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Abstract . 3

The multi-step differential transform method (DTM) adopted from the standard DTM is employed in this case
study to solve a model of the transesterification reaction. The DTM is considered in a sequence of time inter-

vals. The accuracy of the proposed method is confirmed by comparing its results with those of the fourth-order
RungeKutta (RK4) method. In addition, the experimental results are investigated with the Multi-step DTM to
demonstrate the efficiency and effectiveness of these chemical reactions obtained in the laboratory. The present
findings confirmed the effectiveness of using the multi-step DTM in validating the chemical models obtained in
laboratories.
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1. INTRODUCTION

Increasing attention has been paid to renewable energy sources to compensate for the diminishing fossil fuels, growing
oil prices, and the environmental pollution caused by consuming fossil fuels [37, 40]. As a renewable energy source,
biodiesel production is produced through the transesterification of triglyceride as the main component of animal fats
and vegetable oils or through the esterification of free fatty acids with short-chain alcohol, mainly including methanol
[26, 30]. Biodiesel is biodegradable, renewable, environmentally friendly, and non-toxic and these results illustrated
that biodiesel can be utilized in compression-ignition (diesel) engines with little or without modification due to its
adjustable chemical and physical properties [15, 38, 41]. Biodiesel produces much less sulfur dioxide, carbon monoxide,
and unburned hydrocarbons compared to petroleum-based diesel fuel so it has a favorable combustion emission profile
[25, 32]. During the chemical process of transesterification, biodiesel is generated as a result of a reaction between
triglycerides and methanol or ethanol, which yields ethyl or methyl esters of fatty acids and glycerol [27]. Today,
commercial biodiesel is produced in transesterification reactions in which acid or alkaline catalysts are employed
[22]. Transesterification can involve equilibrium reactions in supercritical methanol conditions. This study adopted
the consecutive transesterification reaction as a three-step thoroughly reversible model. Empirical evidence suggests
diolein can be generated through an irreversible reaction between triolein and methanol. Monoolein is also generated
through a reversible reaction between diolein and methanol. Glycerol is ultimately produced through a reversible
reaction between monoolein and methanol. The following equation shows these reactions:

TO + MeOH -5 DO + ME, (1.1)

DO + McOH %\DO + ME, (1.2)
2
k_-

MO + MeOH k:d\GL +ME, (1.3)
3

Received: 07 August 2021 ; Accepted: 26 May 2024.
* Corresponding author. Email: h.rezazadeh@ausmt.ac.ir.

634



CMDE Vol. 13, No. 2, 2025, pp. 634-645 635

accordingly, the kinetics of the transesterification process is expressed as [18]:
dXro 1

- _ by X0 X areom
7 Morron &m0 Xmeon
dXDO MwDO 1
= ki Xt0X — —— ko Xpo X
7 Moro % Moo Xm0 X0reom = =" ko Xpo Xareon
MwDO
k_oXnoX
Monro X Moy 27X moXne,
dX o My nro
= ko XpoXie — k_oXpnoX
dt MwDO X MwMeOH 2ADOAMOH MwME FAMOCME
1 Myno
e ks XmoXmeon + MO X Xaims 1.4
Morreon 3AMOXNMeOH + Mucr, % Murrs 3XAGLAME (1.4)
dXyeon 1
=_ ki XroXyveorn — ——koXpoXmeon — k3 XpoXare
L Morg 1AroXaeon = =" ke XpoXareon 1o Xm0 Xaeon
MwMeOH MwMeOH
k_oXnoX ——— Lk 3 X X
M Myrio X My MOCME N Mycr X My 00 GEOME
dXuE MymE MymE
_ by X760 X are ko X po X are
dt Muro X Mypreon L0 MeOH * Mupo X Mynreon - PO MeOH
MymE
+ ksXyoXneon — k_oXmoXmE — k_3XarXmE,
Myvo X Muwrieon wMO wGL
dXar Muyar
_ ks X 010 X MeoH — ks XonXam,
7 Monto X Murteor 2xmoXueon = k- XarXan

with initial condition:
X710(0) =75, Xpo(0) =0, Xpo0(0)=0, Xneon(0) =23, Xyr(0)=0, Xcr(0)=0, (1.5)

where Mw is defined as the molecular weight of components (for TO, DO, ME, MO, GL, and methanol (MeOH)
are 885, 621, 356, 296.5, 92, and 32 g/mol f respectively). X and t are the component’s content (wt%) and reaction
time (min). The present study employed the DTM to estimate an analytical solution to the system (1.4) with initial

TABLE 1. Constants for the proposed mechanism, wt% the unit.

k kl kQ k_Q kB k—3
g.mol Tmin~T 2.88 440 1.06 12.75 1.95

condition (1.5) in a sequence of time intervals. The proposed technique was referred to as the multi-step DTM. The
DTM introduced by Zhou [43] was developed by other researchers [11, 12, 14, 16, 20, 21, 29]. Despite the shortcomings
of the DTM, its application to a wide range of linear and nonlinear models has yielded promising outcomes in different
scientific fields. The truncated series solution obtained in this study using the DTM did not present the actual behavior
of the problem; rather, it provided a good enough estimate of the exact solution in a very limited area. The multi-step
DTM was therefore developed [33] to improve the method’s accuracy and the convergence rate of the series solution
to ordinary differential equations over a broader area. Applications of this multi-step technique to diverse physics and
engineering problems have been well addressed in literature [13, 19, 24, 28, 31, 36, 42]. Also for more related papers,
we refer the reader to [1-10, 17, 23, 34, 35, 39]. This article was organized as follows in the remaining sections: Section
2 provides an overview of the DTM and its multi-step version. Section 3 applies the method to the model (1.4) with
initial conditions (1.5). Section 4 performs a graphical numerical simulation by comparing the results of the multi-step
method with those of the RK4 method and empirical data. This article is concluded in section 5.

(&)
ENE



636 H. ESFANDIAN, H. REZAZADEH, AND M. REZAZADEH

2. MuLrti-sTEP DTM

Consider a nonlinear system of differential equations:

wl(t) = gl(ta wl(t)v wQ(t)a ey wn(t))a
w2(t) = 92(t7w1(t)a wQ(t)a ceey wn(t))v

(2.1)
wn(t) = gn(ta wl(t)a wZ(t)a EES) wn(t))7
with initial conditions:
in(tO) = Cy, 1= 1, 2, ey N (22)

A solution to the initial-value problem (2.1)-(2.2) is obtained on the interval of [tg, L]. The following finite series can
be used in real-world applications of the DTM to estimate the solution to the initial value problem (2.1)-(2.2) as:

N
w1 (t) ~ ZZ:O Wl(l)(t — to)l,

where W;(1) is the differential transform for w;(¢) and satisfies recurrence relation:

Wil +1) = %Gi(l,Wl(l),Wz(l), WD), i=1,2, . (2.4)

I+

Wi(0) = ¢ and G;(I, Wy (1), Wa(l), ..., Wy, (1)) is the differential transform of function g;(t,ws(t),...,wn(t)) for i =
1,2,...,n. The estimated solution (2.3) is found invalid at large values of t. The initial estimate is therefore modified
through a sequence of sub-intervals with an initial approximation to ensure the solution validity at a large t. Let
[to, L] be categorized into M subintervals of [t,,—1,%m], m = 1,...,M of the same step size h = % by employing
t,, = mh + tg as nodes.The principal idea behind the multi-step DTM is expressed as follows: The initial condition
w;i(tg) = ¢i, © = 1,...,n is used to apply the DTM to Equation (2.1) on [tg,t1] and thus acquire an estimated
solution w; 1,t € [to,t1]. The initial condition, w; m (tm—1), m > 2 is used on the subinterval [t,,_1,%m] to apply
the DTM to Equation (2.1) over [t,,_1,t,]. This process is repeated to generate a sequence of estimated solutions
Wim(t),m=1,...,M,i=1,...,n. The following solution is ultimately obtained by utilizing the multi-step DTM:

wi,l(t) te [t07t1]7
wil®) = :wi,z(t) t € [t1, 1], (2.5)
wi,M(t) te [thlutM]‘

3. NUMERICAL SIMULATION

This section applied the multi-step DTM to the transesterification reactions model.
By substituting:

z1 = Xr0, %2 =Xpo, x3=Xpyo0, T4=XmeoHn, vs5=Xyg, z¢=XgL, (3.1)
in Egs. (1.4) and (1.5), we have:

33:1 = —0.09.1311‘4,

(=)=
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Ty =

—0.0631x124 — 0.1375z224 4 0.00622325,

23 = 0.0656x224 — 0.003x325 — 0.3982374 + 0.014325756,

Ty =

637

(3.2)

—0.0034x124 — 0.00712924 — 0.0432324 + 0.00032325 4+ 0.00162526,

T5 = 0.0362z124 + 0.0789x2x4 + 0.478x324 — 0.00362375 — 0.01732524,

37.6 = 0.1236373.’1?4 — 0.00451’5%6,
where initial condition:

Il(o) = 757 IQ(O) = 07

563(0) = O,

1'4(0) = 233

I’5(O) = 0,

z6(0) = 0. (3.3)

By applying DTM to a nonlinear system of differential Equations (3.2) with initial condition (3.3), the solution of the

Equations (3.2) is given by:

l
(+ DX (1+1) = =0.09 ) Xi(A
A=0

l

)X4(l - >‘)7

l

l

(I+ 1)X2(1+1) = 0.0631 > X1(A)X4(l = A) = 0.1375 > X5(A)Xa(l = A) +0.0062 > X5(\) X5(1 - \),
A

=0
l

A=0

l

A=0
l

(I+1)X5(l+1) = 0.0656 Y~ Xa(A\)X4(l — A) —0.003 > X3(A\)X5(1—A) — 0.398 ) X5(\)Xy(l - N)

A=0
l

+0.0143> " X5(X

A=0
l

A=0

)X6(l = A)

l

A=0

l

(I+ )Xy +1) = —0.0034 >~ X1 (A)Xa(l = A) = 0.0071 Y~ Xp(M)Xy(l = A) = 0.043 Y~ X3(A\)Xa(l = N)

A=0
l

+0.0016 > X3(A

A=0
l

A=0

)XS(Z - /\)a

l

A=0

l

(I+1)X5(0+1) = 0.0362 Y X1(\)Xa(l = A) +0.0789 Y~ Xp(M)Xu(l — A) +0.478 Y X3(A\) Xa(l = N)

l l
—0.0036 Y X5(\)X5(1—A) = 0.0173 > X5(N)Xe(l — ),
A=0 A=0
l l
(I+1)X(l+1) = 0.1236 Y~ X3(\)X4(l — A) = 0.0045 > X5(N) Xg(l — \),
A=0 A=0
with initial condition:
X1(0) =75, X5(0)=0, X35(0)=0, X40)=23, X50)=0, Xg(0)=0. (3.4)

Therefore, according.to DTM the n—term approximations for a linear system of differential Equations (3.2) can be

expressed as:

I = Z Xl(l)tl,
=0

To = Z Xg(l)tl,
=0
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T3 = ZX3(l)tl’
1=0

va =Y Xa(Dt,
1=0

T5 = ZX5(l)tl’
1=0

T — Z Xﬁ(l)tl
=0

In addition, X1 ;(t), X2,i(t), ..., X¢,:(t) which satisfies the following recurrence equations for ¢ = 1, ..., M are obtained

by applying the multi-step method to a linear differential equation system (3.2) with initial conditions (2.3) as:

l
I+ D)X+ 1) ==0.09> " X1;(\)Xyi(l - N),
A=0

l l
(14 1)X2,;(1+1) = 0.0631 Y X1,:(\)Xai(l —A) — 01375 > Xp i(A) Xy (I — \)
A=0 A=0
l
+0.0062 > Xs5:(M)X54(1 - A),
A=0
l l
(I+1)X5:(1 + 1) = 0.0656 Y~ Xo;(A)Xai(l = A) = 0.003 > Xs:(N)X5(1 - A)
A=0 A=0
l l
—0.398> " X3i(M)Xui(l — A) +0.0143 > X5,5(A) Xe.i(l — N),
A=0 A=0
l l
(I + 1) Xai(l+1) = =0.0034 > X1 i(A)Xai(l = A) = 0.0071 Y~ Xa(\) Xui(1 = A)
A=0 A=0

l l
—0.043 ) " X3,(AN)Xai(l = A) +0.0016 > X3:(A)X5,:(1 = \),
A=0 A=0

l l l
(I+ 1) Xs5,4(1+1) =0.0362 > X1:(\)Xai(l = A) +0.0789 Y " Xo (A Xai(l = A) + 0478 " X3,(N)

A=0 A=0 A=0

l l
Xai(l—X) = 0.0036 > X3:(\)X54(1— ) — 0.0173 Y X5,4(\) X4(1 — N),
A=0 A=0

l l
(I+ 1) Xgi(l+1) = 0.1236 Y X3,;(A)Xai(l = A) — 0.0045 Y~ X5,;(A) Xei(1 — V),
A=0 A=0
with initial condition:

X1,:(0) =75 X5,(0)=0, X3,(0)=0, X4;00) =23, X5,0)=0, X¢,(0)=0,

X1,:00) = X1,i-1(ts), X2,i(0) = X1,i—1(ts), X3,i(0) = X1,i-1(¢:),

X4,i(0) = X1 i-1(ti), X5:(0) = X1-1(t:), Xe6.:(0) = Xq-1(:),
fori=1,2,...,M.

(=)=
E)NE
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According to multi-step DTM, the series solution for the system is suggested by:
> Xy (D) t € [0,t1],

1=0

> Xip(D)(t —tr)! t € [t1, 2],

1=0

r, =

n
> X (D)t —ta—1) t€ [tar—1,tml,
=0

3 Xoq ()t t € 0,t],
=0

S Xoo(D)(t —t1)! t € [t1,ta],
To = =0

(3.7)

n

> Xon (1) (t —tar—1)’ t€ [ta—1,tml,
=0

n

> Xe1 (D) t€[0,t1],

=0
n

> Xe2(0)(t — 1) t € [t1,ta],
1‘6 = =0

n

l;)XG’M(l)(t_tM_l)l te [tM—htM}-

4. RESULTS AND DISCUSSION

For the following cases, the tenth term of the solution obtained from the Multi-step DTM with a step size of 0.01
is compared with that of the RK4 method with a step size of At = 0.001. The numerical data obtained from the
multi-step technique, the RK4 method, and experimental results as well as the empirical findings are presented in
Figures 1-5 and Tables 2-5. Results showed that, there is a good harmony between the experimental and predicted
values.

5. CONCLUSION

In this study, we have used multi-step DTM to obtain a numerical solution for the transesterification reaction
model. The obtained findings were compared with empirical data and those obtained from the RK4 method, which
was utilized as a benchmark for the comparisons. Due to the reduced computational burden and high accuracy
achieved by using multi-step DTM, this technique plays a key role in solving a wide range of chemical problems. This
method was directly employed without applying discretization, linearization, and perturbation. All the calculations
were also performed on Maplel3. The results indicated that the multi-step DTM new algorithm increased the interval
of convergence for the series solution. Obviously, the accuracy can be improved when the step size h and the number
of terms in each subinterval K become smaller and larger respectively. This manuscript was shown that the proposed
algorithm is a very accurate and efficient method compared with the RK4 method for both non-chaotic and chaotic
systems. The method worked successfully in handling systems of differential equations directly with a minimum size of
computations and a wide interval of convergence for the series solution. This emphasizes the fact that the Multi-step
DTM applies to many other nonlinear models and its reliable and promising when compared with existing methods.

(&)
ENE
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DTM

® RK4

10

FIGURE 1. Multi-step DTM and RK4 numerical comparisons with experimental results of Xr¢o.

TABLE 2. Multi-step DTM and RK4 numerical comparisons with experimental results of Xro.

t X710,DTM XT10,RK4 X710, exp.
0 75 75 75

1 12.48238 12.48468 8.3665
2 2.86572 2.869497 2.4586
3 0.719085 0.720702 0.7645
4 0.184381 0.184963 0.1152
5 0.047453 0.047647 0.0735
6 0.0122 0.012261 0.0521
7 0.003129 0.003147 0.0476
8 0.0008 0.000806 0.0432
9 0.000204 0.000205 0.0323
10 0.00051 0.00052 0.0303

12

10 P

Content{wt%)
[}

Exp

DO

Time(min)

DTM

® RK4

FiGURE 2. Multi-step DTM and RK4 numerical comparisons with experimental results of Xpo.
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TABLE 3. Multi-step DTM and RK4 numerical comparisons with experimental results of Xpo.

t Xpo,pTMm Xpo,RK4 XDO,eap.
0 0 0 0

1 10.39083 10.39805 9.7898
2 3.51547 3.513418 2.8865
3 1.277603 1.276013 1.3315
4 0.635728 0.635049 0.7186
5 0.457761 0.45752 0.6889
6 0.407457 0.407379 0.6656
7 0.391284 0.391261 0.5986
8 0.384111 0.384105 0.5138
9 0.379316 0.379315 0.4426
10 0.375175 0.375176 0.4022

MO

25

-
«n

Content(wt%)
=

=]
wn

Time(min)

Exp DTM @ RK4

FIGURE 3. Multi-step DTM and RK4 numerical comparisons with experimental results of X ;0.

FIGURE 4.

MeOH

Content(wt%)

Time(min)

Exp DTM @ RKk4

Multi-step DTM and RK4 numerical comparisons with experimental results of Xp;e0m.
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TABLE 4. Multi-step DTM and RK4 numerical comparisons with experimental results of X;0.

t Xnvo,pTm Xnmo,rRK4 XMo0,exp.
0 0 0 0

1 2.298527 2.299983 1.9611
2 1.746371 1.746331 2.3025
3 1.577992 1.577905 1.6164
4 1.522953 1.522914 1.5666
5 1.499349 1.499338 1.5415
6 1.484616 1.484615 1.5223
7 1.472394 1.472397 1.49542
8 1.460928 1.460933 1.4832
9 1.449745 1.44975 1.4565
10 1.438718 1.438723 1.4135

TABLE 5. Multi-step DTM and RK4 numerical comparisons with experimental results of Xycom.

t XnmeoH,DTM XMeOH,RK4 XMeoH, exp.
0 23 23 23
1 17.44057 17.43994 18.18532
2 15.6316 15.63225 16.5054
3 15.17521 15.17558 16.0331
4 15.07588 15.07603 15.9136
5 15.07214 15.07221 15.8758
6 15.09374 15.09377 15.8294
7 15.12187 15.12189 15.765
8 15.15159 15.1516 15.7365
9 15.1816 15.18161 15.5697
10 15.21157 15.21159 15.52365
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FIGURE 5. Multi-step DTM and RK4 numerical comparisons with experimental results of X ;5.

TABLE 6. Multi-step DTM and RK4 numerical comparisons with experimental results of X/p.

3 XME,DTM XME RK4 XME,exp.
0 0 0 0

1 60.70764 60.71485 53.51
2 80.80365 80.79663 68.1
3 86.07713 86.0732 73.59
4 87.43377 87.43219 74.8
) 87.74031 89.73974 75.33
6 87.7676 87.7674 75.61
7 87.72172 87.72164 76.02
8 87.65704 87.65699 76.15
9 87.58774 87.5877 76.58
10 87.51751 87.51748 76.96
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