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Abstract r )

This paper examines a high-dimensional non-linear partial differential equation called the generalized Kadomtsev-
Petviashvili-Benjamin-Bona-Mahony (KP-BBM) equation exists in three dimensions. The Lie symmetry analysis

of the equation is carried out step-by-step. As a result, we found symmetries from which various group-invariant
solutions arise, leading to numerous solutions of interest that satisfy the KP-BBM equation. Secured solutions
of interest include hyperbolic functions and elliptic functions, with the latter being the more general of the two
solutions. Additionally, a significant number of algebraic solutions with arbitrary functions are also obtained.
Furthermore, the dynamics of the solutions are further explored diagrammatically using computer software. In
the concluding section, various conservation laws of the underlying model are derived via the multiplier method
and the Noether theorem.
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1. INTRODUCTION

The world around us is inherently non-linear. Meanwhile, it is evident that non-linear partial differential equations
(NLPDEs) are extensively utilized as models in delineating various complex and non-complex physical phenomena.
One of the basic bottlenecks for these models has to do with the way their traveling wave solutions can be achieved.
Thus, the interest and attention given to find traveling wave solutions of NLPDEs is quite increasing and has now
turned out to be a hot topic for scientists and other various researchers. Lately, many researchers who have a keen
interest in the non-linear physical phenomena delve into examining exact solutions of NLPDEs due to their relevance
in analyzing the outcome of any given model. Therefore, it is essential that the research into closed-form solutions
to NLPDEs serves a very crucial purpose in observing certain physical circumstances. Furthermore, the diversity of
solutions of NLPDEs holds an essential position in a variety of areas of sciences inclusive of optical fibers, chemical
physics, geochemistry, biology, hydrodynamics, chemical kinetics, meteorology, heat flow, plasma physics, together
with electromagnetic theory. Given the aforementioned and for emphasis, having realized that significant scientists
have contemplated non-linear science as the most outstanding borderline for fundamental cognition of nature, we
present some pertinent models that include a 3D generalized non-linear potential Yu-Toda-Sasa-Fukuyama equation
in physics alongside pngineering, recently investigated by the authors in [3]. Moreover, the authors in [7] examined
another generalized NLPDESs called advection-diffusion equation with power law non-linearity in fluid mechanics.
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This generalized equation characterizes buoyancy-propelled plume movement embedded in a medium that is bent
on nature. Further to that, a generalized structure of Korteweg-de Vries-Zakharov-Kuznetsov model in the paper
[27] was investigated. The dilution of warm isentropic fluid alongside cold static framework species together with hot
isothermal, applicable in fluid dynamics was recounted via the use of the model. Besides, an investigation in [17]
was carried out on the modified as well as the generalized Zakharov-Kuznetsov model, delineating the ion-acoustic
meandering solitary waves resident in a magneto-plasma and possessive of electron-positron-ion observable in the
autochthonous universe. This model was utilized in representing dust-magneto-acoustic, ion-acoustic, together with
dust-ion-acoustic waves in the laboratory dusty plasmas. Additionally, the vector bright solitons, alongside their
various interaction attribute related to the coupled Fokas-Lenells system [55] were studied in the given reference. The
femto-second optical pulses embedded in a double-refractive optical fiber, modeled into an NLPDEs, were further
investigated. Furthermore, the Boussinesq-Burgers-type system recounting shallow water waves and also emerging
near ocean beaches and lakes was given attention in the paper [20]. We can continue with the list, but we mention a
few. See more of the applications of NLPDEs in the references [2, 4-6, 811, 16, 18, 34, 44, 47].

Now, having established the fact that no general technique in achieving various exact traveling wave results of
NLPDESs have been found, mathematicians and physicists have come up with some sound, effective, and efficient tech-
niques lately so that the seemingly nagging problem could be nipped in the bud. Some of these techniques include:
bifurcation technique [54], Painlevé expansion [50], homotopy perturbation technique [14], tanh-coth approach [49],
extended homoclinic test approach [15], Cole-Hopf transformation technique [39], Adomian decomposition approach
[46], Béacklund transformation [22], Lie symmetry analysis [36, 38], F-expansion technique [56], rational expansion tech-
nique [53], multiple exp-function method [26], extended simplest equation approach [29], the Kudryashov’s technique
[30], Hirota technique [25], Darboux transformation [32], tanh-function technique [48], the (%)—expansion technique
[43], sine-Gordon equation expansion technique [12], generalized unified technique [37], exponential function technique
[23], and so on and so forth.

In an avenue where the transversal imbalance can be safely disregarded, the Benjamin-Bona-Mahony model
(BBMahM) has been demonstrated as a well-founded conjecture for the unidirectional propagation of long waves
possessing small amplitude. The BBMahM equation reads

Up + Uy + Uy — Ugzy = 0,

where u = u(t,z) is considered in a specified class of real non-periodic functions. The Korteweg-de Vries (KdV)
equation, along with the BBMahM equation, both have the same basis as a conjecture of waves possessing small but
finite amplitude and moderate length. It is argued that the BBMahM equation, which circumvents several problematic
aspects of the KdV equation, is in many ways the preferred model.

In 2005, Wazwaz divulged two structures of BBMahM that were orchestrated in the sense of Kadomtsev-Petviashvili.
These models are commonly referred to as the Kadomtsev-Petviashvili Benjamin-Bona-Mahony (KP-BBM) equation,
which reads [45].

(1 + Vo — p(U?)a — @Wtaa) , + Sthyy =0, (1.1)

and

with constants p, ¢, s,n # 0. The given models (1.1) and (1.2) were examined in [45] where Wazwaz obtained solutions:
periodic, solitons, and compactons, together with solitary patterns via the sin-cos and tan-hyperbolic techniques.
Besides, the finite difference technique of Crank-Nicholson was utilized in securing approximate results [33]. Abdou
in [1] invoked the extended mapping approach to fetch periodic solutions of (1.1) and (1.2). Furthermore, in [40, 41],
the theory of dynamical systems via bifurcation techniques was employed in attaining various traveling waves of the
models. Hoque investigated three types of rogue wave solutions by selecting dissimilar test functions [24]. Recently,
consideration was given to a 3-D KP-BBM model expressed as:

Utz + QUgy + b (Uly), — CUtges + dUyy + eu,, =0, (1.3)

(&)
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with parameters:

a=1L2, b=A/D, c=(DL,/L)*, d=L2, e=L? and L = \/L2 + L2 + L2,

where L., L,, and L, connote wavelengths z, y along with = path, separately. Moreover, u(t, z,y, z) portrays function
of involved wave amplitude, possessing ¢ temporal coordinate alongside propagation distance labeled z, y, and z.
Meanwhile, A stands for the wave amplitude alongside the depth of water D [52].

This equation models fluid movement on an offshore structure [42]. The Kadomtsev-Petviashvili model, whose
emergence in diverse modeling scenarios has been found for non-linear dispersive waves propagating primarily in the
z-axis direction, with fragile dispersive effects running in a parallel direction to the y-axis. Additionally, the movement
navigates normally to the basic direction of propagation, referred to as the Kadomtsev-Petviashvili-Benjamin-Bona-
Mahony model (KP-BBM). Tian [13, 52] obtained breather wave results as well as lump wave outcomes using the
Hirota technique in accordance with symbolic computation. Despite the above, Liu further employed the Hirota
approach to derive the first, second, and third-order rogue wave solutions to (1.3) based on a symbolic computation
approach that does not require a Hirota bilinear structure [31]. Furthermore, in [19], Guo calculated auto-Béacklund
as well as non-auto-Backlund transformations alongside some soliton results for a generalized system of long-wave-
containing-dispersion model and a two-dimensional system of the Boussinesq-Burgers model.

This research paper presents a generalized 3-D KP-BBM model to be investigated [51].

Uty + QUYUzy + BUgUsy — Dlizrs + GUze + Clyy + du,, =0, (1.4)

with non-zero constants «, 8,a, b, ¢, and d. Xie and Li [51] investigated a generalized 3-D KP-BBM model (1.4), in
which they selected u,u, as the non-linear convection term which can be used to connote more dispersive effects.
This ensures the equation possesses more meaningful and functional characteristics than the case of two dimensions.
Moreover, having learned that multiple-order rogue wave solutions comprising breathers with symmetric peaks, as well
as capable of scattering into various kinds of breathers, were yet to be examined for (1.4), the authors in [51] took it
up. Therefore, they searched for such a rogue wave that satisfies Equation (1.4). In addition, the authors engaged in
some variable transformations to reduce the equation and then constructed its bilinear structure derived by potential
transformation. Subsequently, they secured the first, second, third, and fourth-order rogue waves through symbolic
computation. Furthermore, the scattering behaviors of the results are investigated. Comparing their research outcome
to Hoque’s [24] of the two-dimensional case, the soliton gained consists of independent breathers, obviously different
from the multi-lump soliton (that is from first to third order) constructed by Hoque.

However, in this research, we employ the Lie symmetry method to identify all of the related Lie point symmetries
to the model under consideration. Thus, our investigation in the paper is organized as follows: Section 1 presents
the introduction and literature review of the model under study, while section 2 reveals the stepwise procedure in
obtaining the symmetries of KP-BBM (1.4) and then uses them to carry out symmetry reductions. Furthermore,
we obtain some non-linear differential equations (NODE), which are later solved via direct integration alongside the
simplest technique to produce their analytical solutions. Additionally, in section 3, we compute the conservation laws
of the understudy model using the two methods, namely Noether’s theorem and the multiplier method. Thereafter,
concluding remarks are provided.

2. EXACT SOLUTIONS OF (1.4)

This section provides the closed-form solutions of (1.4) by applying Lie group theory.

2.1. Lie point symmetries of KP-BBM model (1.4). Determination of Lie point symmetries related to KP-BBM
(1.4) is first ensured. Thus, the group of symmetries is computed for the model via the vector field

0 0 0 0 0
X—T&-l-f%'f'ﬁ%'f'wafyﬁ‘éﬁ&, (21)
[c )
(0] ¢



CMDE Vol. 13, No. 2, 2025, pp. 682-708 685

with functions 7,&,1,1, and ¢ dependent on ¢, x,y, z along-side u. Therefore, X as given in (2.1) is referred to as a
point symmetry of model (1.4), if we have

xtH=l  =o, (2.2)

with
B = Uy + QUyUgy + QUgy + BUzlizy + Clyy — Dlliggy + du..

In this instance, X[ portrays the fourth extension of X. This can be calculated by invoking the general relation

XVIZ = X + 570/ 0u, + 170/0uy +1"0) Qg + 170Dty + 10Oty + 170 Dt + 150 [t (2.3)
where the (s are defined as
1) — utDy () — uzp Dy (§) — uy Dy () — uz Dy (),
1) — ueDy(7) = ue Dy (&) — uy Dy () — uzDy(¢),
(77) = e Dy(7) = tae Dy(&) = tay Dy (1) — uy= Dy (),
w(nt - uttDw(T) - Uthw(ﬁ) - UtmeW) utth(

Y
N =D,
n'* =D )
N = Da(n") = Ut Do (T) = gz D (§) = Uay Do () — gz Da(),
n
7

(
Y= Dy(n¥) — utyDy(7) — tzyDy(§) — tyy Dy (¥) — uy=Dy(9),
D.(n*) — “tzDZ(T) — Uz D (§) — Uyz D.(¢) —u..D.(¢),

ntrxm = Da:(ntxz) - uttwa:Dw(T) - utwwwa(f) - utwwyDac('(/J) - uthsz(¢)a

with operators D, D,, D;, and D, connoting the complete derivatives written as

D, 8+uta+utta + ug 0 + e
ot ou Ouy ? Oy ’
D 3—# 0 +u 0 +u ti'i‘"‘
Y0z *ou "% Oy  Ouy ’
D, = 88+uyaa +uyyaa +utyaiut+-~, (2.4)
D ZE—FU 2+uti+u i+
=0z *ou = Ouy F Ouy, '

Substituting the respective (’s and decomposing the result on various involved-derivatives of u, furnish the determining
partial differential equations (PDEs)

7,=0, 7, =0, 7, =0, 7, =0, (2.5)
£ =0,6=0&=0 & =0, £ =0, (2.6)
¢y =0, ¢+ =0, ¢ =0, ¢ =0, (2.7)
Yo =0, =0, P =0, ¥, =0, (2.8)
¢ =0, (2.9)
Yy = @2, (2.10)
T = 2¢, (2.11)
N = =z, (2.12)
Ng =0, (2.13)
Nz =0, (2.14)
any +2a¢. = 0. (2.15)
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On solving the determining equations given in (2.5)—(2.15), the infinitesimals of (1.4) are calculated as

T=20t+cs {=c1, p=cazt 3, Y=oyt
2
nz—czu—aaCQy—i—F(t)z—i—H(t).

We invoke the vector field (2.1) to determine Lie point symmetries of Equation (1.4)

0 0 0 0 0 0 0 0
Xl—&, X2—%, Xg—a—y7 X4_$7 X5 2ata —|—o¢ya—+aza—(2ay+au)au 10
0 8 )

2.2. Symmetry reductions and solutions of (1.4). We utilize the secured Lie point symmetries to gain various
exact solutions of (1.4) through symmetry reduction process.

2.2.1. Reductions using G1 = X1 + Xgy. We first take into account the symmetry G; = X7 + Xg. We solve its
Lagrangian system and obtain group invariant calculated as

u(t..y.2) = Q€. ) + [ H(O)dt, where € =2, 5=y, ¢ ==
Inserting the value of u in (1.4), we achieve a NLPDE computed as

aQee + cQuy + aQyQee + PQ:Qey + dQcec = 0. (2.17)
We secure a solution of KP-BBM (1.4) via (2.17) as

u(t,z,y,z) = Az + Ag (Aox + A1y + Aoz + A3) + /H(t)dt, (2.18)
where A; = j =0,...,4 are arbitrary constants. The symmetries of (2.17) are
0 0 0 0 0]
Jl*aig, J2787’I7’ J3*87C7 J4*C%, J5*%7
0 2a 3 2a
=g+ (Srvae) g =g i - (Snva) g

From symmetry generator Jy, we have the invariant Q(&,n,() = E(r,s), r = n and s = {. Using the results, we reduce
(2.17) to cEyy + dEss = 0 and it solves to give

uw(t,z,y,2) = f1 (z — ﬁy) + fa (z + ﬁy) + /H(t)dt. (2.19)

Repeating the same process for Jo, we have invariant Q(&,7n,() = E(r,s), r = £ and s = ( that yields a similar
equation aF,, + dFss = 0 which when solved gives

u(t,z,y,2) = f1 (z — ﬁw) + f2 <z+ ﬁx) + /H(t)dt. (2.20)

Next, we engage J3 and secure Q(&,n,¢) = E(r, s), r = £ and s = 1. Eventually, we transform Equation (2.17) further
to NLPDE

aB.. 4+ cEss + ab By, + ﬂE'rE'rs =0. (221)
The equation then occasions a solution of KP-BBM (1.4) as

’Lt(t7 T, Y, Z) =Cy+ C4 (C()ZE + Cry + 02) + /H(t)dt, (2.22)

(=)=
E)NE
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with arbitrary constants C,k = 0,1,2,3. Lie symmetries admitted by (2.21) are

0 0 0 0 2a 0
L, = 95 LQ:E’ L3:87E’ L4:S(‘33_<as+E> 9E’

L5_’"§+2< s+ B) 68E

We first take a linear combination of L; — L3, whose characteristic equations solve to secure E(r,s) = W(p) + r,
p = s — r. Inserting the result into (2.21), we have

aW"(p) + W (p) — BW" (p) + aW'(p)W" (p) + BW' (p)W" (p) = 0. (2.23)
Solving the nonlinear ordinary differential equation (NORDE) (2.23), we get
uleO—i—x—ai/B(a—i—c— y—x) /H (2.24)
=By+z+ Tﬁ {B—a—c+ VB2 + a2 + 2 —2aB, +Qo} (y —x) +/H(t)dt, (2.25)
1
=Cy+zx— Tﬂ{a*ﬂJchr \/ﬂ2+a2+62 —20432+Qo} (yf:c)Jr/H(t)dt, (2.26)

which are the solutions of (1.4), with Q¢ = 2ac — 2By — 2af — 2f¢ as well as Ay, By, and Cj arbitrary constants.
Now, we make do with L; and so we have invariant E(r,s) = -= (aW(p) +r) — as®, where p = r. Putting this in
(2.21) purveys NORDE

2cW (p) = BW'(p)? — aW (p)W" (p) = 0, (2.27)

which solves to give the integral relation which we present as

W (p)
/ "y o+ 28 dw—p—Cy =0, (2.28)
0 \/(oz +28) {4cw + exp (£ [In (w=28Cp) + 2in)) }

where constants Cp and C are arbitrary. Lastly under J3, we consider L; which furnishes E(r, s) = = (ar?W(p) — as),
p = s. Thus we have a transformed NORDE
W (p) +2aW (p)W'(p) + 48W (p)W'(p) = 0, (2.29)
which solves to produce a solution of Equation (1.4) as
26)C C
u(t, z,y,2) =2 {m tanh (y—i_cl vel(a+25) Co) } - %y + /H(t)dt, (2.30)

where constants Cy and C are arbitrary. On invoking J = J; + J2 + - -+ + J5 and adopting the usual procedure, we
have a more condensed NLPDE furnished as

Eyr — BB + cErr + @B By + BE By + 208, Eys + BEErs + abB, Egs + dEs
+ BEsE,, — BsE., + BEsE.s — BsE.s — aE, +2aE,s — fE,s + aFss —a = 0. (2.31)

Equation (2.31) produces the four Lie symmetries which we present as

1122 Igzi Igzg—FSi 142(27’-1-18)8

or’ OE’ ds OB’ 3 or
T (B((s* = s +4B)a+2(r - s)(a + d)) — 2ads) 2
ds ' 3ap dE

We linearly combine Lie generators I, I and I3. So we secure invariant

1
E(r,s) = 757*2 +rs+r+W(p), withp=s—r. (2.32)
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On using (2.32) in (2.31), we achieve an ordinary differential equation (ORDE) ¢W”(p) + dW" (p) — ¢ = 0. Solving
the equation gives a solution of (1.4) as

Q(Cid){d((?(z —x) =20 +2)(y — x) — (y — 2)? + 2C1 (2 — x)

+205) —2{(01 —1)(y—z)— %(z—x)z —Cy(z - 2) —02}}

u(t, @y, z) =

1
- 53;2 +az+x+ /H(t)dt. (2.33)

Now, we engage I, and consequently achieve the invariant

QE,n, () = of {204554/3W( ) + afBs® — 2afBr + 2aBs + 2as

r—S

+ 4ads — 2Bdr + 2,6’ds}, where p = 7 (2.34)
s

Hence, using the achieved relation (2.34) in Equation (2.31), we gain
9" (p) + 9dW" (p) + 4ap® W' (p)W" (p) + 4Bp* W' (p)W" (p) — 6apW’ (p)*
— 4B8pW' (p)? — 8B8pW (D)W (p) + 4apW (p)W' (p) + 8BW (p)W' (p) + 9d = 0. (2.35)

It is now the turn of Jg whose invariant gives Q(§,7,¢) = é (a§2E(r, s) — an), r =7 and s = (. On lodging the new
function in (2.17) one achieves the reduced NLPDE

¢Eyy + dEss + 2aEE, + 48EE, = 0. (2.36)

In this case, we secure a solution of (1.4) in this regard as

B? +dB
u(t,z,y,z) = {6(4'25) tanh (B1y + Baz + BO)} - gy + /H(t)dt, (2.37)
where constants By and By are arbitrary. Besides, (2.36) admits Lie symmetries
0 0 0 0 0
L= , Lo = , Lsy=s—~+r——F

ar ds ds  Or OE’
Exploring L = ¢oLy + ¢1 Lo furnishes E(r,s) = W(p), where p = s — (¢1/co) r. Putting the new function into (2.36)
we secure the second order NORDE

2acoe; W (p)W (p) + 4Bcoci W ()W (p) — cc2W (p) — cadW” (p) = 0. (2.38)
Consequently, solution to KP-BBM (1.4) in this instance purveys
A A a
2 0 0 o e
u(t,z,y,2) =x {c001 TR tan ((cc? T dD) [Ag + 2z — (e1/co) y}) } oY + /H(t)dt, (2.39)

with Ag = \/coclAl (a+208) (cc? 4+ dc?) and arbitrary constants Ay and A;. In the case of L3, we have invariant
E(r,s) = %W(p), where p = s/r. Substituting the new relation in (2.36), we compute a reduced form of Equation
(1.4) as

4epW' (p) + 2¢W (p) + dW" (p) — 2apW (p)W' (p ) — 4BpW (p)W'(p) + cp*W" (p) — 2aW’ (p)* — 48W'(p)* = 0. (2.40)

Flnally, in the case of J7, we have Q(&,1,() = (aE(r s) — an2), r =n and s = (/n. Putting the current function
n (2.36), one achieves the NLPDE
2cE + dEys — BE? — asE E,, — fsE,Ey.s + 4csE, + c¢s’Eys — aEE,, = 0. (2.41)

In this instance, we achieve the solution to KP-BBM (1.4) as

u(t, @y, z) = ; {fl(a:)fz <>} - fy + /H (2.42)

(=)=
E)NE
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Additionally, one secures two symmetries of (2.41) as I} = 9, and Iy = r0, + 2E9g. Combining the two symmetry

generators linearly gives the invariant E(r,s) = (14 r)> W(p), where p = s. Using the relation reduces (2.41) to
NORDE

4BW (p)? + 2apW (p)W' (p) — 4cpW’ (p) — dW" (p) + 48pW (p)W' (p)

—2cW (p) — cp*W" (p) + 2aW'(p)? =0 (2.43)

2.2.2. Reductions of (1.4) using Go = X2 + Xp. Now, we explore Go = X5 + Xp in order to reduce (1.4) and so Go
gives invariant

Inserting the new relation in KP-BBM (1.4) gives the partial differential equation (PADE)

Qun + dQcc + CF(t) = 0. (2.44)
Consequently, we obtain two possible solutions of KP-BBM (1.4) as
u(t, @y, 2) = fi(t) + f2(y) + f3(2) + 2F (1), (2.45a)
1 1 — 1
u(t, @,y,z) = cdAq {CdHl (2?/ - 2\/6%) +cd Ha (z + CCdZ/) —ng (c2® + dy?) z} F'(t) + zzF (t),

where constant Ay as well as functions f(t), f2(t), f3(2), H1(t), and Ha(t) are arbitrary with the functions depending
on their various arguments.

2.2.3. Reductions of (1.4) using Gs3 = X3 + Xpg. In this part of the reduction task, we compute the invariant of
G3 = X3+ Xy as
u(t,z,y,z) = yH(t) + Q(§,n. (), where { =t, n =1z, (= =z.

Inserting the new value of u(t,z,y, z) in (1.4) furnishes equation

Qen + aH (8)Qny — bQeymy + aQuy + dQc¢ = 0. (2.46)

Eventually, one succeeds in obtaining two solutions of KP-BBM (1.4) here as
1
u(t,z,y,2) = fi(t) + fa(2) — 2x(2acl /H(t)dt + 2acit + 2degt — crx — 2A1 — 2A2), (2.47a)

1 1
u(t,z,y,2) =H({t)y + f3(t) + 563562 + (By — acgt — degt) x + §C4z2 + Biz+ Ba(x 4+ 1) — acsx / H(t)dt,

where constants ¢;,j = 1,2,3,4 and A;, B;,7 = 1,2 as well as functions fi,k = 1,2, 3, depending on their arguments
are all arbitrary. Now in order to have more interesting solutions of (1.4), we take a special case of (2.46) with
H(t) = 1. Therefore, we obtain four symmetries of model (1.4) which are explicated as

0 0 0 0
Ji= o Jo= s = = Ji= Qo
1 aé.a 2 6777 3 4 Q
We take a look at J; and so we achieve invariant Q(&,n,¢) = E(r,s), r =1, and s = (. Plugging the new function in
(2.46) gives (a + «) By + dEss = 0, yielding

u(t,x,y,z) = y+f1 (Z - \/ a:—dOé 1') +f2 <Z+ a:'_da (E) s (248)

with arbitrary functions f; and fo. In the case of Jo, Q(&,n,() = E(r,s), r = &, and s = ¢ which reduces (1.4) to
Ess = 0. Thus, we have a solution of KP-BBM (1.4) as

u(t,z,y,2) =y + 2f3(t) + fa(t), (2.49)
[c [m]
(o] ¢ ]
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where f3(t) and f,(t) are arbitrary functions of ¢. Next, we look at Js;. Hence, we have Q(&,n,() = E(r,s), r = &,
and s = 7. Invoking the new function in (2.46) yields the NLPDE expressed as

Es+aFEs —bE g5 +aEss = 0. (2.50)
We secure a solution of KP-BBM model (1.4) in this instance as

_ 1 1 5 9 9 a [0
u(t,m,y,2) = y+ f5(t) + Al{COCl exp <clt + {21)61 \/4bc1 +a? 4+ 2a0 + —’Tbcl + 2bcl} x>

1 a o
t— |\ J4b2 +a? + 200+ a2+ 4 & 251
+ CoCy exp <c1 [chl\/ 2 + a2 +2aa+a +2bcl+2bcl]x> } (2.51)

with Ay = ﬁ+ﬁ+ﬁ \/4bc? + a2 + 2aa + a2 and arbitrary constants c;, Co, C1, Cy as well as function f5(¢) which
is depending on ¢. We consider symmetry L = ¢od, + ¢105 of Equation (2.50) which yields invariant E(r,s) = W(p),
where p = s — (¢1/co) r. Inserting the new function into (2.50) we secure the second order NORDE

acoW" (p) + acoW" (p) + bey W' (p) — e; W (p) = 0. (2.52)

Solving the obtained Equation (2.52), we achieve a solution of (1.4) as

u(t,@,y,z) = Aosin< actac = [x— <Cl) t]) —I—Alcos< ac + acy — &1

bCl Co bCl
9 [x - (1> tD A [m - (1) t] Lyt A, (2.53)
Co Co
where constants A;,j = 0, 1,2, 3 are arbitrary. We contemplate linear combinations of Jy,...,Js as J = agJ1 +a1J2+
asJs + Jy, thereby furnishing the invariant
1 a az
Q(&n,¢) = exp (5) E(r,s), r=mn— <1> §, and s =( — () 3 (2.54)
ao ag ao
Exchanging the function with that obtainable in (2.46) produces
Er + aOdEss + aaOErr + aaOErr - alErr - a2Ers - bErrr + alerrrr + QQbErr'rs - 0 (255)
Application of Lie theoretic approach to (2.55) purveys four Lie symmetries
0 0 9] 0
Il_ 57 -[2_%) I3_87E7 I4_E37E

From symmetry generators I, I, and I5, we obtain E(r,s) = exp (%7‘) W (p), where p = s — (ETI,) r and the obtained

result further reduces (2.55) to equation

aaocaW (p) + aagciW (p) — arciciW” (p) + agcies W (p) — darbcs W (p)

+ 6ba1 AW (p) — 3bco AW (p) 4 2a1c2ei W' (p) — 4baici W (p) + bagco W' (p)

+ 3bcoer W (p) + dagc W' (p) + barciW"" (p) — azci W' (p) — cher W' (p)

— a1EW (p) + a1bW (p) — beoW (p) + caW (p) + aaoci AW (p) + aagcd W (p)

— asbeociW"" (p) — 2aaocier W (p) — 2aaocier W' (p) + Basbeoci W (p)

+ beoSW! (p) — 3agbeoes W (p) = 0. (2.56)
Finally, we consider I = voly 4+ v1ls + I3 + 14, and so we have invariant E(r,s) = exp (ir) W(p) — 1, where
p=s— (Z—;) r. Using the relation reduces Equation (2.55) to NORDE

aagg W (p) + aagvaW (p) — a1v3viW” (p) + agvdi W (p) — 4a, b3 W (p)

+ 6ba W (p) — 3bugiW" (p) + 2a1v311 W' (p) — 4bayvy W' (p) + bazro W (p)

(=)=
E)NE
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+ 3bron W (p) + dagvgW” (p) + barviW" (p) — agvgW' (p) — v W' (p)

— a1 W (p) + a1bW (p) — boW (p) + vaW (p) + aaovaviW” (p) + aagvaviW” (p)

— agbrovW" (p) — 2aaovagy W' (p) — 20cagv@y W' (p) + 3axbrovi W™ (p)

+ bW (p) — 3azbvory W (p) = 0. (2.57)

2.2.4. Reductions of (1.4) using G4 = X4 + Xp. Now, we focus on symmetry generator G4 = X4 + Xp. We then
solve the related characteristic equation and get the mathematical relation

u(t,z,y,2) = Q(&,n, () + *zzF( t), where { =t, n==x, (=y.

Substituting the value of u here in (1.4), we achieve a NLPDE calculated as

Qen + aQuy + Q¢ + aQcQuy + BQnQn¢ — bQeynn + dF (1) = 0. (2.58)
Thus, we obtain two solutions of KP-BBM (1.4) via (2.58) as
c Qaca d a 1,
= - = = ) — —yF(t) — —y + =22F(t t 2.
ult,,2) = file) = o exp (=72y) folt) = ow (1) =yt 52 () + fold), (2:592)
1 1
u(t,z,y,z) = 5 {(aczzQ — 2dy) F(t) — 2c; {ay —afy(t) — 50[02:132 —a (Crz + Cy)
QCo
(676
— 2cexp (—Ty) f5(t)} , (2.59b)
with constant Ci,Cs, and cp as well as fi(z) and f;(¢),j = 2,...,5, arbitrary functions depending on x and ¢

respectively. Moreover, in order to obtain more results of interest for (1.4) using G4, we adopt the same assumption
as earlier done in the case of G3. As a result, we have three symmetry generators given as

0 0 0 0 0 0
F RO L, =2y B2,
Ji = (’9§+ 1(5)662 Jo = 377+ 2(5)(9@, J3 8C+ 3(5)862
We take F;(€) =0,4,1,2,3 and so, following the usual steps we obtain for Jy, invariant Q(§,n,¢) = E(r, s), r =n and
s = ¢, which reduces NLPDE (2.58) to

aE,. +cE;s+aEE,., +BE.E.s +d=0. (2.60)

Consequently, we secure a solution of (1.4) in this situation as
1

u(t,x,y,z) = 522 —|—f1($) +f2(y) (261)

Besides, we compute the symmetries admitted by (2.60) as
0 0] 0] 3 0 0 0
=2 L=< 0y=-2 andL 742 ( 2E) .
e T ey BT e MMM T e Tl TGP BE

€1

We take a look at L = e; Ly + eaLa + L and so we achieve invariant E(r, s) = E (e1W(p) +r), where p = s — (@> T
Substituting the function in (2.60) purveys

aezW" (p) + ce2W" (p) — BeaW” (p) + ae3W' (p)W" (p) + Be3W' (p)W" (p) + de? = 0. (2.62)
Integration of Equation (2.62) yields the relation

1
- 2,2 _ _
/HFE% @t B {Beg 062 + \/B e3 — 2Bcetes — 2Bdetesp + Ql} dp + Ao, (2.63)

where both Ay and A; are integration constants with Q; = c%ef — 2a8e3 + 2ace?e3 + a’ei — 2adede3p — 2A, Bde?el —
2A1ade3el. Now, we explore Ly and as we usual do, following a certain known procedure, we obtain E(r,s) =
i (ar4/3W(p) — as), where p = —7. Invoking the new result in (2.60) gives us the second order NORDE

9eW" (p) + 8BW (p)W'(p) + 4aW (p)W' (p) — 48pW' (p)* — 6apW’ (p)*

(&)
ENE
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— 88pW (p)W" (p) + 48p° W' (p)W" (p) + 4ap® W' (p)W" (p) + 9d = 0. (2.64)

Next, we do Ja so Q(&,1,¢) = E(r,s), r = £ and s = (, thus reducing NLPDE (2.58) to cEs + d = 0. We solve the
equation and get a solution of (1.4) as

1 d
u(t, @,y,z) = 522 - %yQ + fit)y + f2(1). (2.65)
For J3, we have Q(&,n,¢) = E(r,s), r = £ and s = n, thus reducing (1.4) to
Eypy — bEpgss +aByy +d = 0. (2.66)

We solve the linear partial differential equation (LNPADE) (2.66) and get

1 1 1
U(t,l’,y, Z) = 522 + f(t) + AQ{BOBl exXp (Clt + |:2b61 + Wcl 02 + 4bC%:| CE)
a 1 d dB,
+ ByBsexp <clt + {qu e ——\/a® + 4bcl} > } - %:ﬁ - a—BOx, (2.67)

with Ay = 21?71"_% \/a? + 4bc?, arbitrary constants c1, By, B1, B2 and function f(t) which is depending on ¢. Further,
(2.66) admits the symmetries calculated as

0 0 d 0
Il— 5, IQ—%, andfg— (28 +E> aE

Firstly, we do I = egl; + e115 so we get E(r,s) = W(p), where p = s — (z—;) r. Substituting the expression of E(r, s)
n (2.66), we have the fourth order ORDE

aeoW" (p) — esW" (p) + bexW"" (p) + deg = 0, (2.68)
which solves to yield a solution of KP-BBM (1.4) as

— 1 2 _ 1 aeg — e1
u(t,z,y,2) = 57 p— {Cob€1 sin (\/T [ ( ) :|>
el () - (1)

Oy {x - (?) t} N (2.69)
0
where constants Ci,j = 0,1, 2 3,4 are arbitrary. Now, we combine the three symmetries and obtain an invariant
E(r,s) = 5= (2ae"W (p) — ds® — 2ds — 2d), where p = s — r. Invoking the new function in (2.66), gives the linear
ORDE (LORDE)
W' (p) — W"(p) + aW" (p) — bW" (p) + bW"" (p) = 0. (2.70)

Now, we consider J = J; + J2 + J3 so we have invariant Q(&,n,¢) = E(r,s), r =n— <Z—é> Eand s =(— (Z—f}) &, which
transforms NLPDE (2.58) to

aocEss — a1 By — asEyg + aagEry + aaoEgE, + BagErErs + a1bE prr + a3bE s + agd = 0. (2.71)
Therefore, we calculate the translation symmetries admitted by (2.71) as
2, L2:%, and L3 = aaE
We consider L = egLy + €1 L2 + L3 so we achieve invariant FE(r,s) = i (eoW(p) + 1), where p = s — (2—;) r. Putting
the function in (2.71) gives

aseses W (p) — aregetW’ (p) — agedel W (p) + aageies W' (p)W" (p)
an
Ba

L, =
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+ aapedei W (p) + cagegW" (p) + arbeiW"" (p) — azbegeiW"” (p)

+ Bageae W' (p)W” (p) + apegd = 0. (2.72)
2.2.5. Reductions of (1.4) using G5 = X5. Finally, we explore G5 = X5 in order to reduce (1.4) so we have invariant
1 Y z
u(t, x, ,z:—(a 1, fa\/i),where =z, n=-" (= —.
(y)m/E Q&,n,¢) —ay 3 n\/%C\/IE
Inserting the new relation in KP-BBM (1.4) gives the PADE
2¢Quy + 2dQ¢c — (Qec — Q¢ +20QQee + 26QeQen — NQen + bQeee + b(Qeeec + NQeeen = 0. (2.73)
Thus, Lie symmetry analysis of NLPDE (2.73) yields three symmetries
0 0 0
Py N
LS00 2T o BT a0

We examine J; and get invariant Q(§,n,¢) = E(r,s), r = n and s = {, which reduces (1.4) to 2cE,.. + 2dEss = 0.
Solving the PADE yields a solution of (1.4) as

u(t,,y,z) = a\[{ lfl (\[— \/331) + f2 (\%r\/?y)] —ay\/f}, (2.74)

where f1 and f5 are arbitrary functions. We study linear combination of the translation symmetries and get Q(&,n,¢) =
E(r,s)+&C+&, r=mnand s = (. On applying the function in (1.4), we have 2¢E,.. + 2dFEss — 2s — 1 = 0, which solves
to give the solution of (1.4)

““’x’y’z)‘f{ﬁ( 2Vi z¢c—7\f)+f2(2+i@%)—8;m
x<z+my> <1y c Z>1<Z+imyt>

N Vit 2Vi avdvi) i \Vi ;
2

(L e Y L ( s L)

<;\yf 2\/0—@;%)}_2‘””(;%“)’ (2.75)

where f; and f, are arbitrary functions of their respective arguments. Further exploration gives no results of impor-
tance.
Case 1. We contemplate the translation symmetries X1, X5, X3 together with X, combination, achieved as

X:X1+X2+X3+,U,X47

where p is a constant. From the linear combination we get the invariants ¢ =y — t, k = z — ut p = = — ¢, which yield
group invariant result viz; G(p, ¢, k) = u(t, x,y, z). This further transforms (1.4) to the NLPDE

aGpp — pGrp — Gpg + BGpGpg + buGpppi + @GqGpp + bGpppg + bGpppp — Gpp + ¢Ggq + dGri = 0. (2.76)

Equation (2.76) have five symmetries namely,

0 0 0 0 0
1—‘1:—,1—‘2:—,1—‘3:%,1—‘4:%71—‘5:]&‘@.

Similarly, characteristic equations from combination of translation symmetries yield,

F:F1+F2+7F3,

with v # 0 a constant. This provides the invariant solutions: g =k —~p f = ¢—p, and U(f,g) = G(p, q, k). Equation
(2.76) reduces to

20U Uy + o UsUgg + BYUUsg + BYUUsf 4 By°UgUsg — 3bpyUs pgg (2.77)

(&)
ENE
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- 3le2Ufggg - bﬂ’Y?’Ugggg - 72Ugg +1Uypg +aUsp —YUgpg + cUsp + dUgq

+ b'74Ugggg + a'VZUgg + BUsUsp + 2avUsg + pyUgg + aUpUsp + 3b72Uffgg

+0Ugspq + 307 Usggg — bnUspg = 0.
Equation (2.77) gives three symmetries, namely
0 0 0

R1:a7R2:Fg,R3:%.

Furthermore, combination of R; + 6 Ry, where 6 is a constant gives invariant solution g — 0f = r, and H(r) = U(f, g).

Finally, invoking H(r) = U(f, g) into (2.77), transforms the NLNPADE to an NODE

20v0°H'H" — ay*0H'H" + 28~v6°H'H" — p~v*0H'H" — 3buny0*H'""
+ 30y 0H"" — by H"' — 4?H" — nfH" + 0 6*°H" +~v0H" + c0*H"
+dH" + b0y*H" + ay?*H" — BO3H'H" — 2av0H" + pyH" — 00> H'H"
+30720°H"" — by0*H"" — 3020 H"" + bud>*H""' = 0.
Equation (2.78) simplifies into
(2070 — ay?0 + 28~6? — Bv*0 — 303 — b )H'H"
+ (ay?® + py — 2070 +a0* +d — 7> — pb +~+0 + co*)H"
+ (by* + 3buy?0 — buy® — 3bu0? + 30726% — by0> — 36730 + bud® H'""
Hence, we then have
RH" +PH' H" + QH" =0,
in which
P = 20v6% — ay?0 + 26v6% — B~%0 — B — ab?,
Q=uav?—2ay0 + py+d—~*— pb + ab* +~v0 + c6?,
R = by* + 3buy?0 — bury® — 3buy0? + 307202 — by0> — 3bv30 + bub®.

=0.

(2.78)

(2.79)

(2.80)

2.3. Solution of KP-BBM (1.4) using direct integration. This section seeks to reveal the approach to securing
the general solution of the KP-BBM Equations (1.4) by examining NODE (2.80). Integrating (2.80) regarding r yields

P

§Hl2+QH/+RH/N+KO:O,

with Ky an arbitrary integration constant. Suppose ®(r) = H'(r), then (2.81) becomes

2@2 + Q% + RP" + Ko = 0.
To perform the integration of (2.82), we multiply it first by ®'(r) to get
P

5@2@’ + QPP + RIP"D' + K@ = 0.

Integrating (2.83) with respect to r gives
R P Q

—P? 4+ PP+ 2P+ KyP+ K, =0
5 + 5 + 5 + KoP + 11 )
where K is an arbitrary constant. Then,
P Q 2 2
P? 4 P34 =P+ — KPP+ —K; =0.
+ R + R + R0 + R

(=)=
E)NE

(2.81)

(2.82)

(2.83)

(2.84)

(2.85)
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Suppose that my, mg and mg are real roots (m; > me > mg) of a cubic equation

3Q 6
o3+ 22024 Sgaor Ope = =0. 2.86
+ 5 S Ko® o+ 2K (2.86)
and satisfies the conditions
3
mi1Momg = —EKl, mymg + mymg + momg = EKO, mp + me + mg = —g.
Then equation (2.85) is written as
%=~ D@ ) (@ mo) (@ m),
and has the solution
B(r) = ma + (my — ma)en? { Pl —m) () Kz} g mome 257

with 79 a constant as well as cn denoting the Jacobi cosine function. Thus by retro-grading to the fundamental
variables, one gains the result of KP-BBM (1.4) as [28§]

. 1- K*
u(t,z,y,z) = Qo [EllipticE {sn(Q1(r — ro), K?), K*}] + {mg — (mg — mg) 7l } X (r—ro)+k, (2.88)
where
12R(my — m1 m2
Qo = (my — mg)PKS’ Q=

where we have an integration constant kq, and variable r = (y — p)t + (8 — v)x — 0y + z, while EllipticE[r,k] depicts
the incomplete elliptic integral [21, 28].

2.4. Analytic solutions of (1.4) via simplest equation approach. The simplest equation approach is engaged
in this subsection in solving the NODE (2.80).

2.4.1. Solutions of (1.4) via the Riccati equation as the simplest equation. Balancing procedure furnishes term M = 1.
Then solutions of (2.80) purvey the form,

H(r)=ag+ a1Y(r).
Putting this secured value of H(r) into (2.80), also invoking Riccati equation, secures the system calculated in terms
of ag, ay:

Aar’1? +12Caql* = 0,

Aai2?m +12CaPm =

Aar’mn? + 8Carlmn® + Caym®n + Baimn = 0,

6 Aa12lmn + Aai?m? + 60 Carl>mn + 15Caylm?® + 3 Baylm = 0,

2 Aar21?n + 2 Aai2lm? + 20 Cay IPn + 25 Cay >m? + Ba,l? = 0,

2 Aa2in® + 2 Aa’>mPn + 16 Cay1?n? + 22 Caylm®n + Caym* + 2 Bayln + Baym? = 0.

On the engagement of Maple, solution to the gained-system furnishes

Cl

ag = ap, ap = —12 1 B=4C(ln —m?). (2.89)
One establishes the fact that the outcome associated to model (1.4) via Ricatti equation given, can be expressed as
(t ) =ao+ 2y h—1 (r+D) (2.90)
u(t,x,y,z) = ag + a1 5] ~ 37 P Fw(r , .

(&)
ENE
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and

ha tanh (

m wr sech (“’7‘)
7 - 2.91
21 21 ’ (2.91)

+
2 ) D cosh (%) - %l sinh (%)
with w = v/m?2 — 4ln and D is an integration constant.

U(t7337y7z) = ao +a/1 {

2.4.2. Solutions of (1.4) via the Bernoulli equation as the simplest equation. This case yields balancing term M =1
and just as earlier presented gives the result of (2.80) in the structure

H(r)=ao+a1Y(r).

On inserting this expression of H(r) into (2.80) and applying Bernoulli equation earlier-given furnishes the system in
terms of ag, a; presented as

Aar’>m? +12Caym* =0,

Carl* + Bail? =0,

Aai?lm? +12Cailm® =0,

2 Aa1212m + 25Ca11?m? + Baym? =0,
Aai?1? +15Caqy*m + 3 Baylm = 0,

thus resulting via the use of Maple to values

ap = ap, a1 = — #, B= —CZQ, (292)

Hence, solutions of the KP-BBM (1.4) are
cosh [I[(r + D)] + sinh [I(r + D)] }
1 —mecosh[l(r + D)] —msinh[l(r + D)] J ’
with D taken as an arbitrary integration constant and r = (v — p)t + (6 — )z — 0y + =.

u(t,z,y,z) = ao+ a1l { (2.93)

3. GRAPHICAL DEPICTIONS OF SOME OF THE SOLUTIONS

Here, we present the graphical descriptions of some of the obtained solutions in the previous section. The findings
comprise various solutions of interest ranging from trigonometry, and hyperbolic, to Jacobi elliptic functions. Addi-
tionally, a number of algebraic solutions consisting of arbitrary functions were achieved. These arbitrary functions can
assume any possible mathematical functions with the result satisfying (1.4). Therefore, using computer software, we
present some graphical displays of solitary waves in the form of three-dimensional (3D), two-dimensional (2D), and
density plots.

In the first place, we consider algebraic solution (2.19) and let fi(z,z) = sech(z, 2), fo(z,2) = sin(z, z), H(t) =
—sin(¢) where parameters a = 10, d = =5, t = 0.02, y = 0 and —9 < z,2 < 9. Using the listed data, Figure 1 is
plotted. Furthermore, we explore the solution with the same parametric values but allowing a decrease in time to
t = 0.03 and t = 0.05 but expanding the given interval by two and three units. Thus, we accordingly achieve Figures
2 and 3. We observe that the Figures reveal a steady decrease in the number of periods which forms the background,
with a corresponding increase in time ¢. Next, we contemplate hyperbolic-algebraic function solution (2.30) furnishing
Figure 4 with unalike parameter values « = 100, 5 =1, a = 10, ¢ = 0.1, Cy = 200, C; = 700 where x = 0.1, z = 0 and
—9 < t,y < 9. In addition using the same constant values and setting z = 0 with x = 0.4 and —13 < ¢,y < 13, we
plot Figure 5. Now, we shift attention to trigonometric solution (2.53). In exhibiting Figure 6, we utilize dissimilar
constant values « = 10, ¢cog=1,¢1 =1, a=10,b=1, Ag =0.02, A; =0.7, A, = 0.3, A3 = 0, where y = 10, z = 0 and
—6 < t,z < 6. In Figure 7, we adopt parametric values a = 10, ¢co =1, ¢; =1, a =10, b =4, Ag = 0.02, A; = 0.9,
As = 0.06, A3 = 0.06, where y = 10, z = 0 and —6 < ¢,z < 6. In addition, we use « = 10, ¢g = 1, ¢; = 1, a = 10,
b=10, Ag =0.02, A; = 0.9, A, = 0.06, A3 = 10, with y = 10 as well as z = 0 such that —6 < ¢,z < 6, to plot Figure
8. It is observed that at fixed values of y and z the periodicity changes. Hence, we can infer that the movement of
the wave particles can still occur based on other parameters in the solution beside that of the variables.

(=)=
E)NE
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A "'he-mxmy e

Figure 2. Wave profile exhibiting algebraic solution (2.19) at ¢ = 0.03 and y = 0.

We contemplate solution (2.59) which gives the plot in Figures 9 and 10 where we let f1(z) = cosh(x), f2(t) = sin(),
f3(t) = cos(t), F(t) = Si(t). The involved parameters are allocated values for the Figures respectively as a = 100,
a = 0.3, ¢c=0.6, cg =0.001, d = 100 where y = 2, z = 1 using the interval —11 < ¢,z < 11 and ¢ = 1, a = 0.3,
c= 0.4, coc = 0.001, d = 1000 where y = 0.2, z = 10 with the interval —14 < ¢,z < 14. Next, we focus on the wave
depictions of periodic solution (2.69). In Figure 11, we assign eg = 1, e; = 0.1, a = 10, b = 100, Ag = 0.02, A; = 0.7,
Ay =03, A3 = A4y = 0, where y = 0, 2 = 0.02 and —9 < ¢, < 9. In the case of Figure 12, we allocate parameter
values as eg = 1, e = 0.1, a = 10, b = 100, Ay = 0.2, A; = 0.9, A, = 0.1, A3 = A4 = 0, where y = 0.1, z = 0.01,
using the interval —11 < ¢,z < 11. Additionally, to plot Figure 13, we engage the previous values with the change in
constants Ag = 10, Ay =14, A5 =0.1, A3 =0.02, A4 = 0.2, with y = 0.3, 2 = 0.2 and —16 < ¢,z < 16.

Figure 14 exhibits solution (2.88) for the parameter values @ = 0.6, u = 0.2,y = —4,t = =14, k; = 1, my = 100, my =
50.05, m3 = —60,R = 1, P = 0.287 and ry = 0. Figure 15 portrays solution (2.90) for parameters v = 0.2, u = 0.3,0 =
1.9,t =6, =19, 4A=2,D=0.9,m =2,a90 = 10,w = 2,z = 1. Figure 16 demonstrates the solution (2.91) for the
values 6 = 1.9, 4 = 0.3, =0.2,C =19, A=2,D =09, m = 2,09 = 10,w = 2,t = 6,z = —1. Figure 17 depicts
solution (2.93) for the values 6 =1.9, 4 =0.3,y=0.2,C =19, 4A=2,D=0.8,m =2,ap = 10,t =6,z = 1.

4. CONSERVED VECTORS OF (1.4)

We give conserved vectors of the KP-BBM (1.4) by using two variant methods. They are the multiplier approach
[36] and Noether’s theorem [35].
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Figure 5. Graphical display of hyperbolic-algebraic solution (2.30) at z = 0.4 and z = 0.

4.1. Conservation laws via the multiplier method. We seek multipliers M that depend on ¢,z,y and u only.
The determining relation is expressed, viz;

)
Su {M (Quy gy + By gy — Dlggey + AUz + Clyy + duy, + wy)} =0, (4.1)
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Figure 6. Graphical exhibition of solitary wave solution (2.53) at y = 10 and z = 0.

=0.

(2.53) at y = 10 and =

Figure 7. Graphical exhibition of solitary wave solution
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Figure 8. Graphical exhibition of solitary wave solution (2.53)
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Figure 11. Graphical depiction of solitary wave solution (2.69) at = = 0.

with Euler operator §/du, given by

0_9 p0 50
Su  Ou yauy Ouy

[c[m]

(0] ¢

Dy—— + DD,
U

Y Ouy,
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Figure 14. Three and two dimensional together-with density plots for (2.88).
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(4.2)

with total derivative operators (Dy, D, Dy, D) as explicated in (2.4). Simplification of (4.1) and decomposing on
the derivatives of v furnishes
My=0, My=0, M., =0, M, =0,

(&)
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Figure 17. Three and two dimensional together-with density plots of (2.93).

whose solution is
M = A(t)z+ B(t),
with A and B being functions dependent on ¢. The conserved currents of model KP-BBM (1.4) are achieved by
invoking divergence identity
D, Tt + D,TY + D, T* + D, T* = M 5% {M (Buy gy + QUy Uy — Dlitggy + Cliyy + AUz + Utz + duzz)}} ,
(4.3)

(=)=
E)NE
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with spatial fluxes T, T¥ , T%, and T* being conserved density. Invoking (4.3), one achieves conserved vectors related
to the two secured multipliers in the subsequent manner:
Case 1. For M; = A(t)z, the related components of its conserved vector are

1 1
Tt = §zuxA(t) — szummA(t),
L1 1 1 1 ,
T% = §azA(t)u$uy - iazA(t)uuxy - ZﬁzA(t)uuyy + ZﬁzA(t)uy

4
7Y = %azA(t)uum +czA(t)uy + %,BZA(t)uxuy + i,@zA(t)uuw,

T? = dzA(t)u, — dA(t)u.

1 1 1
+ b2 F () ugy — %bzA(t)utm + azA(t)ugy — izF’(t)u + izA(t)ut,

Case 2. For My = B(t), associated components of its conserved vector are
1 1

t r— —_ =
T = 2umB(t) 4bumxB(t),
L1 1 1 1 , 1,
T — iaB(t)umuy - §aB(t)quy — ZBB(t)uuyy + iﬁB(t)uy + ZbG (t) g

3 1 1
- ZbB(t)um + aB(t)u, — §G'(t)u + §B(t)ut,

1 1 1
TY = EaB(t)uum +cB(t)uy + Z,@B(t)umuy + EBB(t)uuwy,

T =dB(t)u..

4.2. Conservation laws via the Noether’s theorem. The fourth-order KP-BBM (1.4) doesn’t own a Langrangian.
However, we consider a condition S = 2a and Equation (1.4) becomes

Uty + QUYUzy + 200UzUgy — DlUizer + CUyy + AUgs + du,, = 0. (4.4)
We already gave Euler operator §/du in (4.2), (see also [3, 27, 36]). Now, dL/éu = 0 for
1, 1 1, 1., 1 1,
L= —§aum — ibumum — icuy — iduz — iutuz — iozumuy7 (4.5)
therefore £ is the Lagrangian for (4.4).
0 0 0 0 0
X =72 19 42 iz 4.6
"ot Ve T Ve Taw (4.6)

with the coefficients 7, &, ¢ and ¥ being function of the variables t,x,y, z and uw. Thus, Lie-Backlund operator given
as X and explicated in (4.6) is a Noether operator interrelated to £ provided

L[Dy(7) + Dy(¢) + Du(€) + D.(4)] + XPUL) = Do (B?) + Dy(B') + Dy(B*) + D:(B), (4.7)

is satisfied where B!, B2, B3, and B* depending on (¢, z,v, 2) are gauge functions. Expanding (4.7) and disintegrating
the outcome on u derivatives, yields a system of linear PDEs, whose solutions gives

XF%, B'=0, B>=0, B3=0, B*=0,
XQ:%, B'=0, B>=0, B3=0, B*=0,
Xg,:a%, B'=0, B>=0, B3=0, B*=0,
X4:%, B'=0, B>=0, B3=0, B*=0,
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0 0 0 0
X5 =2at— + ™ +az=— — (au+2ay) =, B' =0, B*=0,B%=2acu, B*=0,
Y

ot 0z ou
0 1
Xg=G(t)=—, B'=0, B*=—-vG'(t), B>=0, B*=0,
ou 2
0 1
Xr :zF(t)a—, B'=0, B*= —§sz’(t), B*=0, B*= —duF(t).
U
In relation to the above Noether symmetries, one gains the following conserved vectors:
1 1 1 1 1
Tf = - Zbutumx — iaui — Zbumum — 50“?24 — iauiuy — idui,
3 1 1 2
TV = auguy — Zbutu’ tox + §bufm + Zbuttum + auguguy + %,
1
T = cuguy + §autui7
TF =dupuy;
1 1 2
Ti = Zbuﬁx - Zbuxmux + ?w,
1 1
T = iaui + Zbumum — Zbuxutm — 50 12/ — §duz + §auiuy,
1
TY = cuzu, + Eaui,
T5 =duguy;
;1
15 = ibumuzy — Zbumxuy + Eugﬂuy,
TS 3 L + b + + -
= AUz Uy — —DUyUtzy + — DUz =Dtz Uy — Uy + QULUZ,
: vogvTtee g ety g T ey T g T v
1 1 1 1 1
Ty = icui — iaui — ibumum — §du§ - U,
T3 =duyu,;
Tt—lbu Ugy — =OUgprt, + —UgU
4—4 rxxUrz 4 xxx Wz 23027

1 1 3 1
Tzf =aUzU, + Zbuwwutz + abutmua:z - Zbuzuth + iutuz + QUg Uy Uz,

1
T{ = cuyu, + —auiu,,

2
1 1 1 1 1 1
T; = idug - iaui — ibumum - icui — iutux - §auiuy;

1 1 1
Tt = §zauwuz — dtaui — ibzaumwuz — ctozu?} — ataui — §btaumum

1 1 1 1
+ ayu, — ta2uyui + §auuw + §yauyu$ + zbauwum + szaumum

1 1 1 1
+ ibyauwyum — iabyumw — Zbauumw — Zbyauyumw — ibtozumwut,

TS = 2yugga2 + auuLa + z2aU, Uz 0 + 3YQUyULa + Yyura + 2tauguia
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3
+ tozuf — ibyutma + btozufw + y0¢2u§u$ + onuuyul. + za2uzuyux

1 1 9 3 1
+ §auut + izauzut + iyozuyut + 2ta uy Uz uy + Zbaumut + Ebzaumutz

1 1 3
+ ibyaumuty + ibauxum + ibzaumum + ibyozuxyum — ibauutm
1 3 3 3
+ Ebtozumutt — szauzutm — Zbyauyutm — ibtozututm,

1 1 1 1 1
TY = §za2uiuz — idyauz + czauyu, + icyauz + iayaui + §a2uu§

1 1
+ 2acyuy, + cauu, + ta2u§ut + 2ctau,uy — iyauzut — ibyaumum,

1 1
Tz :idzaug + 2adyu, + dovu, + dyouyu, — 5620‘7‘5

1 1 1 1
+ 2dtousu, — iazaui — fzazuyui, — —2QUzU; — —bzAUga Uiy

2 2 2
TL = le(t)u — 1G(t)u
G — 4 TrT 9 o)
TE = gbG(t)utm — aG(t)uy — aG(t)uzu, — %G(t)ut — ibG’(t)um,

TY = — cG(t)uy — 1aG(t)u2

2
Té = —dG(t)uy;

T

1 1

3 1 1
TE = —azF(t)u, + szF(t)utm — azF (t)ugu, — isz’(t)um - 52F(t)ut7

1
Ty = —czF(t)uy, — iozzF(t)ufC7
T = —dzF(t)u,.

5. CONCLUSION

This research work examines the 3D KP-BBM Equation (1.4), which recently appeared in [51] and has numerous
applications. Firstly, Lie point symmetries of the equation were computed and then these were used to transform (1.4)
to nonlinear ordinary differential equations. Direct integration of one of the ordinary differential equations provided
us with an exact solution in terms of the incomplete elliptic integral. We further engage in a detailed reduction
process to transform the KP-BBM equation as much as possible into solvable differential equations from which di-
verse solutions of interest were achieved. These solutions include trigonometric, hyperbolic, algebraic-trigonometric,
algebraic-exponential, algebraic-hyperbolic, and complex-algebraic functions. Furthermore, the simplest equation ap-
proach was utilized via the Riccati and Bernoulli equations, and solutions to (1.4) were secured. The solutions obtained
were presented graphically with an adequate choice of parametric values. Finally, the multiplier method was utilized to
generate conserved vectors for (1.4). Moreover, Noether’s theorem was invoked, and conserved vectors were obtained
for 8 = 2a.
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