′′3 + z′′0] + k1w3 + k2w3

3 + (eoa)
2

mẅ′′3 +
(
c+AfσB

2
ocos

2ϕ
)
ẇ′′3 +

(
T0 −G− kp
−B

2
ocos

2ϕ
µp

)
w3

iv+
−
(

3
2w
′′

3w
′2

3

)
(EA′′)

−2EA′ + 3w′3w
′′

3
2

+ (EA−G+ To)
(

3
2w
′
3
2
)
w3

iv

+ (9w′3w
′′

3)w′′′3 + 3w′′3
3

− E
(

1
2A
′′w′3

3
+ 3A′w′3

2
w′′3 + 3Aw′3w

′′
3
2

+ 3
2Aw

′
3
2
w′′′3

)

+Eα



A′′∆T
(

1− u′3 − 1/2w′3
2
)
w′3 + 2A′∆T ′

(
1− u′3 − 1/2w′3

2
)
w′3

+2A′∆T (−u′′3 − w′3w′′3)w′3 + 2A′∆T
(

1− u′3 − 1/2w′3
2
)
w′′3

+A∆T ′′
(

1− u′3 − 1/2w′3
2
)
w′3 + 2A∆T ′ (−u′′3 − w′3w′′3)w′3

+2A∆T ′
(

1− u′3 − 1/2w′
2
3

)
w′′3 + A∆T

(
−u′′3 − w′′32 − w′3w′′′3

)
w′3

+2A∆T (−u′′3 − w′3w′′3)w′′3 + A∆T
(

1− u′3 − 1/2w′3
2
)
w′′′3



+


(−EA′′)

(
w′3u

′′
3 + w′′3u

′
3 + 3/2w′3

2
w′′3

)
+2 (−EA′)

(
2w′′3u

′′
3 + w′3u

′′′
3 + w′′′3u

′
3

+3w′3w
′′

3
2

+ 3/2w′3
2
w′′′3

)
+ (To −G− EA)

(
3w′′′3u

′′
3 + 3w′′3u

′′′
3 + w′3u3

iv + w3
ivu′3

+3w′′3
3

+ 9w′3w
′′

3w
′′′

3 + 3/2w′3
2
w3

iv

)
+

(
EI+
IB2

osin
2ϕ

µp

)
w3

vi

+J3


= F3(x, t) + (eoa)

2 ∂2F3(x,t)
∂x2 ,

(2.12)
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J3 =

Eα





A′′∆T ′
(

1− u′3 − 1/2w′3
2
)

+2A′∆T ′′
(

1− u′3 − 1/2w′3
2
)

+2A′∆T ′ (−u′′3 − w′3w′′3)

+2A′∆T ′
(

1− u′3 − 1/2w′3
2
)

+A∆T ′′′
(

1− u′3 − 1/2w′3
2
)

+2A∆T ′′ (−u′′3 − w′3w′′3)

+2A∆T ′′
(

1− u′3 − 1/2w′3
2
)

+A∆T ′
(
−u′′3 − w′′32 − w′3w′′′3

)
+2A∆T ′ (−u′′3 − w′3w′′3)

+A∆T ′
(

1− u′3 − 1/2w′3
2
)



+



A′′′∆T
(

1− u′3 − 1/2w′3
2
)
w′3

+2A′′∆T ′
(

1− u′3 − 1/2w′3
2
)
w′3

+2A′′∆T (−u′′3 − w′3w′′3)w′3

+2A′′∆T
(

1− u′3 − 1/2w′3
2
)
w′′3

+A′∆T ′′
(

1− u′3 − 1/2w′3
2
)
w′3

+2A′∆T ′ (−u′′3 − w′3w′′3)w′3

+2A′∆T ′
(

1− u′3 − 1/2w′3
2
)
w′′3

+A′∆T
(
−u′′3 − w′′32 − w′3w′′′3

)
w′3

+2A′∆T (−u′′3 − w′3w′′3)w′′3

+A′∆T
(

1− u′3 − 1/2w′3
2
)
w′′′3



+



A′′∆T (u′′3 + w′3w
′′

3)w′3 + 2A′∆T ′ (u′′3 + w′3w
′′

3)w′3

+2A′∆T
(
u′′′3 + w′′3

2
+ w′3w

′′′
3

)
w′3 + 2A′∆T (u′′3 + w′3w

′′
3)w′′3

+A∆T ′′ (u′′3 + w′3w
′′

3)w′3 + 2A∆T ′
(
u′′′3 + w′′

2
3 + w′3w

′′′
3

)
w′3

+2A∆T ′ (u′′3 + w′3w
′′

3)w′′3 + A∆T
(
u3
iv + 3w′′3w

′′′
3 + w′3w3

iv
)
w′3

+2A∆T
(
u′′′3 + w′′3

2
+ w′3w

′′′
3

)
w′′3 +A∆T (u′′3 + w′3w

′′
3)w′′′3




+EI

 5u3
vw′′3 + 11u3

ivw′′′3 + 13u′′3w3
iv + 8u′′3w3

v

+2u′3w3
vi + w′3u3

vi + 26w′′3
2
w3

iv + 16w′3w3
vw′′3

+28w′3w3
ivw′′′3 + 2w′3

2
w3

vi + 36w′′3w
′′′

3
2


+EA

L

L∫
0

(
z′w′3 +

(
1
2w
′
3

)2)
dx
(
w3

iv + ziv0
)

+ 2EA
′

L

L∫
0

(
z′w′3 +

(
1
2w
′
3

)2)
dx (w′′′3 + z′′′0) +

EA′′

L

L∫
0

(
z′w′3 +

(
1
2w
′
3

)2)
dx (w′′3 + z′′0) + k1w

′′
3 + k2

(
3w′′3w3

2 + 6w3w
′
3
2
)

(2.13)
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The longitudinal vibration for the third tube (N = 3) becomes:

mü3 + [T0 −G− EAt]w′3w′′3 − (EAt)u
′′

3

−EA′t
(
u′3 + 1

2w
′
3
2
)

+ Eα (A∆T ′ +A′∆T )

−Eα2 w′3
2

(A∆T ′ +A′∆T )

−EαA∆Tw′3w
′′

3 − EI
(
w3

ivw′3 + w′′3w
′′′

3

)
+ (eoa)

2

mü′′3 +


(T0 −G− EAt)w′3w3

iv+
3 (T0 −G− EAt)w′′3w′′′3
−2EA′tw

′
3w
′′′

3 − 2EA′tw
′′

3
2

−EA′′tw′3w′′3

+

((
EAt

′′)u′′3 + 2 (EA′t)u
′′′

3 + (EAt)u3
iv
)

+E


At
′′′
(
u′3 + 1

2w
′
3
2
)

+

2At
′′ (u′′3 + w′3w

′′
3) +

At
′
(
u′′′3 + w′′3

2
+ w′3w

′′′
3

)
+

Eα

(
3A′′∆T ′ + 3A′∆T ′′

+A∆T ′′′ +A′′′∆T

)

+Eα
2




3A′′∆T ′+
3A′∆T ′′

+A∆T ′′′+
A′′′∆T

w′3
2

+ 4

 2A′∆T ′

+A∆T ′′+
A′′∆T

w′3w
′′

3

+2

(
A∆T ′+
A′∆T

)
w′′3

2
+ 2

(
A∆T ′+
A′∆T

)
w′3w

′′′
3



+E


α


A′′∆Tw′3w

′′
3 + 2A′∆T ′w′3w

′′
3+

2A′∆Tw′′3
2

+ 2A′∆Tw′3w
′′′

3+

A∆T ′′w′3w
′′

3 + 2A∆T ′w′′3
2

+2A∆T ′w′3w
′′′

3 + 3A∆Tw′′3w
′′′

3+
A∆Tw′3w3

iv


+I

 w3
viw′3

+3w3
vw′′3

+4w3
ivw′′′3






= F3(x, t) + (eoa)

2 ∂2F3(x,t)
∂x2

(2.14)
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The generalized transverse vibration for the MWCNT is

mẅN +
(
c+AfσB

2
ocos

2ϕ
)
ẇN +

[
T0 −G− kp − B2

ocos
2ϕ

µp

]
w′′N

+ [T0 −G− EA]
[
w′Nu

′′
N + w′′Nu

′
N + 3

2w
′
N

2
w′′N

]
−EA

[
w′Nu

′
N + 1

2w
′
N

3
]

+ EαA∆Tw′N

(
1− u′N − 1

2w
′
N

2
)

+

EαA∆T ′
(

1− u′N − 1
2w
′
N

2
)

+ EαA′∆Tw′N

(
1− u′N − 1

2w
′
N

2
)

−EαA∆Tw′N (u′′N + w′Nw
′′
N ) +

(
EI +

IB2
osin

2ϕ
µp

)
wN

iv

−EI
(

3u′′′Nw
′′
N + 4u′′Nw

′′′
N + 2u′NwN

iv + w′NuN
iv + 2w′N

2
wN

iv + 8w′Nw
′′
Nw
′′′
N + 2w′′N

3
)

−EAL
L∫
0

(
z′0w

′
N + 1

2w
′
N

2
)
dx [w′′N + z′′0] + k1wN + k2wN

3 + (eoa)
2

mẅ′′N +

(
c+
AfσB

2
ocos

2ϕ

)
ẇ′′N +

(
T0 −G− kp
−B

2
ocos

2ϕ
µp

)
wN

iv +


−
(

3
2w
′′
Nw
′
N

2
)

(EA′′)

−2EA′ + 3w′Nw
′′
N

2

+ (EA−G+ To)
(

3
2w
′
N

2
)
wN

iv

+ (9w′Nw
′′
N )w′′′N + 3w′′N

3


−E

(
1
2A
′′w′N

3
+ 3A′w′N

2
w′′N + 3Aw′Nw

′′
N

2

+ 3
2Aw

′
N

2
w′′′N

)

+Eα



A′′∆T
(

1− u′N − 1/2w′N
2
)
w′N + 2A′∆T ′

(
1− u′N − 1/2w′N

2
)
w′N

+2A′∆T (−u′′N − w′Nw′′N )w′N + 2A′∆T
(

1− u′N − 1/2w′N
2
)
w′′N

+A∆T ′′
(

1− u′N − 1/2w′N
2
)
w′N + 2A∆T ′ (−u′′N − w′Nw′′N )w′N

+2A∆T ′
(

1− u′N − 1/2w′N
2
)
w′′N + A∆T

(
−u′′N − w′′N 2 − w′Nw′′′N

)
w′N

+2A∆T (−u′′N − w′Nw′′N )w′′N + A∆T
(

1− u′N − 1/2w′N
2
)
w′′′N



+


(−EA′′)

(
w′Nu

′′
N + w′′Nu

′
N + 3/2w′N

2
w′′N

)
+2 (−EA′)

(
2w′′Nu

′′
N + w′Nu

′′′
N + w′′′Nu

′
N

+3w′Nw
′′
N

2
+ 3/2w′N

2
w′′′N

)
+ (To −G− EA)

(
3w′′′Nu

′′
N + 3w′′Nu

′′′
N + w′NuN

iv + wN
ivu′N

+3w′′N
3

+ 9w′Nw
′′
Nw
′′′
N + 3/2w′N

2
wN

iv

)
+

(
EI+
IB2

osin
2ϕ

µp

)
wN

vi

+J4


= FN (x, t) + (eoa)

2 ∂2FN (x,t)
∂x2 ,

(2.15)
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mẅN +
(
c+AfσB

2
ocos

2ϕ
)
ẇN +

[
T0 −G− kp − B2

ocos
2ϕ

µp

]
w′′N

+ [T0 −G− EA]
[
w′Nu

′′
N + w′′Nu

′
N + 3

2w
′
N

2
w′′N

]
−EA

[
w′Nu

′
N + 1

2w
′
N

3
]

+ EαA∆Tw′N

(
1− u′N − 1

2w
′
N

2
)

+

EαA∆T ′
(

1− u′N − 1
2w
′
N

2
)

+ EαA′∆Tw′N

(
1− u′N − 1

2w
′
N

2
)

−EαA∆Tw′N (u′′N + w′Nw
′′
N ) +

(
EI +

IB2
osin

2ϕ
µp

)
wN

iv

−EI
(

3u′′′Nw
′′
N + 4u′′Nw

′′′
N + 2u′NwN

iv + w′NuN
iv + 2w′N

2
wN

iv + 8w′Nw
′′
Nw
′′′
N + 2w′′N

3
)

−EAL
L∫
0

(
z′0w

′
N + 1

2w
′
N

2
)
dx [w′′N + z′′0] + k1wN + k2wN

3 + (eoa)
2

mẅ′′N +

(
c+
AfσB

2
ocos

2ϕ

)
ẇ′′N +

(
T0 −G− kp
−B

2
ocos

2ϕ
µp

)
wN

iv

+


−
(

3
2w
′′
Nw
′
N

2
)

(EA′′)

−2EA′ + 3w′Nw
′′
N

2

+ (EA−G+ To)
(

3
2w
′
N

2
)
wN

iv

+ (9w′Nw
′′
N )w′′′N + 3w′′N

3


−E

(
1
2A
′′w′N

3
+ 3A′w′N

2
w′′N + 3Aw′Nw

′′
N

2

+ 3
2Aw

′
N

2
w′′′N

)

+Eα



A′′∆T
(

1− u′N − 1/2w′N
2
)
w′N + 2A′∆T ′

(
1− u′N − 1/2w′N

2
)
w′N

+2A′∆T (−u′′N − w′Nw′′N )w′N + 2A′∆T
(

1− u′N − 1/2w′N
2
)
w′′N

+A∆T ′′
(

1− u′N − 1/2w′N
2
)
w′N + 2A∆T ′ (−u′′N − w′Nw′′N )w′N

+2A∆T ′
(

1− u′N − 1/2w′N
2
)
w′′N + A∆T

(
−u′′N − w′′N 2 − w′Nw′′′N

)
w′N

+2A∆T (−u′′N − w′Nw′′N )w′′N + A∆T
(

1− u′N − 1/2w′N
2
)
w′′′N



+


(−EA′′)

(
w′Nu

′′
N + w′′Nu

′
N + 3/2w′N

2
w′′N

)
+2 (−EA′)

(
2w′′Nu

′′
N + w′Nu

′′′
N + w′′′Nu

′
N

+3w′Nw
′′
N

2
+ 3/2w′N

2
w′′′N

)
+ (To −G− EA)

(
3w′′′Nu

′′
N + 3w′′Nu

′′′
N + w′NuN

iv + wN
ivu′N

+3w′′N
3

+ 9w′Nw
′′
Nw
′′′
N + 3/2w′N

2
wN

iv

)
+

(
EI+
IB2

osin
2ϕ

µp

)
wN

vi

+J4


= FN (x, t) + (eoa)

2 ∂2FN (x,t)
∂x2

(2.16)
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Where,

J4 =

Eα





A′′∆T ′
(

1− u′N − 1/2w′N
2
)

+2A′∆T ′′
(

1− u′N − 1/2w′N
2
)

+2A′∆T ′ (−u′′N − w′Nw′′N )

+2A′∆T ′
(

1− u′N − 1/2w′N
2
)

+A∆T ′′′
(

1− u′N − 1/2w′N
2
)

+2A∆T ′′ (−u′′N − w′Nw′′N )

+2A∆T ′′
(

1− u′N − 1/2w′N
2
)

+A∆T ′
(
−u′′N − w′′N 2 − w′Nw′′′N

)
+2A∆T ′ (−u′′N − w′Nw′′N )

+A∆T ′
(

1− u′N − 1/2w′N
2
)



+



A′′′∆T
(

1− u′N − 1/2w′N
2
)
w′N

+2A′′∆T ′
(

1− u′N − 1/2w′N
2
)
w′N

+2A′′∆T (−u′′N − w′Nw′′N )w′N

+2A′′∆T
(

1− u′N − 1/2w′N
2
)
w′′N

+A′∆T ′′
(

1− u′N − 1/2w′N
2
)
w′N

+2A′∆T ′ (−u′′N − w′Nw′′N )w′N

+2A′∆T ′
(

1− u′N − 1/2w′N
2
)
w′′N

+A′∆T
(
−u′′N − w′′N 2 − w′Nw′′′N

)
w′N

+2A′∆T (−u′′N − w′Nw′′N )w′′N

+A′∆T
(

1− u′N − 1/2w′N
2
)
w′′′N



+



A′′∆T (u′′N + w′Nw
′′
N )w′N + 2A′∆T ′ (u′′N + w′Nw

′′
N )w′N

+2A′∆T
(
u′′′N + w′′N

2
+ w′Nw

′′′
N

)
w′N + 2A′∆T (u′′N + w′Nw

′′
N )w′′N

+A∆T ′′ (u′′N + w′Nw
′′
N )w′N + 2A∆T ′

(
u′′′N + w′′N

2
+ w′Nw

′′′
N

)
w′N

+2A∆T ′ (u′′N + w′Nw
′′
N )w′′N + A∆T

(
uN

iv + 3w′′Nw
′′′
N + w′NwN

iv
)
w′N

+2A∆T
(
u′′′N + w′′N

2
+ w′Nw

′′′
N

)
w′′N +A∆T (u′′N + w′Nw

′′
N )w′′′N




+EI

 5uN
vw′′N + 11uN

ivw′′′N + 13u′′NwN
iv + 8u′′NwN

v

+2u′NwN
vi + w′NuN

vi + 26w′′N
2
wN

iv + 16w′NwN
vw′′N

+28w′NwN
ivw′′′N + 2w′N

2
wN

vi + 36w′′Nw
′′′
N

2


+EA

L

L∫
0

(
z′w′N +

(
1
2w
′
N

)2)
dx
(
wN

iv + ziv0
)

+

2EA
′

L

L∫
0

(
z′w′N +

(
1
2w
′
N

)2)
dx (w′′′N + z′′′0) +

EA′′

L

L∫
0

(
z′w′N +

(
1
2w
′
N

)2)
dx (w′′N + z′′0) + k1w

′′
N

+k2

(
3w′′NwN

2 + 6wNw
′
N

2
)

(2.17)

With hepatic Vdw force given as;(
F + (e0a)

2 (∇2F
))

=

 7∑
ζ=1

cζ (w − wi)
ζ

+ (e0a)
2

∇2

 7∑
ζ=1

cζ (w − wi)
ζ
 (2.18)
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While the generalized longitudinal vibration for the MWCNT becomes:

müN + [T0 −G− EAt]w′Nw′′N − (EAt)u
′′
N

−EA′t
(
u′N + 1

2w
′
N

2
)

+ Eα (A∆T ′ +A′∆T )−
Eα
2 w′N

2
(A∆T ′ +A′∆T )− EαA∆Tw′Nw

′′
N − EI

(
wN

ivw′N + w′′Nw
′′′
N

)
+ (eoa)

2

mü′′N +

(
(T0 −G− EAt)w′NwNiv + 3 (T0 −G− EAt)w′′Nw′′′N
−2EA′tw

′
Nw
′′′
N − 2EA′tw

′′
N

2 − EA′′tw′Nw′′N

)
+
((
EAt

′′)u′′N + 2 (EA′t)u
′′′
N + (EAt)uN

iv
)

+E
(
At
′′′
(
u′N + 1

2w
′
N

2
)

+ 2At
′′ (u′′N + w′Nw

′′
N ) +At

′
(
u′′′N + w′′N

2
+ w′Nw

′′′
N

))
+Eα (3A′′∆T ′ + 3A′∆T ′′ +A∆T ′′′ +A′′′∆T )

+Eα
2

 (
3A′′∆T ′ + 3A′∆T ′′

+A∆T ′′′ +A′′′∆T

)
w′N

2
+ 4 (2A′∆T ′ +A∆T ′′ +A′′∆T )w′Nw

′′
N

+2 (A∆T ′ +A′∆T )w′′N
2

+ 2 (A∆T ′ +A′∆T )w′Nw
′′′
N



+E

α


A′′∆Tw′Nw
′′
N + 2A′∆T ′w′Nw

′′
N+

2A′∆Tw′′N
2

+ 2A′∆Tw′Nw
′′′
N+

A∆T ′′w′Nw
′′
N + 2A∆T ′w′′N

2

+2A∆T ′w′Nw
′′′
N + 3A∆Tw′′Nw

′′′
N

+A∆Tw′NwN
iv

+ I

 wN
viw′N+

3wN
vw′′N+

4wN
ivw′′′N





= FN (x, t) + (eoa)

2 ∂2FN (x,t)
∂x2 ,

(2.19)

The nonlinear model can be subjected to different boundary conditions with initial conditions expressed as;

w (τ = 0) = a = A cos$τ, (2.20)

ẇ (τ = 0) = 0, (2.21)

Using the deflection, slope, bending moment and shear force, the following natural boundary conditions from
Hamilton’s principle are imposed;
Fixed-fixed supports

w|s=0 = 0, (2.22)

w′|s=0 = 0, (2.23)

w|s=l = 0, (2.24)

w′|s=l = 0. (2.25)

Fixed-free supports (Cantilever support)

w|s=0 = 0, (2.26)

w′|s=0 = 0, (2.27)

w′′|s=l = 0, (2.28)

w′′′|s=l = 0. (2.29)

(2.30)

Fixed-simple supports

w|s=0 = 0, (2.31)

w′|s=0 = 0, (2.32)

w|s=l = 0, (2.33)

w′′|s=l = 0. (2.34)
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Simple-simple supports

w|s=0 = 0, (2.35)

w′′|s=0 = 0, (2.36)

w|s=l = 0, (2.37)

w′′|s=l = 0. (2.38)

To fully establish the coupled relationship between the vibration models and the Navier Stokes equations describing
the fluid, the transient behaviour of the MWCNTs and fluid flow under investigation are given by:
Continuity Equation (Mass conservation).

∂ρ

∂t
+

1

r

∂

∂r
(ρrUr) +

1

r

∂

∂θ
(ρUθ) +

∂

∂z
(ρUz) = 0. (2.39)

Momentum Equations (Momentum conservation).
r – Component,

∂(ρUr)

∂t
+ Ur

∂

∂r
(ρUr) +

Uθ
r

∂

∂θ
(ρUr) + Uz

∂

∂z
(ρUz)−

ρU2
θ

r
= ρgr −

∂P

∂r
+[

1

r

∂

∂r
(rUr) +

1

r2

∂2

∂θ2
(Ur)−

2

r2

∂

∂r
(Uθ) +

∂2

∂z2
(Ur)

]
+

ρU2
z

R
cos θ︸ ︷︷ ︸

Curvature for curved tube

.
(2.40)

θ – Component,

∂ (ρUθ)

∂t
+ Ur

∂

∂r
(ρUθ) +

Uθ
r

∂

∂θ
(ρUθ) + Uz

∂

∂z
(ρUθ)−

ρUrUθ
r

= ρgθ −
1

r

∂P

∂θ
+

µ

[
∂

∂r

(
1

r

∂

∂r
(rUθ) +

1

r2

∂2

∂θ2
(Uθ) +

2

r2

∂

∂θ
(Ur) +

∂2

∂z2
(Uθ)

)]
− ρU2

z

R
sinθ︸ ︷︷ ︸

for

curved tube

. (2.41)

z – Component,

∂ (ρUz)

∂t
+ Ur

∂

∂r
(ρUz) +

Uθ
r

∂

∂θ
(ρUz) + Uz

∂

∂z
(ρUz) = ρgz −

∂P

∂z
+

µ

[
1

r

∂

∂r

(
r
∂

∂z
(Uz)

)
+

1

r2

∂2

∂θ2
(Uz) +

∂2

∂z2
(Uz)

]
.

(2.42)

Cattaneo-Christov Energy equation (Conservation of Energy)
On invoking the common thermal boundary layer approximations, the energy equation when there is no viscous
dissipation is expressed as;

∂ (ρfcp,fTf )

∂t
+ Ur

∂

∂r
(ρfcp,fTf ) +

Uθ
r

∂

∂θ
(ρfcp,fTf ) + Uz

∂

∂z
(ρfcp,fTf ) = −∇. (2.43)

Cattaneo-Christov’s heat flux equation is expressed as;

ε

[
∂q

∂t
+ V.∇q − q.∇V + (∇.V ) q

]
= −k∇T, (2.44)

V is the velocity vector. The equation above becomes the usual Fourier’s heat transfer law when ε = 0. For a
constant density flow process, i.e., ∇ ·U = 0, we have:

q + ε

[
∂q

∂t
+ V.∇q − q.∇V

]
= −k∇T. (2.45)
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Excluding q, the energy equation is obtained as in Equation (2.43):

∂ (Tf )

∂t
+ Ur

∂

∂r
(Tf ) + Uz

∂

∂z
(Tf ) +

ε

[
U2
r
∂2

∂r2 (Tf ) + U2
z
∂2

∂z2 (Tf ) + 2UrUz
∂2

∂r∂z (Tf ) + Ur
∂
∂z (Uf ) ∂

∂z (Tf ) +
Ur

∂
∂z (Uz)

∂
∂r (Tf ) + Uz

∂
∂r (Uf ) ∂

∂z (Tf ) + Uz
∂
∂r (Uz)

∂
∂r (Tf )

]
= α

(
∂

∂r

(
∂Tf
∂r

)
+

1

r

(
∂Tf
∂r

))
.

(2.46)

This heat flux equation (Cattaneo-Christov) helps anticipate the influences of thermal relaxation time on boundary
layer phenomena.
Pressure continuity

Ṗ + UP ′ + ρfa
2 (U ′ − 2vu̇′)− 2vρfa

2 (w′ẇ′ + Uu′′ + Uw′w′′) = 0, (2.47)

where

a2 =
K/ρf

1 +
{
KDp

Eh

} .
Geometrical Equations (Change in areas).

Ȧ2 +
v
√
At,2At,2√
πh

[u̇′2 + w′2ẇ
′
2] + (eoa)

2

{
Ȧ′′2 +

v
√
At,2At,2√
πh

[u̇′2 + w′2ẇ
′
2]

}
= 0, (2.48)

Ȧ3 +
v
√
At,3At,3√
πh

[u̇′3 + w′3ẇ
′
3] + (eoa)

2

{
Ȧ′′3 +

v
√
At,3At,3√
πh

[u̇′3 + w′3ẇ
′
3]

}
= 0, (2.49)

ȦN +
v
√
At,NAt,N√
πh

[u̇′N + w′N ẇ
′
N ] + (eoa)

2

{
Ȧ′′N +

v
√
At,NAt,N√
πh

[u̇′N + w′N ẇ
′
N ]

}
= 0. (2.50)

Energy Equation of Multi-walled Nanotubes.

τq
∂2 (ρ1cp,1T1)

∂t2
+
∂ (ρ1cp,1T1)

∂t
=

[
1

r

∂

∂r

(
rKr,1

∂T1

∂r

)
+

1

r2

∂

∂θ

(
Kθ,1

∂T1

∂θ

)
+

∂

∂z

(
Kz,1

∂T1

∂z

)]
+ q′′′, (2.51)

τq
∂2 (ρ3cp,3T3)

∂t2
+
∂ (ρ3cp,3T3)

∂t
=

[
1

r

∂

∂r

(
rKr,3

∂T3

∂r

)
+

1

r2

∂

∂θ

(
Kθ,3

∂T3

∂θ

)
+

∂

∂z

(
Kz,3

∂T3

∂z

)]
+ q′′′, (2.52)

τq
∂2 (ρNcp,NTN )

∂t2
+
∂ (ρ1cp,1T1)

∂t
=

[
1

r

∂

∂r

(
rKr,N

∂TN
∂r

)
+

1

r2

∂

∂θ

(
Kθ,N

∂T1

∂θ

)
+

∂

∂z

(
Kz,N

∂TN
∂z

)]
+ q′′′.

(2.53)

3. Analytical Solutions to the Governing Thermal-fluidic Equations

Relaxing the azimuth component because the tube under investigation is embedded in foundations, the Naiver
Stoke’s and energy equations for fluid flow through the MWCNTs are:

Continuity Equation (Mass conservation).

∂ρ

∂t
+

1

r

∂

∂r
(ρrUr) +

∂

∂z
(ρUz) = 0. (3.1)

Momentum Equations (Momentum Conservation).
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r – Component,

∂ (ρUr)

∂t
+ Ur

∂

∂r
(ρUr) + Uz

∂

∂z
(ρUz) = ρgr −

∂P

∂r
+

[
1

r

∂

∂r

(
r
∂

∂r
Ur

)
+

∂2

∂z2
(Ur)

]
+ σ0B

2Ur +
ρU2

z

R
cos θ︸ ︷︷ ︸

curvature for
curved tube

.

(3.2)

z – Component,

∂ (ρUz)

∂t
+ Ur

∂

∂r
(ρUz) + Uz

∂

∂z
(ρUz) = ρgz −

∂P

∂z
+ σ0B

2Uz + µ

[
1

r

∂

∂r

(
r
∂

∂z
(Uz)

)
+

∂2

∂z2
(Uz)

]
. (3.3)

Energy equations (Cattaneo-Christov) for the fluid (Energy conservation).

∂ (Tf )

∂t
+ Ur

∂

∂r
(Tf ) + Uz

∂

∂z
(Tf ) +ε

 U2
r
∂2

∂r2 (Tf ) + U2
z
∂2

∂z2 (Tf ) + 2UrUz
∂2

∂r∂z (Tf ) + Ur
∂
∂z (Uf ) ∂

∂z (Tf ) +

Ur
∂
∂z (Uz)

∂
∂r (Tf ) + Uz

∂
∂r (Uf ) ∂

∂z (Tf ) + Uz
∂
∂r (Uz)

∂
∂r (Tf )


= α

(
∂

∂r

(
∂Tf
∂r

)
+

1

r

(
∂Tf
∂r

))
.

(3.4)

Multi-walled nanotubes’ Energy equation.

τq
∂2 (ρNcp,NTN )

∂t2
+
∂ (ρNcp,NTN )

∂t
=

[
1

r

∂

∂r

(
rKr,N

∂TN
∂r

)
+

∂

∂z

(
Kz,N

∂TN
∂z

)]
+ q′′′. (3.5)

MWCNTs boundary and initial conditions are given as:

t = 0, Ti = T0 i = 1, 2, 3, . . . , N.

Boundary and Interfacial conditions (for perfectly bonded nanotubes).

t > 0 , Ti = Ti+1,

t > 0 , Ki
∂Ti
∂r

= Ki+1
∂Ti
∂r

i = 1, 2, 3, . . . , N − 1,

t > 0 , K1
∂T1

∂r
= ha (T1 − Tin) r = rin,

t > 0 , KN
∂TN
∂r

= hb (Tout − TN ) r = rout,

˙

Γ

Boundary and Interfacial conditions (for imperfectly bonded nanotubes).

t > 0 , Ki
∂Ti
∂r

= hi (Ti+1 − Ti) r = ri,

t > 0 , K1
∂T1

∂r
= ha (T1 − Tin) r = rin,

t > 0 , KN
∂TN
∂r

= hb (Tout − TN ) r = rout.
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Using the similarity function expressed in Equation (3.6);

η =
1

1− βt

(
r

a0

)2

, Ur = − 2vf (η)

a0

√
(1− βt)η

, Uz = − 4vzf ′ (η)

a2
0 (1− βt)

, θ (η) =
Tf − Ta
T0 − Ta

, Θi (η) =
T − T∞
T1 − T∞

. (3.6)

The governing PDEs transmute into a system of ODEs describing fluid flow, fluid temperature, and heat transfer
in the MWCNTs. These equations are exemplified in Equations (3.7)-(3.13):

ηf ′′′ + λ1f
′′ + λ2ff

′′ − λ3(f ′)
2 − S (ηf ′′ +Mf ′) = 0, (3.7)

ηθ′′ + λ4θ
′ + Pr fθ′ − PrSηθ′ +Nη(θ′)

2
+ Pr ηQθ = 0, (3.8)

ηΘ′′1 + Θ′1 +Biλ5 (θ −Θ1) + λ6 = 0, (3.9)

ηΘ′′i + Θ′i +Biλ5 (Θ1 −Θi) + λ7 = 0, (3.10)

ηΘ′′n + Θ′n +Biλ5 (Θi −Θn) + λ8 = 0, (3.11)

η = 1, f = A, f ′ = 1 + bf ′′, θ = 1 + cθ′,
η = 0, f ′ = 0, θ′ = 0.

(3.12)

Using N as the MWCNTs counter, the MWCNTs coupling conditions become;

Θ′1 +Bia (θ −Θ1) = 0,
Θ′i +Bii (Θ1 −Θi) = 0,
Θ′n +Bib (Θi −Θn) = 0.

(3.13)

Where the controlling parameters S =
βa20
4v , Pr = v

α , N = τD(T0−Tw)
αTw

, b = 2N0v
a0

, c = 2D0

a0
are the dimensionless

unsteady term, Prandtl number, thermophoreses term, velocity slip term and thermal slip term respectively.

3.1. Concept of Differential transform method (DTM). Due to the presence of nonlinear terms in the derived
coupled governing equation, a method capable of transforming differential equations into another domain with a robust
and easy way of representation is required. The differential transform method (DTM) possesses these attributes. DTM
maps a governing equation into an algebraic domain and then obtains an inversion using a series summation method.
This approximate analytical method generates a solution with the controlling parameters adequately conserved. The
DTM recursive relation for transforming differential equation is shown in the Table 2 below [29, 48, 50]:

By applying the results shown in Table 2 to Equations (3.7)-(3.13) yield,

k∑
l=0

(l + 1) (l + 2) (l + 3)Fl+3Zk−l + λ1 (k + 1) (k + 2)Fk+2 + λ2

k∑
l=0

(l + 1) (l + 2)Fl+2Fk−l−

λ3

k∑
l=0

(l + 1)Fl+1 (k + 1− l)Fk+1−l − S
k∑
l=0

(l + 1) (l + 2)Fl+2δ (k − l)− SM (k + 1)Fk+1 = 0,

(3.14)

k∑
l=0

(l + 1) (l + 2) θl+2Zk−l + λ4 (k + 1) θk+1 + Pr
k∑
l=0

(l + 1)θl+1Fk−l−

Pr S
k∑
l=0

(l + 1)θl+1δ (k − l − 1) +N
k∑

m=0

(
m∑
l=0

(l + 1)θl+1 (m− l + 1) θm−l+1δ (k −m− 1)

)
= 0,

(3.15)
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Table 2. Some compiled DTM recursive relation.

S/N DTM Expression

1 Z(t) = U(t)± V (t), Z(k) = U(k)± V (k).
2 Z(t) = αU(t), Z(k) = αU(k).

3 Z(t) = dU(t)
dt , Z(k) = (k + 1)U [k + 1].

4 Z(t) = d2U(t)
dt2 , Z(k) = (k + 1)(k + 2)U [k + 2].

5 Z(t) = dmU(t)
dtm , Z(k) = (k + 1)(k + 2) · · · (k +m)U [k +m].

or (k+m)!
k! U [k +m].

6 Z(t) = U(t) ∗ V (t), Z(k) =
K∑
l=0

V [l]U [K − l].

7 Z(t) = tm, Z(k) = δ(k −m) =

{
1 if k = m

0 if k 6= m

8 Z(t) = eλt, Z(k) = λk

k! D(e−λt) = −λk

k!

9 Z(t) = sin(ωt+ α), Z(k) = ωk

k! sin
(
πk
2 + α

)
.

k∑
l=0

(l + 1) (l + 2) Θ1l+2
Zk−l + (k + 1) Θ1k+1

+Biaλ5 (θk −Θ1k
) + λ6δ (k − 1) = 0, (3.16)

k∑
l=0

(l + 1) (l + 2) Θil+2
Zk−l + (k + 1) Θik+1

+Biiλ5 (Θ1k
−Θik) + λ7δ (k − 1) = 0, (3.17)

k∑
l=0

(l + 1) (l + 2) Θnl+2
Zk−l + (k + 1) Θnk+1

+Bibλ5 (Θik −Θnk
) + λ8δ (k − 1) = 0, (3.18)

Zk+1 = (k + 1)Zk+1 − δ (k) . (3.19)

With transformed boundary conditions represented as;

F0 = β1, F1 = β2, F2 = β3, θ0 = β4,
θ1 = β5, Θ10 = β6, Θ11 = β7, Θi0 = β8,
Θi1 = β9, Θn0 = β10, Θn1 = β11, Z0 = β12.

(3.20)

Using the DTM recursive relations, the thermal-fluidic term-by-term solutions are obtained. Afterwards, the prin-
ciple of DTM grouping is used on the term-by-term solutions and the desired thermal-fluidic solutions are summarized
as;

f (η) =
N∑
k=0

Fkη
k k = 0, 1, 2, 3, 4, 5, ...,

θ (η) =
N∑
k=0

θkη
k k = 0, 1, 2, 3, 4, 5, ...,

Θ1 (η) =
N∑
k=0

χkη
k k = 0, 1, 2, 3, 4, 5, ...,

Θi (η) =
N∑
k=0

χkη
k k = 0, 1, 2, 3, 4, 5, ...,

Θn (η) =
N∑
k=0

χkη
k k = 0, 1, 2, 3, 4, 5, ....

(3.21)
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Making necessary substitution, the desired thermofluidic solutions become:

f (η) =



β1 + β2η + β3η
2 + 1/6

(MSβ2−2β1β3λ2+β2
2λ3+2Sβ3−2β3λ1)η3

β12
+

1
24β12

2


−MSβ1β2λ2 + 2β1

2β3λ2
2 − β1β2

2λ2λ3 +MS2β2 −MSβ2λ1+

2MSβ3β12 − 4Sβ1β3λ2 + Sβ2
2λ3 + 4β1β3λ1λ2 − β2

2λ1λ3−
2β2β3β12λ2 + 4β2β3β12λ3 −MSβ2 + 2S2β3 − 4Sβ3λ1+

2β1β3λ2 − β2
2λ3 + 2β3λ1

2 − 2Sβ3 + 2β3λ1

 η4+

1
120β12

3



MSβ1
2β2λ2

2 − 2β1
3β3λ2

3 + β1
2β2

2λ2
2λ3 +M2S2β2β12 − 2MS2β1β2λ2+

2MSβ1β2λ1λ2 − 4MSβ1β3β12λ2 − 2MSβ2
2β12λ2 + 3MSβ2

2β12λ3+

6Sβ1
2β3λ2

2 − 2Sβ1β2
2λ2λ3 − 6β1

2β3λ1λ2
2 + 2β1β2

2λ1λ2λ3+

6β1β2β3β12λ2
2 − 8β1β2β3β12λ2λ3 − 2β2

3β12λ2λ3 + 2β2
3β12λ3

2+

MS3β2 − 2MS2β2λ1 + 4MS2β3β12 + 3MSβ1β2λ2 +MSβ2λ1
2−

4MSβ3β12λ1 − 6S2β1β3λ2 + S2β2
2λ3 + 12Sβ1β3λ1λ2 − 2Sβ2

2λ1λ3−
6Sβ2β3β12λ2 + 8Sβ2β3β12λ3 − 6β1

2β3λ2
2 + 3β1β2

2λ2λ3−
6β1β3λ1

2λ2 + β2
2λ1

2λ3 + 6β2β3β12λ1λ2 − 8β2β3β12λ1λ3 − 4β3
2β12

2λ2+

8β3
2β12

2λ3 − 3MS2β2 + 3MSβ2λ1 − 4MSβ3β12 + 2S3β3 − 6S2β3λ1+

12Sβ1β3λ2 − 3Sβ2
2λ3 + 6Sβ3λ1

2 − 12β1β3λ1λ2 + 3β2
2λ1λ3+

4β2β3β12λ2 − 8β2β3β12λ3 − 2β3λ1
3 + 2MSβ2 − 6S2β3 + 12Sβ3λ1−

4β1β3λ2 + 2β2
2λ3 − 6β3λ1

2 + 4Sβ3 − 4β3λ1



η5



,

(3.22)

θ (η) =



β4 + β5η − β5 (Pr β1+λ4)η2

2β12
−

β5

 − 2

Prβ1
2 +Nβ5β12 − Pr Sβ12−

2 Pr β1λ4 + Pr β2β12 − Pr β1 − λ4
2 − λ4

η3
6β12

2 +

+

β5



−
3

Prβ1
3 + 5N Pr β1β5β12 − 3

2

PrSβ1β12 − 3
2

Prβ1
2λ4 + 3

2

Prβ1β2β12+

5Nβ5β12λ4 − 3
2

Prβ1
2 − 3 Pr Sβ12λ4 − 3 Pr β1λ4

2 + 3 Pr β2β12λ4−
2 Pr β3β12

2 + 2Nβ5β12 − 2 Pr Sβ12 − 6 Pr β1λ4 + 2 Pr β2β12−
λ4

3 − 2 Pr β1 − 3λ4
2 − 2λ4


η4

24β12
3 + ...


, (3.23)

Θ1 (η) =



β6 + β7η − (Biaβ4λ5−Biaβ6λ5+β7)η2

2β12
+ −Biaβ5β12λ5 +Biaβ7β12λ5+

2Biaβ4λ5 − 2Biaβ6λ5 − β12λ6 + 2β7

η3
6β12

2 −
Bia

2β4β12λ5
2 −Bia2β6β12λ5

2−
Bia Pr β1β5β12λ5 −Biaβ5β12λ4λ5−
3Biaβ5β12λ5 + 4Biaβ7β12λ5+
6Biaβ4λ5 − 6Biaβ6λ5 − 3β12λ6 + 6β7

η4
24β12

3 + ...


, (3.24)
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Θi (η) =



β8 + β9η − (Biiβ6λ5−Biiβ8λ5+β9)η2

2β12
+ −Biiβ7β12λ5 +Biiβ9β12λ5 + 2Biiβ6λ5

−2Biiβ8λ5 − β12λ7 + 2β9

η3
6β12

2 +
BiaBiiβ4β12λ5

2 −BiaBiiβ6β12λ5
2−

Bii
2β6β12λ5

2 +Bii
2β8β12λ5

2+
4Biiβ7β12λ5 − 4Biiβ9β12λ5−
6Biiβ6λ5 + 6Biiβ8λ5 + 3β12λ7 − 6β9

η4

24β12
3 + ...


, (3.25)

Θn (η) =



β10 + β11η − (Bibβ8λ5−Bibβ10λ5+β11)η2

2β12
+

(−Bibβ9β12λ5+Bibβ11β12λ5+2Bibβ8λ5−2Bibβ10λ5−β12λ8+2β11)η3

6β12
2 − Bib

2β8β12λ5
2 −Bib2β10β12λ5

2 −BibBiiβ6β12λ5
2 +BibBiiβ8β12λ5

2−
4Bibβ9β12λ5 + 4Bibβ11β12λ5 + 6Bibβ8λ5 − 6Bibβ10λ5 − 3β12λ8 + 6β11

η4
24β12

3

+...


. (3.26)

3.2. Bulk Thermofluidic Variable. The nonexistence of stream terms necessitate the need for bulk variables via
averaging. This technique may also be employed for reducing independent variables into preferred forms. Considering
internal flow through the MWCNTs under investigation, the thermal energy in transport is expressed as;

Ėt =
∫
Ac

ρUcpTdAc = ṁcpTb,

Tb =

∫
Ac

ρUcpTdAc

ṁcp
=

ρcp

rb∫
ra

UT (2πr)dr

ρcp

rb∫
ra

U(2πr)dr

=

rb∫
ra

UTrdr

rb∫
ra

Urdr

,
(3.27)

given mean velocity as;

Ub =
2

(r2
b − r2

a)

rb∫
ra

Urdr, (3.28)

The final bulk temperature turns out to be;

Tb =
2

Ub (r2
b − r2

a)

rb∫
ra

UTrdr, (3.29)

Making necessary substitutions and simplifying after applying the averaging principle result in thermal-fluidic pa-
rameters (components) with similar coordinates of independent variables as present in the vibration model. This
establishment consequently makes the coupling of the flow and vibration equations possible. The thermal-fluidic
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components that will be coupled with vibrations equations of motion are;

Uz (z, t) =
1

(rb − ra)



4 β2vz(rb−ra)
a02(−βt+1) +

8β3vz(−ra3+rb
3)

3a04(−βt+1)2
+

2(MSβ2−2β1β3λ2+β2
2λ3+2Sβ3−2β3λ1)vz(−ra5+rb

5)
5a06(−βt+1)3β12

+

2



−MSβ1β2λ2 + 2β1
2β3λ2

2 − β1β2
2λ2λ3+

MS2β2 −MSβ2λ1 + 2MSβ3β12 − 4Sβ1β3λ2+

Sβ2
2λ3 + 4β1β3λ1λ2 − β2

2λ1λ3 − 2β2β3β12λ2+
4β2β3β12λ3 −MSβ2 + 2S2β3 − 4Sβ3λ1+

2β1β3λ2 − β2
2λ3 + 2β3λ1

2 − 2Sβ3 + 2β3λ1


vz(−ra7+rb

7)

21a08(−βt+1)4β12
2

MSβ1
2β2λ2

2 − 2β1
3β3λ2

3 + β1
2β2

2λ2
2λ3+

M2S2β2β12 − 2MS2β1β2λ2 + 2MSβ1β2λ1λ2−
4MSβ1β3β12λ2 − 2MSβ2

2β12λ2 + 3MSβ2
2β12λ3+

6Sβ1
2β3λ2

2 − 2Sβ1β2
2λ2λ3 − 6β1

2β3λ1λ2
2+

2β1β2
2λ1λ2λ3 + 6β1β2β3β12λ2

2 − 8β1β2β3β12λ2λ3−
2β2

3β12λ2λ3 + 2β2
3β12λ3

2 +MS3β2−
2MS2β2λ1 + 4MS2β3β12 + 3MSβ1β2λ2+

MSβ2λ1
2 − 4MSβ3β12λ1 − 6S2β1β3λ2 + S2β2

2λ3+

12Sβ1β3λ1λ2 − 2Sβ2
2λ1λ3 − 6Sβ2β3β12λ2+

8Sβ2β3β12λ3 − 6β1
2β3λ2

2 + 3β1β2
2λ2λ3−

6β1β3λ1
2λ2 + β2

2λ1
2λ3 + 6β2β3β12λ1λ2−

8β2β3β12λ1λ3 − 4β3
2β12

2λ2 + 8β3
2β12

2λ3−
3MS2β2 + 3MSβ2λ1 − 4MSβ3β12 + 2S3β3−
6S2β3λ1 + 12Sβ1β3λ2 − 3Sβ2

2λ3 + 6Sβ3λ1
2−

12β1β3λ1λ2 + 3β2
2λ1λ3 + 4β2β3β12λ2−

8β2β3β12λ3 − 2β3λ1
3 + 2MSβ2−

6S2β3 + 12Sβ3λ1 − 4β1β3λ2+

2β2
2λ3 − 6β3λ1

2 + 4Sβ3 − 4β3λ1



vz(−ra9+rb
9)

54a010(−βt+1)5β12
3



,

(3.30)
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and,

Tb (z, t) =Ta +
T0 − Ta
rb − ra

β4 (rb − ra) +
β5(−ra3+rb

3)
3a02(−βt+1) −

β5 (Pr β1+λ4)(−ra5+rb
5)

10a04(−βt+1)2β12

−
β5

 − 2

Prβ1
2 +Nβ5β12 − Pr Sβ12 − 2 Pr β1λ4

+ Pr β2β12 − Pr β1 − λ4
2 − λ4

(−ra7+rb
7)

42a06(−βt+1)3β12
2

β5(−ra9+rb
9)

216a08(−βt+1)4β12
3



−
3

Prβ1
3 + 5N Pr β1β5β12 − 3

2

PrSβ1β12

−3
2

Prβ1
2λ4 + 3

2

Prβ1β2β12

+5Nβ5β12λ4 − 3
2

Prβ1
2 − 3 Pr Sβ12λ4

−3 Pr β1λ4
2 + 3 Pr β2β12λ4

−2 Pr β3β12
2 + 2Nβ5β12 − 2 Pr Sβ12−

6 Pr β1λ4 + 2 Pr β2β12 − λ4
3 − 2 Pr β1 − 3λ4

2 − 2λ4



− β5(−ra11+rb
11)

1320a010(−βt+1)5β12
4



−
4

Prβ1
4 + 17N

2

Prβ1
2β5β12 − 6

3

PrSβ1
2β12

−4
3

Prβ1
3λ4 + 6

3

Prβ1
2β2β12

+M Pr Sβ2β12
2 − 6N2β5

2β12
2+

9N Pr Sβ5β12
2 + 34N Pr β1β5β12λ4

−9N Pr β2β5β12
2 − 6

3

Prβ1
3 − 3

2

PrS2β12
2−

12
2

PrSβ1β12λ4 + 6
2

PrSβ2β12
2

−6
2

Prβ1
2λ4

2 + 12
2

Prβ1β2β12λ4−

8
2

Prβ1β3β12
2 − 3

2

Prβ2
2β12

2 − 2 Pr β1β3β12
2λ2

+ Pr β2
2β12

2λ3 + 23N Pr β1β5β12

+17Nβ5β12λ4
2 − 14

2

PrSβ1β12 − 18
2

Prβ1
2λ4

+14
2

Prβ1β2β12 + 2 Pr Sβ3β12
2 − 6 Pr Sβ12λ4

2

−4 Pr β1λ4
3 + 6 Pr β2β12λ4

2 − 2 Pr β3β12
2λ1

−8 Pr β3β12
2λ4 + 23Nβ5β12λ4 − 11

2

Prβ1
2

−14 Pr Sβ12λ4 − 18 Pr β1λ4
2 + 14 Pr β2β12λ4

−6 Pr β3β12
2 − λ4

4 + 6Nβ5β12 − 6 Pr Sβ12

−22 Pr β1λ4 + 6 Pr β2β12 − 6λ4
3 − 6 Pr β1 − 11λ4

2 − 6λ4





,

(3.31)

These bulk values will be substituted into the transverse and longitudinal vibration models of the CNT and solved
together with deformation and pressure formulations using the transient differential transform method (TDTM) also
known as the multi-dimensional differential transform method (MDTM). This is illustrated in Section 3.3.

3.3. Analytical Solution of Coupled Vibration, Deformation and Pressure Models. Since the bulk ther-
mofluidic variables have been obtained, substituting into the vibration equations and applying the transient section
of Table 2, the recursive relations for the vibration, deformation and pressure models become;
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m (h+ 1) (h+ 2)wk,h+2 +
(
c+Af σB0

2(cos (ϕ))
2
)

(h+ 1)wk,h+1+

2mf (Γ) ξ1
k∑
l=0

(
h∑
s=0

(l + 1)wl+1,h−s+1d (k − l − 1, s)

)
+mf (Γ) ξ2

k∑
l=0

(
h∑
s=0

(l + 1)wl+1,h−sd (k − l − 1, s)

)
+

mfΓ2ξ3
k∑
l=0

(
h∑
s=0

(l + 1)wl+1,h−sd (k − l − 1, s)

)
−
(
T0 −G− kp − B0

2(cos(ϕ))2

µp

)
(k + 1) (k + 2)wk+2,h+

(−2δv + 1)
k∑
l=0

(
k−l∑
q=0

(
h∑
z=0

(
h−z∑
s=0

(l + 1) (l + 2)wl+2,h−z−sPq,zAk−l−q,s

)))
+mfΓ2 cos (ϕ) ξ4

k∑
l=0

(
h∑
s=0

(l + 1) (l + 2)wl+2,h−sd (k − l − 2, s)

)

(T0 −G)



k∑
l=0

(
h∑
s=0

(l + 1) (l + 2)ul+2,h−s (k + 1− l)wk+1−l,s

)
+

k∑
l=0

(
h∑
s=0

(l + 1) (l + 2)wl+2,h−s (k + 1− l)uk+1−l,s

)
+3/2

k∑
l=0

k−l∑
q=0

 h∑
z=0

 h−z∑
s=0

(l + 1) (l + 2)wl+2,h−z−s (q + 1)

wq+1,z (k + 1− l − q)wk+1−l−q,s





− (−2δv + 1)



k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

 h∑
j=0

h−j∑
z=0


h−j−z∑
s=0

(l + 1) (l + 2)

ul+2,h−j−z−s (q + 1)wq+1,j

Pg,zAk−l−q−g,s







+
k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

 h∑
j=0

h−j∑
z=0


h−j−z∑
s=0

(l + 1) (l + 2)

wl+2,h−j−z−s (q + 1)uq+1,j

Pg,zAk−l−q−g,s







+ 3
3

k∑
l=0

k−l∑
q=0

k−l−q∑
p=0

k−l−q−p∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
e=0

h−j−z−e∑
s=0


(l + 1) (l + 2)
wl+2,h−j−z−e−s
(q + 1)wq+1,j

(p+ 1)wp+1,z

Pg,eAk−l−q−p−g,s





+



3
2

k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
s=0

(l + 1) (l + 2)
ul+2,h−j−z−s (q + 1)
wq+1,jEg,zAk−l−q−g,s

+
k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
s=0

(l + 1) (l + 2)
wl+2,h−j−z−s (q + 1)
uq+1,jEg,zAk−l−q−g,s

+
k∑
l=0

k−l∑
q=0

k−l−q∑
p=0

k−l−q−p∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
e=0

h−j−z−e∑
s=0

(l + 1) (l + 2)
wl+2,h−j−z−e−s (q + 1)
wq+1,j (p+ 1)
wp+1,zEg,eAk−l−q−p−g,s



(−2δv + 1)





k∑
l=0

(
k−l∑
q=0

(
h∑
z=0

(
h−z∑
s=0

(l + 1)wl+1,h−z−sPq,zAk−l−q,s

)))
−

k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
s=0

(l + 1)wl+1,h−j−z−s (q + 1)
uq+1,jPg,zAk−l−q−g,s

−1/2
k∑
l=0

k−l∑
q=0

k−l−q∑
p=0

k−l−q−p∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
e=0

h−j−z−e∑
s=0

(l + 1)
wl+1,h−j−z−e−s (q + 1)
wq+1,j (p+ 1)
wp+1,zPg,eAk−l−q−p−g,s
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−E


k∑
l=0

(
k−l∑
q=0

(
h∑
z=0

(
h−z∑
s=0

(l + 1)wl+1,h−z−s (q + 1)uq+1,zAk−l−q,s

)))
+

1/2
k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

 h∑
j=0

h−j∑
z=0

 h−j−z∑
s=0

(l + 1)wl+1,h−j−z−s (q + 1)

wq+1,j (g + 1)wg+1,zAk−l−q−g,s





+Eα



k∑
l=0

(
k−l∑
q=0

(
h∑
z=0

(
h−z∑
s=0

(l + 1)wl+1,h−z−sTq,zAk−l−q,s

)))
−

k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
s=0

(l + 1)wl+1,h−j−z−s
(q + 1)uq+1,jTg,zAk−l−q−g,s

−1/2
k∑
l=0

k−l∑
q=0

k−l−q∑
p=0

k−l−q−p∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
e=0

h−j−z−e∑
s=0

(l + 1)
wl+1,h−j−z−e−s
(q + 1)wq+1,j

(p+ 1)wp+1,zTg,eAk−l−q−p−g,s



+Eα



k∑
l=0

(
k−l∑
q=0

(
h∑
z=0

(
h−z∑
s=0

(l + 1)wl+1,h−z−s (q + 1)Tq+1,zAk−l−q,s

)))
−

k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
s=0

(l + 1)wl+1,h−j−z−s (q + 1)uq+1,j

(g + 1)Tg,zAk−l−q−g,s

−1/2
k∑
l=0

k−l∑
q=0

k−l−q∑
p=0

k−l−q−p∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
e=0

(l + 1)wl+1,h−j−z−e−s (q + 1)
wq+1,j (p+ 1)wp+1,z (g + 1)
Tg+1,eAk−l−q−p−g,s



+Eα



k∑
l=0

(
k−l∑
q=0

(
h∑
z=0

(
h−z∑
s=0

(l + 1)wl+1,h−z−sTq,z (k + 1− l − q)Ak+1−l−q,s

)))
−

k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
s=0

(l + 1)wl+1,h−j−z−s (q + 1)uq+1,j

Tg,z (k + 1− l − q − g)Ak+1−l−q−g,s
−

1/2
k∑
l=0

k−l∑
q=0

k−l−q∑
p=0

k−l−q−p∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
e=0

(l + 1)wl+1,h−j−z−e−s (q + 1)wq+1,j

(p+ 1)wp+1,zTg,e
(k + 1− l − q − p− g)Ak+1−l−q−p−g,s
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−Eα


k∑
l=0

k−l∑
q=0

k−l−q∑
p=0

k−l−q−p∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
e=0

(l + 1)wl+1,h−j−z−e−s (q + 1)wq+1,j (p+ 1)
(p+ 2)up+2,zTg,e (k + 1− l − q − p− g)
Ak+1−l−q−p−g,s

+
k∑
l=0

k−l∑
q=0

k−l−q∑
p=0

k−l−q−p∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
e=0

(l + 1)wl+1,h−j−z−e−s (q + 1)wq+1,j

(p+ 1) (p+ 2)wp+2,zTg,e
(k + 1− l − q − p− g)Ak+1−l−q−p−g,s


+
(
IE + iB0

2(sin(ϕ))2

µp

)
(k + 1) (k + 2) (k + 3) (k + 4)wk+4,h

−EI





3
k∑
l=0

(
h∑
s=0

(l + 1) (l + 2) (l + 3)ul+3,h−s (k + 1− l) (k + 2− l)wk+2−l,s

)
+4

k∑
l=0

(
h∑
s=0

(l + 1) (l + 2) (l + 3)wl+3,h−s (k + 1− l) (k + 2− l)uk+2−l,s

)
+2

k∑
l=0

(
h∑
s=0

(l + 1) (l + 2) (l + 3) (l + 4)wl+4,h−s (k + 1− l)uk+1−l,s

)
+

k∑
l=0

(
h∑
s=0

(l + 1) (l + 2) (l + 3) (l + 4)ul+4,h−s (k + 1− l)wk+1−l,s

)


2

k∑
l=0

k−l∑
q=0

 h∑
z=0

 h−z∑
s=0

(l + 1) (l + 2) (l + 3) (l + 4)wl+4,h−z−s

(q + 1)Tq+1,z (k + 1− l − q)wk+1−l−q,s


+8

k∑
l=0

k−l∑
q=0

 h∑
z=0

 h−z∑
s=0

(l + 1) (l + 2) (l + 3)wl+3,h−z−s (q + 1) (q + 2)

wq+2,z (k + 1− l − q)wk+1−l−q,s


+2

k∑
l=0

k−l∑
q=0

 h∑
z=0

 h−z∑
s=0

(l + 1) (l + 2)wl+2,h−z−s (q + 1) (q + 2)

wq+2,z (k + 1− l − q) (k + 2− l − q)wk+2−l−q,s




−E

(
ξ5

k∑
l=0

(
h∑
s=0

(l + 1) (l + 2)wl+2,h−sAk,s

)
+ ξ6Ak,h

)
+ k1wk,h+

k2

k∑
l=0

(
k−l∑
q=0

(
h∑
z=0

(
h−z∑
s=0

wl,h−z−swq,zwk−l−q,s

)))
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+(e0a)
2



+
(
IE + iB0

2(sin(ϕ))2

µp

)
(k + 1)

(k + 2) (k + 3)
(k + 4) (k + 5) (k + 6)wk+6,h

−E


k∑
l=0

k−l∑
q=0

 h∑
z=0

 h−z∑
s=0

(l + 1) (l + 2) (k + 3)wl+3,h−z−s

(q + 1)uq+1,zAk−l−q,s


+1/2

k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

 h∑
j=0

h−j∑
z=0

 h−j−z∑
s=0

(l + 1)wl+1,h−j−z−s (q + 1)

wq+1,j (g + 1)wg+1,zAk−l−q−g,s





+Eα



k∑
l=0

k−l∑
q=0

 h∑
z=0

 h−z∑
s=0

(l + 1) (l + 2) (k + 3)

wl+3,h−z−sTq,zAk−l−q,s


−

k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
s=0

(l + 1)wl+1,h−j−z−s (q + 1)
uq+1,jTg,zAk−l−q−g,s

−1/2
k∑
l=0

k−l∑
q=0

k−l−q∑
p=0

k−l−q−p∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
e=0

h−j−z−e∑
s=0

(l + 1)wl+1,h−j−z−e−s
(q + 1)wq+1,j

(p+ 1)wp+1,zTg,eAk−l−q−p−g,s



+Eα



k∑
l=0

(
k−l∑
q=0

(
h∑
z=0

(
h−z∑
s=0

(l + 1)wl+1,h−z−s (q + 1)Tq+1,zAk−l−q,s

)))
−

k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
s=0

(l + 1)wl+1,h−j−z−s (q + 1)uq+1,j

(g + 1)Tg,zAk−l−q−g,s

−1/2
k∑
l=0

k−l∑
q=0

k−l−q∑
p=0

k−l−q−p∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
e=0

(l + 1)wl+1,h−j−z−e−s (q + 1)
wq+1,j (p+ 1)wp+1,z

(g + 1)Tg+1,eAk−l−q−p−g,s



+Eα



k∑
l=0

k−l∑
q=0

 h∑
z=0

 h−z∑
s=0

(l + 1) (l + 2) (k + 3)wl+3,h−z−sTq,z

(k + 1− l − q)Ak+1−l−q,s


−

k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
s=0

(l + 1)wl+1,h−j−z−s (q + 1)uq+1,j

Tg,z (k + 1− l − q − g)Ak+1−l−q−g,s
−

1/2
k∑
l=0

k−l∑
q=0

k−l−q∑
p=0

k−l−q−p∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
e=0

(l + 1)wl+1,h−j−z−e−s (q + 1)
wq+1,j (p+ 1)wp+1,zTg,e
(k + 1− l − q − p− g)Ak+1−l−q−p−g,s



−Eα



k∑
l=0

k−l∑
q=0

k−l−q∑
p=0

k−l−q−p∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
e=0

(l + 1)wl+1,h−j−z−e−s (q + 1)wq+1,j

(p+ 1) (p+ 2)up+2,zTg,e

(
k + 1− l−
q − p− g

)
Ak+1−l−q−p−g,s

+
k∑
l=0

k−l∑
q=0

k−l−q∑
p=0

k−l−q−p∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
e=0

(l + 1)wl+1,h−j−z−e−s
(q + 1)wq+1,j (p+ 1) (p+ 2)
wp+2,zTg,e (k + 1− l − q − p− g)
Ak+1−l−q−p−g,s


+J5
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+(e0a)
2

m (h+ 1) (h+ 2)wk+2,h+2+(
c+Af σB0

2(cos (ϕ))
2
)

(h+ 1)wk+2,h+1

+2mf (Γ) ξ1
k∑
l=0

(
h∑
s=0

(l + 1)wl+1,h−s+1d (k − l − 1, s)

)
+mf (Γ) ξ2

k∑
l=0

(
h∑
s=0

(l + 1) (l + 2) (l + 3)wl+3,h−sd (k − l − 1, s)

)
+mfΓ2ξ3

k∑
l=0

(
h∑
s=0

(l + 1) (l + 2) (l + 3)wl+3,h−sd (k − l − 1, s)

)
−
(
T0 −G− kp − B0

2(cos(ϕ))2

µp

)
(k + 1) (k + 2)

(l + 3) (l + 4)wk+4,h + (−2δv + 1)
k∑
l=0

k−l∑
q=0

 h∑
z=0

 h−z∑
s=0

(l + 1) (l + 2)

wl+2,h−z−sPq,zAk−l−q,s


+mfΓ2 cos (ϕ) ξ4

k∑
l=0

(
h∑
s=0

(l + 1) (l + 2)wl+2,h−sd (k − l − 2, s)

)
(T0 −G)

k∑
l=0

(
h∑
s=0

(l + 1) (l + 2)ul+2,h−s (k + 1− l)wk+1−l,s

)
+

k∑
l=0

(
h∑
s=0

(l + 1) (l + 2)wl+2,h−s (k + 1− l)uk+1−l,s

)
+3/2

k∑
l=0

k−l∑
q=0

 h∑
z=0

 h−z∑
s=0

(l + 1) (l + 2)wl+2,h−z−s (q + 1)

wq+1,z (k + 1− l − q)wk+1−l−q,s




− (−2δv + 1)

k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

 h∑
j=0

h−j∑
z=0


h−j−z∑
s=0

(l + 1) (l + 2)

ul+2,h−j−z−s (q + 1)wq+1,j

Pg,zAk−l−q−g,s







+
k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

 h∑
j=0

h−j∑
z=0

 h−j−z∑
s=0

(l + 1) (l + 2)wl+2,h−j−z−s

(q + 1)uq+1,jPg,zAk−l−q−g,s


+ 3

3

k∑
l=0

k−l∑
q=0

k−l−q∑
p=0

k−l−q−p∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
e=0

h−j−z−e∑
s=0

 (l + 1) (l + 2)
wl+2,h−j−z−e−s (q + 1)wq+1,j

(p+ 1)wp+1,zPg,eAk−l−q−p−g,s




+J6
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= TDTMtr
(
F + e0a

(
∇2F

))
= TDTMtr

 7∑
ζ=1

cζ (w − wi)
ζ

+ e0a

∇2

 7∑
ζ=1

cζ (w − wi)
ζ
 , (3.32)

Where,

J5 =

−EI





3
k∑
l=0

 h∑
s=0

(l + 1) (l + 2) (l + 3)

(k + 4) (k + 5)ul+5,h−s (k + 1− l) (k + 2− l)wk+2−l,s


+4

k∑
l=0

 h∑
s=0

(l + 1) (l + 2) (l + 3)

(l + 4) (k + 5)wl+5,h−s (k + 1− l) (k + 2− l)uk+2−l,s


+2

k∑
l=0

 h∑
s=0

(l + 1) (l + 2) (l + 3)

(l + 4) (k + 5) (k + 6)wl+6,h−s (k + 1− l)uk+1−l,s


+

k∑
l=0

 h∑
s=0

(l + 1) (l + 2) (l + 3)

(l + 4) (k + 5) (k + 6)ul+6,h−s (k + 1− l)wk+1−l,s





2
k∑
l=0

k−l∑
q=0

 h∑
z=0


h−z∑
s=0

(l + 1) (l + 2) (l + 3)

(l + 4) (k + 5) (k + 6)wl+6,h−z−s
(q + 1)Tq+1,z (k + 1− l − q)wk+1−l−q,s





+8
k∑
l=0

k−l∑
q=0

 h∑
z=0


h−z∑
s=0

(l + 1) (l + 2) (l + 3)

(l + 4) (k + 5)wl+5,h−z−s (q + 1)
(q + 2)wq+2,z (k + 1− l − q)wk+1−l−q,s





+2
k∑
l=0

k−l∑
q=0

 h∑
z=0


h−z∑
s=0

(l + 1) (l + 2) (l + 3) (k + 4)

wl+4,h−z−s (q + 1) (q + 2)wq+2,z

(k + 1− l − q) (k + 2− l − q)wk+2−l−q,s






−E

(
ξ5

k∑
l=0

(
h∑
s=0

(l + 1) (l + 2)wl+2,h−sAk,s

)
+ ξ6Ak,h

)
+

k1

h−z∑
s=0

(l + 1) (l + 2)wk+2,h

+6k2

k∑
l=0

(
k−l∑
q=0

(
h∑
z=0

(
h−z∑
s=0

h−z∑
s=0

(l + 1)wl+1,h−z−s (q + 1)wq+1,zwk−l−q,s

)))

+3k2

k∑
l=0

(
k−l∑
q=0

(
h∑
z=0

(
h−z∑
s=0

h−z∑
s=0

(l + 1) (l + 2)wl+2,h−z−swq,zwk−l−q,s

)))
,

(3.33)
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J6 =

+



3
2

k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
s=0

(l + 1) (l + 2) (l + 3) (l + 4)ul+4,h−j−z−s
(q + 1)wq+1,jEg,zAk−l−q−g,s

+
k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
s=0

(l + 1) (l + 2) (l + 3) (l + 4)wl+4,h−j−z−s
(q + 1)uq+1,jEg,zAk−l−q−g,s

+
k∑
l=0

k−l∑
q=0

k−l−q∑
p=0

k−l−q−p∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
e=0

h−j−z−e∑
s=0

(l + 1) (l + 2)
(l + 3) (l + 4)wl+4,h−j−z−e−s
(q + 1)wq+1,j (p+ 1)
wp+1,zEg,eAk−l−q−p−g,s


(−2δv + 1)


k∑
l=0

k−l∑
q=0

 h∑
z=0

 h−z∑
s=0

(l + 1)wl+1,h−z−s

Pq,zAk−l−q,s

− k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
s=0

(l + 1)wl+1,h−j−z−s
(q + 1)
uq+1,jPg,zAk−l−q−g,s

−1/2
k∑
l=0

k−l∑
q=0

k−l−q∑
p=0

k−l−q−p∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
e=0

h−j−z−e∑
s=0

(l + 1)wl+1,h−j−z−e−s (q + 1)
wq+1,j (p+ 1)wp+1,zPg,eAk−l−q−p−g,s



 ,

(3.34)

For tubes not in contact with fluid (i.e., for N > 1), the fluid velocity transform in the vibration model becomes
nullified.
Similarly, the longitudinal vibration model transforms into;

m (h+ 1) (h+ 2)uk,h+2+

2mf (Γ) ξ1
k∑
l=0

(
h∑
s=0

(l + 1) (l + 2)ul+2,h−s+1d (k − l − 1, s)

)
+mf (Γ) ξ2

k∑
l=0

 h∑
s=0

(l + 1) (l + 2)

(l + 3)ul+3,h−s+1d (k − l − 1, s+ 1)


+mf (Γ) ξ2d (k − 1, h) +mfΓ2ξ1ξ3 (d (k, h) + (h+ 1)uk,h+1)

(T0 −G− EAt)
k∑
l=0

(
h∑
s=0

(l + 1) (l + 2)wl+2,h−s (k + 1− l)w1,s

)
−EAt (k + 1) (k + 2)uk+2,h+

mfΓ2ξ1
2
k∑
l=0

 h∑
s=0

(l + 1) (l + 2)ul+2,h−s+1

d (k − l − 1, s)


− (−2vδ + 1)


k∑
l=0

(
h∑
s=0

(l + 1)Al+1,h−sPk−l,s

)
+

k∑
l=0

(
h∑
s=0

(l + 1)Pl+1,h−sAk−l,s

)


+ (−2vδ + 1)
k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
s=0

(l + 1) (l + 2)wl+2,h−j−z−s
(q + 1)wq+1,jPg,zAk−l−q−g,s

−EAt

(k + 1)uk+1,h + 1/2
k∑
l=0

 h∑
s=0

(l + 1)wl+1,h−s

(k + 1− l)w1,s
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− (−2vδ+1)
2


k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
s=0

(l + 1)wl+1,h−j−z−s (q + 1)wq+1,j

(g + 1)Pg+1,zAk−l−q−g,s

+
k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
s=0

(l + 1)wl+1,h−j−z−s (q + 1)wq+1,j

Pg,z (k + 1− l − q − g)Ak+1−l−q−g,s


+Eα

 k∑
l=0

(
h∑
s=0

(l + 1)Tl+1,h−sAk−l,s

)
+

k∑
l=0

 h∑
s=0

(l + 1)

Al+1,h−sTk−l,s


−Eα

k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
s=0

(l + 1) (l + 2)wl+2,h−j−z−s
(q + 1)wq+1,jTg,z
(k + 1− l − q − g)Ak+1−l−q−g,s

−EI


k∑
l=0

 h∑
s=0

(l + 1) (l + 2)

(l + 3) (l + 4)wl+4,h−s (k + 1− l)wk−2 l+1,s


+

k∑
l=0

 h∑
s=0

(l + 1) (l + 2) (l + 3)wl+3,h−s

(k + 1− l) (k + 2− l)wk+2−l,s
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+(e0a)
2

m (h+ 1) (h+ 2)uk+2,h+2+

2mf (Γ) ξ1
k∑
l=0


h∑
s=0

(l + 1) (l + 2)

(l + 3) (l + 4)
ul+4,h−s+1d (k − l − 1, s)


+mf (Γ) ξ2

k∑
l=0

 h∑
s=0

(l + 1) (l + 2)

(l + 3) (l + 4) (l + 5)ul+5,h−s+1d (k − l − 1, s+ 1)


+mf (Γ) ξ2d (k − 1, h) +mfΓ2ξ1ξ3 (d (k, h) + (h+ 1)uk+2,h+1)

(T0 −G− EAt)
k∑
l=0

(
h∑
s=0

(l + 1) (l + 2) (l + 3) (l + 4)wl+4,h−s (k + 1− l)w1,s

)
−EAt (k + 1) (k + 2) (l + 3) (l + 4)uk+4,h+

mfΓ2ξ1
2
k∑
l=0

(
h∑
s=0

(l + 1) (l + 2) (l + 3) (l + 4)ul+4,h−s+1d (k − l − 1, s)

)

− (−2vδ + 1)


k∑
l=0

(
h∑
s=0

(l + 1) (l + 2) (l + 3)Al+3,h−sPk−l,s

)
+

k∑
l=0

(
h∑
s=0

(l + 1) (l + 2) (l + 3)Pl+3,h−sAk−l,s

)


+ (−2vδ + 1)
k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
s=0

(l + 1) (l + 2)
(l + 3) (l + 4)wl+4,h−j−z−s
(q + 1)wq+1,jPg,zAk−l−q−g,s

−EAt

(k + 1) (l + 2) (l + 3)uk+3,h + 1/2
k∑
l=0


h∑
s=0

(l + 1)

(l + 2)
(l + 3)wl+3,h−s (k + 1− l)w1,s




− (−2vδ+1)
2


k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
s=0

(l + 1)wl+1,h−j−z−s (q + 1)
wq+1,j (g + 1)Pg+1,zAk−l−q−g,s

+
k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
s=0

(l + 1)wl+1,h−j−z−s (q + 1)
wq+1,jPg,z (k + 1− l − q − g)Ak+1−l−q−g,s


+Eα

 k∑
l=0

(
h∑
s=0

(l + 1) (l + 2) (l + 3)Tl+3,h−sAk−l,s

)
+

k∑
l=0

 h∑
s=0

(l + 1) (l + 2)

(l + 3)Al+3,h−sTk−l,s


−Eα

k∑
l=0

k−l∑
q=0

k−l−q∑
g=0

h∑
j=0

h−j∑
z=0

h−j−z∑
s=0

(l + 1) (l + 2)
(l + 3) (l + 4)wl+4,h−j−z−s (q + 1)wq+1,jTg,z
(k + 1− l − q − g)Ak+1−l−q−g,s

−EI


k∑
l=0

 h∑
s=0

(l + 1) (l + 2) (l + 3)

(l + 4) (l + 5) (l + 6)wl+6,h−s (k + 1− l)wk−2 l+1,s


+

k∑
l=0

 h∑
s=0

(l + 1) (l + 2) (l + 3)

(l + 4) (l + 5)wl+5,h−s (k + 1− l) (k + 2− l)wk+2−l,s







= TDTMtr
(
F + e0a

(
∇2F

))
= TDTMtr

 7∑
ζ=1

cζ (w − wi)
ζ

+ e0a

∇2

 7∑
ζ=1

cζ (w − wi)
ζ
 , (3.35)

The transformed pressure model is;
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(h+ 1)Pk,h+1 + ξ1

k∑
l=0

(
h∑
s=0

(l + 1)Pl+1,h−sd (k − l − 1, s)

)
+ ρf a

2 (ξ1d (k, h)− 2v (k + 1)uk+1,h+1)

− 2vρf a
2

(
k∑
l=0

(
h∑
s=0

(l + 1)wl+1,h−s+1 (k + 1− l)wk+1−l,s

)

+ξ1

k∑
l=0

(
h∑
s=0

(l + 1) (l + 2)ul+2,h−sd (k − l − 1, s)

)

+ξ1

k∑
l=0

(
k−l∑
q=0

(
h∑
z=0

(
h−z∑
s=0

(l + 1) (l + 2)wl+2,h−z−s (q + 1)

)
×wq+1,z (k + 1− l − q) d (k − 1− l − q, s))) = 0.

(3.36)

With transformed area model given as;

(h+ 1)ANk,h+1 +
vAt

3/2

(
(k+1)uk+1,h+1+

k∑
l=0

(
h∑

s=0
(l+1)wl+1,h−s+1(k+1−l)wk+1−l,s

))
πH

+e0a

(k + 1) (k + 2)ANk+2,h+1 +
vAt

3/2

(
(k+1)uk+1,h+1+

k∑
l=0

(
h∑

s=0
(l+1)wl+1,h−s+1(k+1−l)wk+1−l,s

))
πH

 = 0.

(3.37)

The above transformed equations are recapitulated for different counter values and boundary conditions using
MAPLE 16. The obtained analytical solutions are summarized as;

w (z, t) =
N∑
k

N∑
h=0

wk,hz
kth k = h = 0, 1, 2, 3, 4, 5, ...

u (z, t) =
N∑
k

N∑
h=0

uk,hz
kth k = h = 0, 1, 2, 3, 4, 5, ...

P (z, t) =
N∑
k

N∑
h=0

Pk,hz
kth k = h = 0, 1, 2, 3, 4, 5, ...

A (z, t) =
N∑
k

N∑
h=0

Ak,hz
kth k = h = 0, 1, 2, 3, 4, 5, ...

(3.38)
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Which in expanded form becomes;

wz,t =



azt7 + azt6 + azt5 + azt4 + azt3 + azt2 + bz3t7 + bz3t6 + bz3t5 + bz3t4 + bz3t3 + bz3t2

−mΓξ1ξ3az
5

60

(
IE + IB0

2(sin(ϕ))2

µp

)−1

− (6ma+2(c+Af σB0
2(cos(ϕ))2)a)z5t

120

(
IE + IB0

2(sin(ϕ))2

µp

)−1

− z
5t2

120

 12ma+ 3
(
c+Af σB0

2(cos (ϕ))
2
)
a−

6
(
T0 −G− kp − B0

2(cos(ϕ))2

µp

)
b+ k1a

(IE + IB0
2(sin(ϕ))2

µp

)−1

− z
5t3

120

 20ma+ 4
(
c+Af σB0

2(cos (ϕ))
2
)
a−

6
(
T0 −G− kp − B0

2(cos(ϕ))2

µp

)
b+ k1a

(IE + IB0
2(sin(ϕ))2

µp

)−1

− z
5t4

120


30ma+ 5

(
c+Af σB0

2(cos (ϕ))
2
)
a−

6
(
T0 −G− kp − B0

2(cos(ϕ))2

µp

)
b+

6 (T0 −G) ba+ k1a

(IE + IB0
2(sin(ϕ))2

µp

)−1

− z
5t5

120


42ma+ 6

(
c+Af σB0

2(cos (ϕ))
2
)
a−

6
(
T0 −G− kp − B0

2(cos(ϕ))2

µp

)
b+

12 (T0 −G) ba+ k1a

(IE + IB0
2(sin(ϕ))2

µp

)−1

− z
5t6

120


56ma+ 7

(
c+Af σB0

2(cos (ϕ))
2
)
a−

6
(
T0 −G− kp − B0

2(cos(ϕ))2

µp

)
b+

(T0 −G)
(
9a2b+ 18ab

)
+ k1a

(iE + iB0
2(sin(ϕ))2

µp

)−1

− z
5t7

120

 72ma+ 8
(
c+Af σB0

2(cos (ϕ))
2
)
a−

6
(
T0 −G− kp − B0

2(cos(ϕ))2

µp

)
b

− (T0−G)
30 baz6t4

(
IE + IB0

2(sin(ϕ))2

µp

)−1

− 1
15 (T0 −G) baz6t5

(
IE + IB0

2(sin(ϕ))2

µp

)−1

− 1
10 (T0 −G) baz6t6

(
IE + IB0

2(sin(ϕ))2

µp

)−1

− 2
15 (T0 −G) baz6t7

(
IE + IB0

2(sin(ϕ))2

µp

)−1
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+(e0a)
2



−maz
5

60

(
IE + IB0

2(sin(ϕ))2

µp

)−1

− (6ma+2(c+Af σB0
2(cos(ϕ))2)a)z5t

120

(
IE + IB0

2(sin(ϕ))2

µp

)−1

− z
5t2

120

 12ma+ 3
(
c+Af σB0

2(cos (ϕ))
2
)
a−

6
(
T0 −G− kp − B0

2(cos(ϕ))2

µp

)
b+ k1a

(IE + IB0
2(sin(ϕ))2

µp

)−1

− z
5t3

120

 20ma+ 4
(
c+Af σB0

2(cos (ϕ))
2
)
a−

6
(
T0 −G− kp − B0

2(cos(ϕ))2

µp

)
b+ k1a

(IE + IB0
2(sin(ϕ))2

µp

)−1

− z
5t4

120


30ma+ 5

(
c+Af σB0

2(cos (ϕ))
2
)
a−

6
(
T0 −G− kp − B0

2(cos(ϕ))2

µp

)
b+

6 (T0 −G) ba+ k1a

(IE + IB0
2(sin(ϕ))2

µp

)−1

− z
5t5

120


42ma+ 6

(
c+Af σB0

2(cos (ϕ))
2
)
a−

6
(
T0 −G− kp − B0

2(cos(ϕ))2

µp

)
b+

12 (T0 −G) ba+ k1a

(IE + IB0
2(sin(ϕ))2

µp

)−1

− z
5t6

120


56ma+ 7

(
c+Af σB0

2(cos (ϕ))
2
)
a−

6
(
T0 −G− kp − B0

2(cos(ϕ))2

µp

)
b+

(T0 −G)
(
9a2b+ 18ab

)
+ k1a

(iE + iB0
2(sin(ϕ))2

µp

)−1

− z
5t7

120

 72ma+ 8
(
c+Af σB0

2(cos (ϕ))
2
)
a−

6
(
T0 −G− kp − B0

2(cos(ϕ))2

µp

)
b

− (T0−G)
30 baz6t4

(
IE + IB0

2(sin(ϕ))2

µp

)−1

− 1
15 (T0 −G) baz6t5

(
iE + iB0

2(sin(ϕ))2

µp

)−1

− 1
10 (T0 −G) baz6t6

(
IE + IB0

2(sin(ϕ))2

µp

)−1


(3.39)

uz,t =



azt5 + azt4 + azt3 + azt2 + bz3t5 + bz3t4 + bz3t3 + bz3t2 + 1/24mfΓ2ξ1ξ3z
4

− 1
24

(
EAtaz

4t2 + EAtaz
4t3 + EAt

(
a+ 1/2a2

)
z4t4

)
− 1

24EAt
(
a2 + a

)
z4t5 +

(
mf (Γ)ξ2

120 + ma
60

)
z5 +

(
mf Γ2ξ1ξ3a

60 + 1
20ma

)
z5t+(

1
40mfΓ2ξ1ξ3a− 1

20EAtb+ 1
10ma

)
z5t2

+
(

1
30mfΓ2ξ1ξ3a− 1

20EAtb+ 1
6ma

)
z5t3

+

( 1
4ma+ 1/24mfΓ2ξ1ξ3a+ 1

20 (T0 −G− EAt) ba
− 1

20EAtb−
EAta

2

120 − 3
10EIb

2

)
z5t4

+

( 7ma
20 + 1

20mfΓ2ξ1ξ3a+ 1
10 (T0 −G− EAt) ba

− 1
20EAtb−

EAta
2

60 − 3
5EIb

2

)
z5t5

−EAtmf Γ2ξ1ξ3z
6

720 +

(
(T0−G−EAt)mf Γ2ξ1ξ3a

720

+EAt
2a
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+(e0a)
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(3.40)

Pz,t =



ct3 + ct2 + P0,1t+ ξp −
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ξ13

+2

 a2bρf vξ1
2 + 4a4ρf v+
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, (3.41)
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ANz,t =
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(3.42)

Where,

ξ1 =
1

(rb − ra)
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+
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+
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and,

ξ3 =



β4 (rb − ra) +
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These analytical solutions are treated using after treatment technique and then used to carry out the parametric
study. The fundamental frequency is attained by generating sets of equations using the natural boundary conditions
derived from Hamilton’s principle. The equations are put in the form described in Equation (3.45);

 Γ11 (ω, β, ψ, e0a,Ha, z, k, EI, ...) Γ12 (ω, β, ψ, e0a,Ha, z, k, EI, ...)

Γ21 (ω, β, ψ, e0a,Ha, z, k, EI, ...) Γ22 (ω, β, ψ, e0a,Ha, z, k, EI, ...)




Λ1

Λ2

 =


FBC1

FBC2

 , (3.45)

Conditioning the determinant of the stability matrix to varnish, the characteristic equation is obtained. This
equation is used to obtain the eigen values of the system under investigation.

4. RESULTS AND DISCUSSION

4.1. The Present Study’s Verifications and Validations. The section presents firstly validations for the novel
thermal-fluidic induced nonlinear vibrations models. This will be accomplished by means of experimental validation
as well as comparison with results from previous studies. A checklist is presented and used to establish the novelty
in the present work Sections 4.1.1-4.1.2. Subsequently, using the developed MATLAB and MAPLE codes, parametric
studies and sensitivity analysis are performed. Then, thermal-fluidic results as well as their impacts on MWCNT
temperature variation, deformation, flow pressure and transverse and longitudinal dynamic responses are presented,
analyzed and discussed Sections 4.1.3-4.1.15.

4.1.1. Verification of the present study with Belhadj et al. (2017). The dimensional fundamental frequency models
in this study are reduced and used to recover that of Belhadj et al. [6] nanotube model with excellent agreements
established as enumerated in Table 3, Table 4, Table 5, Table 6 and Table 7:

Table 3. Comparison of the present study with the exact solution of Belhadj et al. (2017) for pinned-
pinned condition.

Mode 1
Frequency of the Single-walled carbon nanotube (THz)

Length (nm) Belhadj et al. (2017) Present Study

1 0.300 0.300
2 0.211 0.209
3 0.206 0.204
4 0.202 0.202
5 0.201 0.200

Table 4. Comparison of the present study with exact solution of Belhadj et al. (2017) for pinned -
pinned condition.

Mode 2
Frequency of the Single-walled carbon nanotube (THz)

Length (nm) Belhadj et al. (2017) Present Study

1 1.000 1.000
2 0.612 0.614
3 0.409 0.407
4 0.304 0.302
5 0.200 0.200
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Table 5. Comparison of the present study with exact solution of Belhadj et al. (2017) for pinned -
pinned condition.

Mode 3
Frequency of the Single-walled carbon nanotube (THz)

Length (nm) Belhadj et al. (2017) Present Study

1 2.500 2.500
2 1.603 1.601
3 0.707 0.703
4 0.515 0.513
5 0.200 0.200

Table 6. Comparison of the present study with exact solution of Belhadj et al. (2017) for pinned -
pinned condition.

Mode 4
Frequency of the Single-walled carbon nanotube (THz)

Length (nm) Belhadj et al. (2017) Present Study

1 - 4.000
2 - 2.501
3 - 0.912
4 - 0.603
5 - 0.200

Table 7. Comparison of the present study with exact solution of Belhadj et al. (2017) for pinned -
pinned condition.

Mode 5
Frequency of the Single-walled carbon nanotube (THz)

Length (nm) Belhadj et al. (2017) Present Study

1 - 5.000
2 - 4.511
3 - 1.010
4 - 0.821
5 - 0.200

Table 8. Validation table using the Work of Filiz and Aydogdu (2010).

Frequency Parameter
Mode Filiz and Aydogdu (2010) Present Study Percentage error (%)

1 3.132 3.133 0.03192848
2 6.245 6.246 0.01601281
3 9.331 9.333 0.02143393

4.1.2. Validation using the Work of Filiz and Aydogdu (2010). On reducing model in the present study to recover
that of an axial vibration of carbon nanotube using nonlocal elasticity, the Filiz and Aydogdu [14] SWCNT model
is recovered. The obtained relationship for the SWCNT amplitude and length as well as frequency parameters and
mode numbers are then used for validation as depicted in Figure 2 and Table 8 respectively.
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*(a) *(b)

Figure 2. Validation using the Work of Filiz and Aydogdu (2010).

Figure 3. Influence of junction angle on
MWCNT’s stability for linear pre- and
post-bifurcation.

Figure 4. Influence of junction angle on
MWCNT’s stability for Nonlinear pre-
and post-bifurcation

4.1.3. Influence of Junction angle and Mass Ratio on Stability of the MWCNT. Figure 3 and Figure 4
portray the impacts of junction angles on nanotubes’ stability curve. The desired stability parts of the plots are the
parabolic sections which continue to reduce with increasing velocity of flow. These regions denote stable domains. The
critical flow velocity ranges for linear and nonlinear stability analyses are 2.69 to 3.18 and 4.17 to 5.17 respectively.
From the plots, it is evident that nonlinear analysis provides better stability as it provides shorter bifurcation and
regains stability faster before finally passing through the divergence of flutter. Meanwhile, Figure 5 and Figure 6
describe the impacts of mass ratio on both the imaginary and real parts of the nonlinear dimensionless frequency.
These effects are better felt for the higher velocity of flow through the tubes. Figure 5 shows how an increase in
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Figure 5. Effect of mass ratio on
MWCNT stability.

Figure 6. Influence of mass ratio on nan-
otubes’ damping.

mass ratio reduces the system’s stability while Figure 6 symbolizes the required damping for stability. The established
critical value for mass ratio is 0.40 as its continuous augmentation gives synonymous effects when it is lower than 0.40.

Figure 7. Effect of temperature change
on the stability of the MWCNT for linear
Winkler foundation and without magnetic
effect.

Figure 8. Effect of temperature change
on the stability of the MWCNT for Non-
linear Winkler foundation and without
magnetic effect.
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Figure 9. Effect of temperature change
on the stability of the MWCNT for linear
Pasternak foundation and without mag-
netic effect.

Figure 10. Effect of temperature change
on the stability of the MWCNT for Non-
linear Pasternak foundation and without
magnetic effect.

4.1.4. Influence of Temperature Change on Stability of the MWCNT without Magnetic Effect.

Figure 11. Effect of temperature change
on the stability of the MWCNT for linear
Winkler foundation and with magnetic ef-
fect.

Figure 12. Effect of temperature change
on the stability of the MWCNT for Non-
linear Winkler foundation and with mag-
netic effect.

4.1.5. Influence of Temperature Change on Stability of the MWCNT with Magnetic Effect. Figures 7-14 depict the
influences of temperature change on the dimensionless frequency of the MWCNT embedded in Winkler and Pasternak
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Figure 13. Effect of temperature change
on the stability of the MWCNT for linear
Pasternak foundation and with magnetic
effect.

Figure 14. Effect of temperature change
on the stability of the MWCNT for
Nonlinear Pasternak foundation and with
magnetic effect.

foundations with and without magnetic effect. It is observed that the dimensionless frequency and dimensionless
velocity increases with increasing temperature change. When the magnetic effect is considered, the stability of the
CNT increases because the dimensionless frequency of the system reduces for the same flow velocity range as that of
when there is no magnetic effect.

Figure 15. Effect of modal number on
the frequency of the MWCNT.

Figure 16. Effect of pressure on the fre-
quency of the MWCNT.

4.1.6. Effects of Modal Number, Pressure, Foundation and Mass Ratio on Frequency of the MWCNT. Figures 15–16
depict the influence of modal number and flow pressure on the frequency of the MWCNT. A careful study helps
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visualizes the effect of these two important parameters on stability of the CNT. The frequency of CNT which is a
vital parameter in stability study reaches some THz when dimensionalized and continues to increase as the modal
number increases. This astonishing property enables CNT to offer an exceptional optical and mechanical properties
although there is always need to dampen the frequency to an application limit. Furthermore, a synonymous effect is
realized as the induced pressure by the fluid increases. These two parameters as a result of their tremendous effects
on frequency may be used to annul the effect of mass ration when one of them is desired based on the requirement of
the engineering design and applications.

Figure 17. Effect of foundation parame-
ter on the frequency of the MWCNT.

Figure 18. Effect of mass on the fre-
quency of the MWCNT.

Figures 17–18 depict the impact of foundation variable and mass on the excitation frequency of the CNT.

Figure 19. Phase-plane plot for linear vibration. Figure 20. Linear vibration history.

From the plots, it is obvious that an increase in foundation variable or parameter as well as a reduction in the mass
of the carbon nanotube increases its frequency. For both parameters, extreme values should be avoided to prevent
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Figure 21. Phase-plane plot for nonlin-
ear vibration. Figure 22. . Nonlinear vibration history.

Figure 23. Foundation effect for B = 0. Figure 24. Foundation effect for B = 10.

instability for very low values of the foundation parameter and over excitation or resonance for very high values.
Moderate and intelligent choice of the mass of the CNT may also be used to annul the above-mentioned effects. The
corresponding phase plane plots for qualitative stability analyses are presented in Figures 19–30.

4.1.7. Impact of Plug and Fully Coupled Flow Induced Vibration on Transverse Response of the MWCNT..
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Figure 25. Phase-plane with small neg-
ative damping.

Figure 26. Phase-plane with large neg-
ative damping.

Figure 27. Foundation effect on forced
vibration with damping. Figure 28. Mass effect on MWCNT stability.
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Figure 29. Beat phenomenon with mag-
netic effect.

Figure 30. Beat phenomenon without
magnetic effect.

Figure 31. For pinned-pinned support. Figure 32. For clamped-clamped support.

Figure 35. For pinned support. Figure 36. For clamped support.
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Figure 33. For clamped-pinned support. Figure 34. For clamped-free support.

4.1.8. Impact of Plug and Fully Coupled Flow Induced Vibration on Longitudinal Response of the
MWCNT. Figures 31–36 depict the impact of plug and fully coupled flow induced vibration on steady state re-
sponse of the MWCNT for different boundary conditions. The clamped-free support gives the highest steady state
response while clamped-clamped gives the least. In design and practical applications, the plug flow assumption should
be discouraged as it deviates from actual working processes by over 11 percent. This leads to under design and
consequently system’s failure when in contact with real flow dynamics.

Figure 37. : Midpoint Deflection his-
tory of the MWCNT when B = 0.

Figure 38. Midpoint Deflection history
of the MWCNT when B = 1.
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Figure 39. Midpoint Deflection history
of the MWCNT when B = 2.

Figure 40. Midpoint Deflection history
of the MWCNT when B = 4.

4.1.9. Effect of Magnetic Term on Midpoint Deflection History of the MWCNT. Figures 37–38 depict
the effect of magnetic field on the Midpoint Deflection time history of the MWCNT for free and forced vibration.
CNTs under free vibration vibrate with a constant amplitude and natural frequency as shown in Figure 37. When the
magnetic effect is included, the responses begin to damp as the magnetic term increases. Additionally, the inner tube
gives the highest displacement both for free and forced vibration.

Figure 41. Midpoint Deflection history
of the MWCNT when ∆θ = 0.

Figure 42. Midpoint Deflection history
of the MWCNT when ∆θ = 0.5.
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Figure 43. Midpoint Deflection history
of the MWCNT when ∆θ = 1.

Figure 44. Midpoint Deflection history
of the MWCNT when ∆θ = 2.

4.1.10. Effect of Temperature Change on the Deflection of MWCNT. Figures 41–44 show the impact of
temperature change on the Midpoint Deflection time history of the MWCNT for free and forced vibration. An
increase in temperature attenuates the dynamic response of the CNTs for free vibration with negligible effect on
forced vibration. The reason for attenuation in free vibration is because of the reduction in system’s stiffness which
results in frequency reduction. However, this loss in stiffness is augmented by the induced external agent during forced
vibration. The forcing function acts as a restoring agent by increasing the amplitude of damped vibration to the initial
case.

Figure 45. Effect of nanoparticles on ve-
locity profile.

Figure 46. Effect of nanoparticles on
temperature profile.
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Figure 47. Midpoint Deflection history
of the MWCNT when φnp = 0.01.

Figure 48. Midpoint Deflection history
of the MWCNT when φnp = 0.02.

Figure 49. Midpoint Deflection history
of the MWCNT when φnp = 0.03.

Figure 50. Midpoint Deflection history
of the MWCNT when φnp = 0.04.

4.1.11. Effect of Nano-Particles on Thermofluidic and Midpoint Deflection Curve. Figures 45–50 depict
the effect of nanoparticles on the velocity profile, temperature profile and midpoint deflection time history of the
MWCNT for free and forced vibration. An augmentation in volume fraction of nanoparticles decreases the flow profile
owing to the presence of drag introduced by Lorentz force from the magnetic field. However, an opposite impact is
observed on temperature plots as augmentation in volume fraction of nanoparticles increases thermal profiles. As
nanoparticles volume fraction is increased, the dynamic response of the MWCNT begins to attenuate. Although, the
inner tube gives the highest displacement both for free and forced vibration, nanoparticles can generally be used to
dampen vibration.
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Figure 51. Pressure, Velocity and De-
formation Profile without magnetic ter.0

Figure 52. Pressure, Velocity and De-
formation Profile with magnetic term.

4.1.12. Effect of Magnetic Term on Pressure,Velocity and Deformation Profile. Figures 51–52 illustrate
the impact of the magnetic field on pressure, velocity, and deformation profile. When the channel of admittance takes
in nanofluid at high velocity, deformation occurs and the CNT starts to possess expanded and contracted regions.
Contracted regions are formed when the flow is at high velocity and low pressure while expanded domains are as a
result of low flow velocity and high pressure. The magnetic term may however be used to condition the flow pressure
by using the flow velocity. These responses are essential in the design of flow-induced structures and material sizing.

Figure 53. (a) CNT Deflection forφ = 0o, (b) CNT Deflection for φ = 30o.
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Figure 54. (a) CNT Deflection forφ = 45o, (b) CNT Deflection for φ = 60o.

4.1.13. Visualization of CNT Dynamic Response for Different Downstream Angles without Magnetic
Term.

Figure 56. (a) CNT Deflection forφ = 15o, (b) CNT Deflection for φ = 30o.

Figure 55. (a) CNT Deflection forφ = 75o, (b) CNT Deflection for φ = 90o.
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Figure 57. (a) CNT Deflection forφ = 45o, (b) CNT Deflection for φ = 60o.

4.1.14. Visualization of CNT Dynamic Response for Different Downstream Angles with Magnetic Term.

Figure 58. (a) CNT Deflection for φ = 75◦, (b) CNT Deflection for φ = 90◦.
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Figure 59. Shear force Diagram of the
CNT for mode 1.

Figure 60. Shear force Diagram of the
CNT for mode 2.

4.1.15. The Shear Force and Bending Moment of the CNT.. Figures 53–58 and figures 59–62 illustrate three-
dimensional visualization plots of the MWCNTs’ dynamic responses for different junctions without and with magnetic
fields. The absence of a magnetic field generates large deflections at the junctions which is not a desired option
in design due to a reduction in the system’s stability. Figures 65–68 depict the three-dimensional Shear force and
bending moment diagram of the CNT for the first two modes. A critical assessment shows that it is possible to
track the positions of maximum shear and maximum moment for the proper design of the CNT device. The dynamic
analysis is important as it helps in the quick monitoring and adjustment of the CNT during application. Additionally,
the checklists for validation and verification are presented in Table IX. From Table IX, the novelties in the present
study are the consideration of branched MWCNT, the coupling of Navier stokes with vibration as well as the inclusion
of pressure continuity and deformation models.

Figure 61. Bending moment Diagram of
the CNT for mode 1.

Figure 62. Bending moment Diagram of
the CNT for mode 2.
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Figure 63. Checklist for validations and verifications using previous studies
.

5. CONCLUSION

Generalized and Improved Thermal-Nanofluidic Flow Induced Nonlinear Vibrations of Single and Multi-Walled
Branched Nanotubes resting on Elastic Foundations in a Magnetic Environment have been developed. Using the
Euler-Bernoulli theory, Hamilton principle, and nonlocal elasticity theory, fully coupled equations of motion governing
the transverse and longitudinal vibrations of the nanotube have been developed.
Correspondingly, the deformation equation of the nanotubes as well as the pressure variation in the tubes have also
been developed. Furthermore, Navier-Stokes and energy equations for the fluid and nanotube have been successfully
coupled with the vibration models to obtain the relationship between the frequency, displacement of the MWCNT and
the flow velocity, the pressure as well as the temperature of the nanofluid. Our arguments that the use of nonlocal
theories, Navier stoke and energy equations coupled vibration models predict better than the classical approaches
and plug flow assumption method of formulation for CNT was significantly noticed during simulation and parametric
studies. Closed form solutions of the developed coupled systems of nonlinear partial differential equations have been
provided using Galerkin decomposition method, one dimensional and multi-dimensional differential transformation
methods. After treatment techniques have also been considered where necessary in the analytical solutions. With the
aids of the analytical solutions, effects of nonlocal parameter, branched angles, magnetic field, nanoparticles, slip and
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jump conditions, fluid velocity, temperature change, foundation and boundary conditions on the dynamic behaviour
of the branched flow induced nanotubes have been investigated. The results indicated that:

i. Increasing the downstream angle decreases the stability of the system for pre-bifurcation analysis but increases
stability of the system for post bifurcation analysis.

ii. Also, the results obtained from the dynamic behavior of the system indicate that the magnetic effect has an
attenuating or damping effect of about 20% on the system’s response at any mode and for any boundary
condition considered.

iii. Fundamental frequencies of multi-walled carbon nanotubes are about 10% lower than those of single-walled
carbon nanotubes of the same outer diameter.

iv. The Navier-Stokes and energy-coupled vibration models have been compared with that of plug flow-induced
vibration. In design and practical applications, the plug flow assumption should be discouraged as it deviates
from actual working processes by over 11%.

The analytical solutions presented in this study have been found to match with existing analytical, numerical and
experimental results, hence the verification and validation of this work. Furthermore, the contributions of the present
study include:

i. Generalized and improved thermal-nanofluidic flow-induced nonlinear vibrations of single and multi-walled
branched nanotubes resting on elastic foundations in a magnetic environment have been developed. Also, the
work developed a visualization platform using MATLAB for monitoring the dynamic and stability responses
of CNT when excited.

ii. The present study provides better physical insights into the nonlinear thermal-fluidic flow-induced vibration
of both single and multi-walled carbon nanotubes.

iii. The research provided closed-form solutions of the developed coupled systems of nonlinear partial differential
equations. This will serve as a platform for comparisons of results for subsequent numerical analysis and
experimental investigations.

iv. The work established that the magnetic term has over 20% attenuating or damping effect on the dynamic
response of the system.

v. The work established that for optimum design and performance of the flow-induced structure, the use of
T-shaped CNT should be avoided or limited if necessary.

vi. Coupled thermal-fluidic induced vibration of multi-walled CNT for laminar flow has now been found to differ
from the previously assumed plug flow which shows significant error in the previous studies in the literature.
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