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Abstract ’ 3

The stable Gaussian radial basis function (RBF) interpolation is applied to solve the time and space-fractional
Schrédinger equation (TSFSE) in one and two-dimensional cases. In this regard, the fractional derivatives of stable
Gaussian radial basis function interpolants are obtained. By a method of lines, the computations of the TSFSE
are converted to a coupled system of Caputo fractional ODEs. To solve the resulting system of ODEs, a high-order
finite difference method is proposed, and the computations are reduced to a coupled system of nonlinear algebraic
equations, in each time step. Numerical illustrations are performed to certify the ability and accuracy of the new
method. Some comparisons are made with the results in other literature.
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1. INTRODUCTION

One of the widely used models in mathematical physics is Schrodinger equation that appears in various disciplines
such as plasma physics, nonlinear optics, quantum mechanics, dynamics of accelerators, fluid dynamics, and many
other fields. The standard (non-fractional) Schrédinger equation was derived by using the Feynman path integral
technique based on the Gaussian probability distribution in the space of all possible paths [8, 30]. In other words, in
quantum mechanics, the Schrodinger equation are used to investigate the classical Brownian motion. Laskin extended
the Feynman path integral to Lévy one, and introduced the Riesz space-fractional Schrodinger equation [14, 15]. In
quantum physics, the Caputo time-fractional Schrodinger equation was applied to model the non-Markovian evolution
[12, 21, 29]. Wang and Xu [34] considered the backgrounds of Laskin’s and Naber’s works and introduced the time
and space-fractional Schrodinger equation (TSFSE).

In the current paper, we consider the nonlinear TSFSE as follows: [13, 19]

a7 t
iDp(o )+ g gl 0 t) = fant), a <2 < (1)
with the initial condition
v(w,0) = g(a), a <z <D, (1.2

and boundary conditions

Ula,t) = hi(t), 0<t<T, (1.3)
¢(ba t) = hZ(t)a 0<t< T,
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where f(z,t), g(x), h1(t) and ho(t) are known complex functions, i> = —1, the parameters 1 and ¢ are real constans.
¢Dg denotes the Caputo fractional derivative of order « € (0, 1) defined by
1 ! —a (2, Q)
D t) = ——— t— ALY /g 1.
) = e [ -0 2l (15)
a7
Also, Bl is the Riesz derivative of order v € (1,2) defined by
x
Y (z,t)
S e DY D7 1.
1
where Cry = W, and
DY) = oy [ @ = O (17)
a e - T(2—17)da? /, * R )
DY) = g [ ¢ i e (18)
S CEn T A e |

are respectively the left and right-sided Riemann-Liouville fractional derivatives. These fractional derivatives are linear
operators [24].

Lemma 1.1. For the Riemann-Liouville fractional derivatives, we have [2/]

1

oDIl=——(x—0a)", 1.9
A=y (1.9)
D)1= #(b—z)”ﬁ (1.10)
T
Theorem 1.2. The Riemann-Liowville fractional derivatives of the power functions satisfy [24]
T(p+1) _
oDl (z—a)l = ———(x—a)’77, 1.11
(0= = s —a) (111)
I'(p+1) _
DIb—2)P = ————(b—x)P77, 1.12
D=y = - 2) (1.12)

wheren —1 <~y <n,p>—1andpeR.

There is not any method for obtaining the exact solution of the nonlinear TSFSE. Researchers have presented
various numerical and approximating techniques for solving the nonlinear TSFSE. In [10] a domian decomposition
method, in [19] a finite difference scheme, and in [13] a finite element technique is proposed to investigate the nonlinear
TSFSE. For further study see for example [1, 9, 11, 18, 31-33, 35].

There are only a few methods for solving the nonlinear time- and space-fractional PDEs. On the other hand, in most
of the methods introduced for solving fractional PDEs, the finite difference and finite elements methods are applied
for discretizing the fractional derivatives, while the fractional derivatives are non-local differential operators and so
the radial basis functions (RBFs) method (as a non-local method) is more efficient for discretizing them. Moreover,
the RBFs methods are usually more accurate than those methods, because the interpolating of smooth data using
global, infinitely differentiable RBFs have a spectral accuracy [2, 4, 17, 20]. Also, unlike those methods, the RBFs
methods are efficient for problems with irregular domains, because no mesh generation is needed in RBFs methods
[23]. However, only a few RBFs methods have been presented to solve the fractional PDEs. Roughly speaking, no
technique has yet been introduced to solve the time- and space-fractional PDEs by the RBFs. For these reasons, we
were motivated to propose a RBF method to solve TSFSE.

(=)=
E)NE
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The RBFs may be applied to interpolate a function f(x) at the distinct points x1,zo, ...,z as

M
fl@) =) cgilz), xR, (1.13)
=1

in which ¢;(z) = ¢(||z — =;]|2) is radial basis function, ¢;’s are scalars to be determined in such a way that Eq. (1.5)
is satisfied as equality for x;’s, and d is the dimension of the problem. Thus a linear system of algebraic equations is
obtained as

AC =b,

in which C = (¢, ¢a, ..., cpr)T is an unknown vector to be determined, b = [f(z1), f(z2), ..., f(zar)]T is the right-hand
side vector, and the RBF interpolation matrix is given by

A= [24] = [o(llzi — z5ll2)]1<ij<m-

The coefficients matrix, A, has usually a very large condition number i.e. A is very ill-conditioned. This is a major
problem in RBF interpolation.
In this study, we use the Gaussian basis functions

o(r) = e, (1.14)

where, € is called the shape parameter that controls the flatness of the function. As the shape parameter becomes
smaller, a better accuracy is obtained. However, the smaller shape parameter causes the condition number of the
interpolation matrix to increase rapidly. To solve this issue, Fasshauer et al. proposed a stable method to compute
and evaluate the Gaussian RBF interpolants [7]. Their method was based on Mercer’s theorem and the eigenfunction
expansion of the Gaussian RBF. They showed that the main sources of ill-conditioning are the eigenvalues of Gaussian
RBF. So, to overcome the ill-conditioning, they introduced the mentioned stable method to write the interpolant
independent of these eigenvalues. Moreover, they showed that the eigenfunctions of the Gaussian RBF can be written
in terms of Hermite polynomials. Laterally, the authors in [26] showed that these eigenfunctions can be rewritten in
terms of the shifted Chebyshev polynomials, and this can improve the stability of the Gaussian RBF interpolation. In
fact, in the stable Gaussian RBF method, while using the capabilities of the RBFs, we do not encounter their main
drawback, which is ill-conditioning.

The stable Gaussian RBF method has not yet been applied for fractional problems, although some standard (non-
fractional) ODEs and PDEs have been solved via it (e.g., see [26-28]). In this work, we apply the Gaussian RBF
interpolant with the Chebyshev polynomials type eigenfunctions for TSFSE (1.1). Since the spatial derivative is of
fractional type, for our development, we obtain the left- and right-sided Riemann-Liouville fractional derivatives of
the eigenfunctions of the Gaussian RBF. Then, by a method of lines, we reduce the problem to a coupled system of
fractional ODEs. To solve the obtained system of ODEs, we present a high-order finite difference method.

The next sections of the paper are as follows: Chebyshev polynomials and stable Gaussian RBF interpolation
are described, in section 2. In section 3, the left- and right-sided Riemann-Liouville derivatives of the eigenfunction
expansions based on Chebyshev polynomials are obtained. In section 4, we illustrate our method for solving Eq. (1.1)
and then we extend the method for the two-dimensional TSFSE. To certify the ability of the new method, several
numerical illustrations are provided in section 5.

2. PRELIMINARIES

2.1. Chebyshev polynomials. The Chebyshev polynomial of degree n for n = 0, n = 1 and n > 2, is as follows:
To(z) =1, Ty (z) = = and

Tni1(x) = 22T, (z) — Th—1(z), n=12...
where z € [-1,1]. Forn=1,2,..., T,(x), has n + 1 extrema points as

j— 1
xj:cosw, 7=12,...,n+ 1.
n
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2.2. Stable Gaussian RBF interpolation. The Gaussian RBF can be expanded in terms of eigenvalues \,, > 0
and normalized eigenfunctions On as [7, 20]

in which the functions
= e~ 2:”213“,1 ofx), n=12--- 2.2
5

are the orthogonal functions with respect to the weight function w(z) = %6_02752, o> 0. In (2.2), f[n(:zj), n=0,1,,...

is the normalized Hermite polynomial of degree n. Moreover,

4¢?

s= (145 E=Zo,

and
_ 0-2 ( 52 )n—l
n = 0—2+52+52 0'2+62+52

The Gaussian RBF interpolant of f(x) at x1, 22, -+ , 2 is as

M 2

— che—e(w—wj) 7 (2.3)

j=1

where ¢;’s are scalars to be determined in such a way that the interpolation conditions sy(x;) = f(x;), i =1,..., M

are satisfied. ,
In practice, by choosing M terms of the series in (2.1), we approximate e~(*=2)" "and consequently, we can rewrite
(2.3) as

M M
=> ¢ Z Anon () (). (2.4)

j=1

Usually, the eigenvalues A,, rapidly tend to zero as n increases, and this leads to ill-conditioning [22]. In [5, 26] the
authors showed that sy(z) can be written independent of eigenvalues \; and coefficients ¢; as

sp(z) =W (z) o f, (2.5)
where W[ (z) = [¢1(2), ... oar(2)], f = [f(21), ..., f(znr)]", and
¢1(351) ¢1($M)

dn(z1) ... dm(wnr)

The Hermite polynomials can grow dramatically and it can lead to instability in our computations. For this reason,
in [28] the authors rebuilt the eigenfunctions as

2)=\/Be " T, _1(x), n=1,...,M, (2.7)
in which 7},_;’s are the shifted Chebyshev polynomials on the interval [0, 1] that are given by
1
n =20,
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The shifted Chebyshev polynomial of degree n can be presented by the analytical form [6]

1
— n=0
L@)=9 T2 & . 2%m+i-1) (2.8)

=0

In our development, we apply the Gaussian RBF interpolant (2.5) with the eigenfunctions (2.7).

3. FRACTIONAL DERIVATIVES OF ¢, ()

Here, we present a method for computing the left and right-sided Riemann-Liouville derivatives of the eigenfunctions
given in (2.7).
By Egs. (2.7) and (2.8) we have

\/%652“32, n=1,
() = 28 Caal o 2nti-2) (3.1)
i (n—1)e=" Y " (-1) @ i it n>2.

=0

Now, we substitute the Maclaurin series expansion of e in (3.1). So, the following equations are obtained

ﬁ & —(52 k
b1(x) = \/; ;;J( k!) 2k, (3.2)

and

28 N (—62)* s 2 n+i—2)! .,
on(2) =\/;k§( k!) (n—1) (-1 Mx+k,n:2,3,~--. (3.3)

i=0
In order to obtain the left-sided Riemann-Liouville fractional derivative of ¢1(z), we substitute the Taylor series
expansion of 22¥ about the point x = a in (3.2), and we write

B & () 2k ;
asl(x)—\/;kg i ;(3) (x — a). (3.4)

Therefore
o0 k
_ B SO S (2 o A
Diin(2) =1/ 57 > o Z i) 7 ,D(z — a)’ (3.5)
k=0 7=0
and using Eqgs. (1.9) and (1.11), we get
k .
BN (008 S (28 oy TG +D) .
D} =4/— J —a)’ . .
Droe) =\ 33 () e (36)
= =0
In a similar way, using Eqs. (1.9), (1.11), and (3.3), o D) ¢, (z) for n > 2 is obtained as

X 28 N (—82)F O 2%(n+i—2)!
oD3on(z) =\ 37 kzo( k!) (n—1) _70(*1) 1M
i1 2 ey, TG D) iy
XZ( j )“ TGy 7
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In order to calculate the right-sided Riemann-Liouville fractional derivative of ¢ (), we substitute the Taylor series
expansion of 22¥ about the point = b in (3.2). Thus

0=y 2!

bR (1) (b — z)7, (3.8)

M8
W‘
[\')
a-

/_\

. B2

~_

and so using Egs. (1.10) and (1.12) we obtain
ﬂ oo ( k: 2k .
D] b1 (z) = i Z < >bz i(=1)7 D} (b— x)?
k=0
B (=0 (k) ki _qy LG+ -
=14/ — b2 I (=1 b—x) 7. 3.9
M kzzo j FG+1- ’Y)( ) (39)
Similarly, by using Egs. (1.10), (1 12), and (3.3), z D} ¢n(x) for n > 2 is determined as
28 o (=0%)" = i (nti—2)
Y _ tadl - _1\n—i—1
=Dyonl@) =\ 37 kzzo R 120( D G —i— )
i+2k . .
z—|—2k> ok . T(+1) .
x SRR (1) (b — ). 3.10
Z( j (I s b= (3.10)

4. SoLUTION OF TSFSE

4.1. One-Dimensional case. First, we describe our method for one-dimensional TSFSE. For this purpose, we split
the unknown function ¢(z,t) into its real and imaginary parts, as follows:

Y(x,t) = u(x, t) +iv(x, t), (4.1)
where
[¥(2,t)* = u?(x,t) + v%(,t). (4.2)

By replacing (1.6), (4.1) and (4.2) in (1.1), we get a coupled system as follows:

°Diu(z,t) —n c,y |:QD v(z,t) + . D]v(x, t)} + q(u2(a:,t) + yQ(x,t))v(az,t) =TIm f(z,t),

(4.3)
CD?’U({IJ,t) +1n Cy |:0D’;’U,({L‘7t) + xD’{U($7t):| - q(u2($7t) + ’UQ(I',t))U(JJ,t) = —Re f(:l?,t)
Also, substituting (4.1) in Egs. (2)-(4) gives
u(z,0) = Re g(x), v(z,0) =Im g(z), a <z <b, (4.4)
u(a,t) = Re hi(t), v(a,t) =Im hi(t), 0 <t <T, (4.5)
u(b,t) = Re ha(t), v(b,t) =Im ho(t), 0 <t < T. (4.6)
Now, we consider the distinct points x1,2s,..., 2y where 1 = a and zp; = b, and we discretize Egs. (4.3) in the
points xa,...,xp 1 as
“Dust) = e oDo(et) 4 DYolet)| a0+ 0)u(0) = fla)
e (4.7)
°Dyvi(t) + 1 ¢y {ODlu(m, t) + o D]u(z, t)} — q(uf(t) + Uf(t))ui(t) = —Re f(x;,1),

(=)=
E)NE
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in which w;(t) = u(x;,t) and v;(t) = v(x;, t).

Using Eq. (2.5), we write
u(z,t) = Wi () o7 U(t), (4.8)
v(z,t) ~ Wd)T(x) o " V(1), (4.9)

T T
where U(t) = |:u1(t),u2(t),...7UM(t):| ,and V(t) = [Ul(t),vg(t)7...,’l}M(t):| , in which w1 (t) = u(a,t), up(t) =

u(b,t), v1(t) = v(a,t) and vpr(t) = v(b,t) are given by boundary conditions (4.5) and (4.6).
Substituting (4.8) and (4.9) in the coupled system (4.7) gives

“Diut) ~ 1 ¢ [oDIWE () 057 V(O +,DTWE () 857 V(0| -+ (200 + 20 tt)

= to J 1), (4.10)
“DEw(t) 1 e, DIV (a1) @37 V) 4 .DIWE (o) @57 U] = a4 + 200t
= —Re f(x;,t),
where
0DIWE (2:) = [oDY1 (@), s oDYbu (22)] i =2, M~ 1,
and

DIWE () = [aDY 01 (@), s e DY bur ()], 1 =2, M~ 1,

are obtained by Egs. (3.6), (3.7), (3.9), and (3.10).
Egs. (4.10) give a coupled system of fractional ODEs in unknowns wus(t),...,up—1(t) and va(t),...,var—1(t). We
obtain the structure of this system as follows: We decompose U(t) into two vectors Up(t) and Uz(t) which are the

boundary and interior entries, respectively. Similarly, Vi (t) and Vz(t) are the boundary and interior entries of V().
We set

0DIW ] (2)
b = : ; 105 =

OD;Wg(fol) zD’lng(fol)

+DIW (2)

/:1 = [(:llj] = 0‘1’% (D)_(T and 121 = [dij] = 1‘1’% (D)_(T SO7 we have

CiL1,1 Cill,M Cil1,2 e Cill,M—l us ()
- 3 az,1 Q2 M uy (t Q2.2 e a2, M1
0% O5TU(E) = ] o
= = = = UM_l(t)
ap—2,1 apM—2.M =Ug(t) aM-22 -+ OM-2M-1 | ~—_——
=Uz(t
—Ag —A; 0
and
ai,1 a1,M a1,2 e al,M—1 us ()
r o a2,1 a2, M us(t) Q2,2 a2, M—1
1Vx X U(t) = . : unr(t) + : : :
) . Ly B e a1 (1)
apr—2,1 AapM—2,M =Us(t) aM-22 -+ OM—2,M-1 |~ =
—Ag —As =Uz(®)
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Similarly, 0% 37V (t) = AzVz(t)+AgVi(t) and R TV (t) = AzVz(t) + AgVis(t) are gained and we can rewrite

(4.10) as
“DEVL() 1 ¢, iz + Az)Va(0) + (A + An)Va(0)] +a £ (6) = Fu()
B B (4.11)
°DYVr(t) +1n ¢y {(AI + A7)Uz(t) + (Ap + AB)UB(t)] —q Ly(t) = —F(t),
where
[ (P V@)Vt ]
Ly(t) = : ;
(UQ(xM—h t) + V2 (@pr-1, t)) V(zam-1,t)
[ (U2(x2,t) +V2(£L'2,t)>U(CL'27t) |
Ly(t) = : ,
(U?(xM,h 1)+ V2(@ar_1, t))U(xM,h )
Im f(al‘g, t)
Fi(t) = : :
L Im f($M,1,t) i
Re f(xa,t)
Fy(t) = :
L Re f(a:M_l,t) i
To solve the fractional system (4.11), we discretize its equations in the time direction as
‘D{UZ(") —n ey [(Az + A7)Vz(t") + (Ag + AB)VB(tn)] +q Lyv(t") = F1(t"),
(4.12)
“DEVE(E") + 1 ¢,z + Ar)Uz(e") + (A + An)Us(t")] — 0 £u(t") = ~Fa")
where t" = n7 for n =0,1,..., N and 7 is time step size. Now, we approximate DUz (t") and *DgVz (") for n = 1,
n =2 and n > 3 by the method presented in [3] as
DUL(t)) = pao(Uz(t) - Uz(t%)) +O(r*~°), (4.13)
‘DU (H?) = u[(bo —a1)Uz(t°) + (a1 — ag — 2b0)Uz(t") + (ao + bO)UI(tQ)} +O(1379), (4.14)
‘DyU(t") = M[(bn—Q — 1) Uz(t") + (an_1 — an—2 — 2b,_2)Uz(t*) + (an_2 + bp_2)Uz(t?)
n—1
+ Z (wlm_kUz(tk) + w27n_kUI(tk71) + w37n_kUI(tk72) + w4,n_kUI(tk’3)>
k=3

+ ’LUL()UI(tn) + ’wgvoUI(tnil) + w370UI(tn72) + W4,0U1(tn3):| + 0(7'470‘), n>3 (415)

cDOVE(HY) = ,uao(VZ(tl)—Vz(tO)) O, (4.16)
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‘DYVL(t?) = p {(bo —a1)Vz(t%) + (a1 — ag — 2b0) V7 (t') + (a0 + bo)VI(tQ)} +O(r37%), (4.17)
CDOVL(tY) = pu [(an — ) VZ(tO) + (@n-1 — an_o — 2b,y_2)VZ(t') + (an_o + bp_2)Vz(t?)
n—1
+ Z (wl,nkaI(tk) + wa V2 (t*) F wz V2 (HF72) + w4,n7kVI(tk_3)>
k=3

+ wLOVI(t") + w2’0VI(tn_1) + wg’()VI(tn_Q) + ’LU4’0VI(tn_3):| + 0(7_4—04)7 n >3, (418)

in which

T—OC
re-a)’

a;j =G+ =5,

G+ = G

,LL:

bi = 2—« B 2 ’
1 . —« -« 1 . —« 22—
Wi =g {2(] +1) 7 - 11! } 5, {(J +1)2 - 252 }
1
- 1 3—a _ 3—«
+(2—a)(3—a) [(‘7+ ) J ’
. _1 - 11—« l—a| 2—a 2—«
wz,g—Q[(JJrl) + 65 } 7a[(1+1) 5] }
3
o . 1 3—a _ 33—«
1 . —« l—a 1 - —« ja— Qo
ws,j=—§[2(3+1)1 +35° }+m[(1+1)2 —45° }
1 3—a _ 33—«
+(2—a)(3—a){(‘]+ =i,
and
71 . -« - 1 22— 1
wiy =g |G+ D2 g PECER

G 15-e— a).
By replacing (4.13) and (4.16) in (4.12), the following finite differences equations are achieved:
pUz(t') = ey (Az + AD)VZ(t') + g Ly () =1 cy(Ap + Ap)Va(t") + Fi(t) + pUz ("),
uVz(t') +n ey (Az + ADUz(t') = q Lu(t') = =1 ey (As + Ap)Us(t') = Fa(t') + pVz(t°),

in which Ug(t!) and Vj(t!) are obtained by boundary conditions (4.5) and (4.6), and Uz(t°) and Vz(t°) are given by
initial conditions (4.4). By solving the above nonlinear system, the unknowns Uz(t!) and Vz(t!) are obtained. Then,
the vectors U(t!) and V (') are formed. Finally, by substituting U(¢!) and V(¢!) in Egs. (4.8) and (4.9), the real and
imaginary parts of the unknown function ¢ (x,t!) are achieved.

Similarly, by substituting (4.14) and (4.17) in (4.12), we get

lao +bo)Uz(t?) =1 ey (Az + AD)Vr(t?) + g Lv (1) = 1 ¢y (A + Ap)Vs(£*) + Fi(£)
— ,u[(bo — al)UI(tO) + (a1 —apg — 2b0)UI(t1):|,
p(ao + bo)Vz(t?) +n Cy(/:lz + A7)U(t?) — q Lu(t?) = —n C’Y(‘ZB + Ap)Up(t?) — F(t%)

(4.19)
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— [ (b0 = 1)V () + (a1 — a0 — 200)Va(t")].
which is a nonlinear coupled system in unknown vectors Uz (t?) and Vz(t?), and by solving it, we can form U (#?) and
V(t?), and then we can compute u(z,t?) and v(z,t?) by Egs. (4.8) and (4.9).
Inductively, for n > 3 by Eqgs. (4.12), (4.15), and (4.18), we get

pwioUz(t") = ey (A7 + AD) V(") + q Lv (") =1 oy (Ap + Ap)Vi(t") + Fi(t")

— W [(bn2 = an—1)UZ(t°) + (an-1 — an—2 — 2b,_2)Uz(t") + (an—2 + bp—2)Uz(t?)

1

3
|

(wl,n—kUI(tk) + wa Uz (t*71) + w3 Uz (tF72) + w4,n—kUI(tk73))

El
Il

3

+ wa Uz (") + w3 oUz(t"72) + wa o Uz (t" %) |,

pows o Ve(t") 41 ey (Az + AD)Uz(t") — g Lu(t") = —n ¢4 (Ap + Ap)Us(t") — Fo(t")
,ul n—2 — an_1)Vz(t ) + (an_1 —ap_o — 2bn,2)Vz(t1) + (ap—2 + bn,Q)VI(t2)
n—-1

+ (w1 ek VI (") + wo 1 V2 (1) + ws px VI (5 72) + w4,n_kV1(tk’3))

k=3

+ wa o VZ(t" 1) + w3 o VZ (" 72) + waoVz (" 2)|.
By solving the above system Uz (t") and Vz(t") are obtained and consequently u(z,t™) and v(zx,t™) are computed.

4.2. Two-Dimensional case. Now, we generalize the presented method for solving the two-dimensional nonlinear
TSFSE as

oal a7
i Dp oG pt) 40 G g T ey 0 Pue.0) = f0.0), (4.20)

with the initial and boundary conditions

y)

QZJ(O, Y, t) =h (y7 t)a

’ll)(]-v Y, t) - hQ(yv t)a

¥(x,0,t) = hz(x,t),

W(x,1,t) = hy(x,t).
Similar to the one-dimensional case, we split the unknown function into real and imaginary parts as follows:

U(2,y,t) = u(z,y,t) +iv(z,y,1), (4.21)
where

(. y, ) = u?(z,y,t) + 0 (2,9, 1) (4.22)

(=)=
E)NE
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By replacing (1.6), (4.21), and (4.22) in Eq. (4.20), we get the below-coupled system
“Diu(w,y,t) — 1 cy |0 DJv(x,y,t) + 2 D]v(x,y,t) + o Dyv(z, y,t) + 4 Div(z,y, t)}

+ q(u2(a:,y,t) + v?(x, y,t))v(x,y,t) =Im f(z,y,t),

] (4.23)
“Difv(w,y,t) +n ¢y o DJu(z, y, ) + w Diu(z,y,t) + o Dju(z,y,t) + y Diu(z,y, t)]
—a(u*(@,y.0) + v ya, 1) Jul@,y, 1) = —Re f(,y,1).
Also, substituting (4.21) in initial and boundary conditions gives
u(r,y,0) = Re g(z,y), v(z,y,0) =Im g(z,y), 0 <2,y <1, (4.24)
u(0,y,t) = Re hi(y,t), v(0,y,t) =Im hy(y,t), 0 <t <T, (4.25)
u(1,y,t) = Re ha(y,t), v(1,y,t) = Im ha(y,t), 0 <t <T, (4.26)
u(z,0,t) = Re hz(x,t), v(z,0,t) =Im hz(x,t), 0<t <T, (4.27)
u(z,1,t) = Re hq(x,t), v(z,1,t) =Im hy(x,t), 0 <t <T. (4.28)

We discretize Eqgs. (4.23) in the spatial directions at the distinct points (z;,y;), i =1,..., M7 and j = 1, ..., My where
(z1,95), (@, Y5)s (xi,y1) and (z;, yar,) are boundary points. Then, we approximate the real and imaginary parts by

u(z,y,t) = Wg(x) @}T U(t)@;1W¢(y), (4.29)
v(z,y,t) = Vi (2) X7 V(1) 2y We(y), (4.30)

in which Wy (y) and ®y are defined like W, (x) and @y, respectively, and U(t) = [u; ;(¢)] and V(t) = [v; ;(t)], where
ui,j(t) = ’U,(.Z‘i,yj,t) and ’Ui’j(t) = ’U(Ii,yj,t)7 fOI‘ 7 = 1, ..,Ml, ] = 1, ...,Mg.
Substituting (4.29) and (4.30) in the discretized form of (4.23), we have

D (1) 1 e, [OD;qu(wi) BT VOB Walyy) + o DIWT (22) 837 V(D5 Wily,)

W) 0T VORI Do) + WE (o) 037 VOB, DIWalu)| + (1) +02,(0) 01,0
=Im f(xla Ys» t)a (431)

“Divij(t) +1 ¢y [oDle (z:) @7 U@y Wo(y;) +DIWg (z:) @7 U)Dy Wo(y;)

+ Wi (2:) @X7 UM 0 DyWo(y;) + W (z:) X7 Uy, DY W¢(yj)} —q(u?; (1) + 03, uis (1)
= —Re f(xhyjat)z (432)

where ¢ DIW [ (2;), - DIWy(2:), 0 DyW ] (y;) and , DI Wy(y;) are obtained by Egs. (3.6), (3.7), (3.9), and (3.10).
We generalize the structure~presented in the one—dime:nsional case to two-dimensional as follows:
We defined B = [E”] = (I);/l O\I/y and B = [EZ]] = (p;/l 1\I/y where

oly = [0DYWy(y2), -, 0Dy Wy (yar,—1)];

Wy = [, DYWy(ya),- -,y DIWy(ynr,—1)].
Also, we put

i)y = [W¢(y2)7 L) W¢(yM2—1)]7 é§
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The below relations are obtained easily

a1, a1,M,
W o Tv etay — | ] e ma) e s ()
an,—21 QM —2,Ms =Vgo (1)
An
I a2 e GLMy1
az 2 ce a2 My—1
+
| an—22 -o- GMy -2, Mp—1
—Ar
o ve2® vas(t) ... vaa-1(t) ]
| van—1,2(t) van—13(t) oo van—1an-1(t) |7
=Vz(t)
[ va1(t) v, M, (t)
(i>§ @;{TV(t)q);lo\I’Y: US,T(t) 03’1\/.[2(]5) [551»1 551,2 651,M22 }
: : Myl ban2 oo by -2
L v —1,1(t)  var—1,00, () _Fs
=Vgol(t)
[ wea(t) va3(t) v V2 n—1(t)
+ : -
L van—12(t) v —13(t) oo v 1M1 (t)
=Vz(t)
[ baa 12)2,2 l:)z,MQ—z
X
_lefl,l ZM171,2 Zlel,M272
—By

Similarly, we have

WL TV () B Ry = AZVi(t) + AgVEOU (1),
ok 0TU(t) 931 dy = AzUz(t) + AgUE™ (1),
WUE 0TU®) O 0y = AZUZ(t) + AgUL™(t),
oL oV ()0, Uy = Vz(t) Br + V' (t) Bs,

X V()
oL & U@y 0y = Uz(t) Bz + U () Bs,
oL o TUt)®y 1 Vy = Uzr(t)Br + U (t)Bg.

Substituting the above equations in (4.31) and (4.32) gives a fractional system in the unknown matrices Uz and V7.
The finite difference scheme proposed for a one-dimensional case can be easily developed for this fractional system.
a0
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5. NUMERICAL ILLUSTRATIONS

In this section, we apply the mentioned method to solve four numerical illustrations. We put a positive integer ” N
instead of 700” in Egs. (3.2)-(3.10). In all examples, N' = 15 is considered. Also, we utilize the Chebyshev extrema

points on interval [0, 1] as discretization points that are defined as:

1 wG-n 1
flfJ— §C0Sm+§7]—1,27...,M.
The numerical examples are implemented in Maple 16 and SageMath 8.8 software on a PC with an Intel(R) Core(TM)

i5-4210U CPU, a 64-bit Windows 8.1 operating system, and 6 GB internal memory. The errors are computed at ¢t = ¢V
by the formulas

Eoo = ‘ Uezact (I7 tN) — Uapprox (Ia tN) H = IMax |Uezact (xia tN) — Uapprox (xia tN) )
oo 1<i<M
M 213
E2 - |: Z (ueract (xia tN) - uapprom (xia tN)> :| ’
i=1
1 M N N 212
RMSE = |:M Z (uewact (.’L‘i, t ) — Uapprox (.Ti, t )) :|
i=1
The errors are computed with M = 101 uniform points and h = 0.01, where h = z;11 — a3, i=1,--- M — 1.

Also, the following formula is used to compute the experimental convergence order (C' — Order) of the new method
e(h,27)

0(h,T) )’
where ¢ can be E.,, E5 and RMSE errors. Moreover, the resulting nonlinear systems are solved by the Newton
iterative method with the stop condition

[ Xk+1 — Xilloo

HXk+1||oo

To start the Newton iteration method, for the first time step, we use the radial basis interpolation function u(z,0)
and v(z,0), and then, for n 4+ 1th time step, the nth time step information is used.

C — Order = logs <
<107°.

Example 5.1. We solve the nonlinear TSFSE: [19]

, Y(x,t
i DR (ot + T (e 0P ) = fot)
with

P(x,0)=0, 0 <z <1,

W(0,6) =0, 0<t <1,

W(l,t)=0,0<t<1,

where

_ o M) 54 2 9.6 6 1 3,.—
X ((11x)ﬂy(1 - x)2x7(12m2 —6zy+ (—1+ 'y)'y) + 332(12(1 —x)?

+ (=74 6x)y + 72>)sec<7;y>,

and (x,t) = t322(1 — 2)? is the exact solution.

This problem has been investigated in [19] via a finite difference scheme. In Table 1, we compare the RMSE errors
an
BE
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TABLE 1. The RMSE errors and C — orders for the real part resulted by our method (¢ = 0.15, 0 = 3
and with M = 10), and method in [19], at ¢ = 1 in Example 5.1 for o = 0.2.

Our method Method in [19]

Yy T RMSE C — order RMSE C — order
1.3

+ 599740 x 1078 — 1.0967 x 107*  —

5 5.12219x107°  3.55 3.5127x107°  1.64

? 4.17589 x 10719 3.62 1.0971 x 107> 1.67

a7 3-38902 x 1071 3.62 3.3709 x 1076 1.70
L5

+ 399647 x 1078 — 8.4755 x 1075 —

= 3.27360 x 1079 3.61 2.7140 x 107°  1.64

% 2.63262 x 1071 3.64 8.4748 x 107¢  1.67

51 217271 x107'" 3.60 2.6056 x 107¢  1.70
1.7

§ 0 240138x 1078  — 6.3801 x 107°  —

15 192259 x 1079 3.64 2.0426 x 107°  1.64

25 153749 x 10710 3.64 6.3782 x 1076 1.67

a7 135151 x 10711 3,51 1.9644 x 107%  1.69
1.9

3 134096 x 1078 — 4.6971 x 1075 —

15 106322 x107°  3.66 1.5037 x 107°  1.64

35 851438 x 107! 3.64 4.6976 x 1075 1.67

a7 8.80514 x 10712 3.27 1.4572 x 107%  1.68

TABLE 2. The comparison of E., and Fs errors and condition number of matrix ¢x for different
values of M using the presented method with @« = 0.2,y =1.7,e =0.15, c =3, 7 = 0.015625 at t = 1
in Example 5.1.

Real part Imaginary part
M  Ey Es Ex Es Koo (0x)
8 2.04778 x 1078 1.10415 x 10—~ 5.66021 x 10-19 3.93624 x 10~9  8.3504
9 1.22321 x 10710 6.06866 x 1010 5.33926 x 10~11  3.77159 x 10~1° 9.3609
10 2.32768 x 10~ 1.35798 x 1019 5.29700 x 10~ 3.75215 x 10710 10.372
11 1.68127 x 10~11  1.21011 x 10~10 5.28873 x 10~ 11 3.74237 x 10710 11.384
12 1.68418 x 1011 1.21134 x 10~10 5.29427 x 10~ 3.74418 x 10710 12.396

and C — orders obtained by the present technique and method in [19] with the spatial step size h = 0.00125. Table
2 demonstrates our results for M = 8,9,10,11,12. Table 3 depicts the errors obtained by M = 10 and 7 = 0.01. As
the table shows, the errors are very small even for ¢ = 3 (300 iterations). So, we can conclude the method has a good
stability for this problem.

Example 5.2. Consider [13]

Y (z,t)

Bz + ‘w(l‘,t”?w(x,t) = f(,’L"t),

i D (e, t) +

with
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TABLE 3. The comparison of Es and RMSE errors for various values of t with a = 0.2, v = 1.3,
M =10 and € = 0.15, 0 = 3 at 7 = 0.01 in Example 5.1.

Real part Imaginary part

t Es RMSFE Es RMSFE

0.5 1.268806 x 10~10  1.262509 x 10~ 1T 3.279055 x 10719 3.262782 x 10~ 1!
1 8.360364 x 10711 8.318873 x 1012 1.396291 x 10710 1.389362 x 10~
1.5 1.739737 x 10719 1.731103 x 10~ 9.117031 x 10~ 9.071785 x 10~12
2 3.967341 x 10710 3.947652 x 10~ ! 8.705242 x 10711 8.662039 x 10~12
2.5 7.920351 x 10710 7.881044 x 10~ ! 2.431625 x 10710 2419558 x 10~ !
3 6.191609 x 1072  6.160881 x 10~ 10 4.070811 x 1076 4.050609 x 10~7

Y(x,0) =1022(1 —2)%,  0<x <1,

¥(0,t) =0, ,0<t<0.5,

Y(1,t) =0, 0<t<0.5,

where

flx,t) = iﬂﬁ(l —2)? +1.0 x 10%.(1 +t*)32°(1 — x)°

'3 —a)
_10(1+ )2 y (1 _ 6z 1222 )

cos(H)I'(3 =) 3=y B-7@-9)

10(1+#2)(1 —z)27 ( 6(1 — ) 12(1 — x)? )
— x| 1- — .
cos(5)I'(3 =) 3 B-=7(4-1)

The function, 1 (z,t) = 10(1 + t?)2%(1 — z)?, is the exact solution.
This problem has been solved in [13] by a fully discrete finite elements method. We solve it by our technique. In Table
4, our results are compared with those presented in [13]. In Table 4, 7 and h denote the temporal and spatial step sizes,
respectively. Table 4 shows that as the temporal step size (7) decreases, the errors become smaller. Table 5 depicts the
errors and Koo (¢x ) for different values of M, and confirms the convergence of our method and the well-conditioning
of the interpolation matrix.

Example 5.3. Consider the following nonlinear TSFSE:

Y(x,t)
ol 20 (x, )Py (a,t) = f(z,1),

with the non-smooth initial condition
1

x r <
w0 ={ 7 P L0<a<l,
1-@', $Z§7

i °Dip(x,t) +

and boundary conditions
Y(0,8) =0, 0 <t <1,
Y(1,t) =0, 0 <t <1,
where
f(x,t) = 223 (xt +1).

In Table 6, we report the numerical approximations for different values of 7 using the presented method. This table
confirms the efficiency of the new technique even for a nonlinear TSFSE with non-smooth initial data. Figure 1 depicts
the real and the imaginary parts of the approximate solution for M = 12 at the time ¢ = 1.5.

(&)
ENE
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TABLE 4. The comparison of both E., errors and C — orders between presented method (¢ = 0.15,
o0 =3 and M = 10) and method in [13] with 4 = 1073, for & = 0.3 and v = 1.2, at ¢ = 0.5 in Example

5.2.
Real part Imaginary part
T FEo C — order FEo C — order
Our method
3 7.876322 x 107° - 4.054167 x 10~* -
= 3.323861 x 10~° 1.24 7.305892 x 10~° 2.47
3 5.906817 x 107° 2.49 1.012731 x 10~° 2.85
% 1.001845 x 106 2.56 1.431507 x 10~6 2.82
35 1.659518 x 1077 2.59 2.066758 x 1077 2.79
Method in [13]
3 5.088096 x 1074 - 8.277816 x 1074 -
5 1.634896 x 10~*  1.637928 2.747536 x 107*  1.591112
2 5.253915 x 107°  1.637734 8.933547 x 107°  1.620833
% 1.700971 x 10~°  1.627034 2.858752 x 107°  1.643848
= 5.726426 x 1076 1.570652 8.980920 x 1076 1.670450

(-
[0

2

TABLE 5. The comparison of E,, and Fs errors and condition number of matrix ¢x for different
values of M using presented method with o = 0.3, v = 1.6, e = 0.2, 0 =3, 7 =0.02 at t = 1 in

Example 5.2.
Real part Imaginary part
M Eoo EQ Eoo E2 Hm(¢X)
8 1.53642 x 107 7.47919 x 10~° 1.55855 x 10~ 1.09288 x 10~ 8.4400
9 7.74849 x 108  4.81321 x 107 6.32069 x 1078  4.45266 x 10~ 9.4616
10 6.73296 x 10~%  4.74453 x 10~7 6.29985 x 1078  4.44968 x 10~7 10.484

TABLE 6. The numerical estimates using presented method with v = 1.7, a = 0.15, M = 10, ¢ = 0.15
and 0 = 3 at t = 1 in Example 5.3.

(x,t) 7=0.02 7=10.01 7 =0.005 7 = 0.0025
1©(0.2,1) —0.00387576 —0.00388277 —0.00388627 —0.00388802
1(0.4,1) —0.01105906 —0.01106992 —0.01107534 —0.01107806
u(0.6,1) —0.02188627 —0.02189714 —0.02190256 —0.02190527
u(0.8,1) —0.02784189 —0.02784890 —0.02785239 —0.02785414
v(0.2,1) —0.06431573 —0.06429290 —0.06428156 —0.06427591
v(0.4,1) —0.10950439 —0.10946771 —0.10944950 —0.10944043
v(0.6,1) —0.12454102 —0.12450432 —0.12448609 —0.12447701
v(0.8,1) —0.09585389 —0.09583102 —0.09581966 —0.09581401
Example 5.4. Consider
- c o 87#’(%%0 371#(%1/%) 2 _
t Dt w(x,y7t)+ 8‘1}“ 8|y‘7 +QWJ(:L'?yat” w(xayat) *f(xayvt)a

(=)
BEE
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(a) (b)

FIGURE 1. The graphs of the real (a) and the imaginary (b) parts of the approximate solution for
M=12, a=0.25,7v=18,c=0.15, 0 =3 and 7 = 0.01 at ¢ = 1.5 in Example 5.3.

with the conditions

Tﬁ(ﬂ% Y, 0) =Y

1/’(07 y’ t) - 07

1/)(17 y’ t) = 07

w(m7 07 t) = 07

1#(93’ L, t) =0,

where

f(@yt) = i%ﬁ—a(l ) A@)Ay) + A1+ )15 A3 () A ()
C e (14 )A() [ﬁlﬁ(x, 2 ) F(41—37)B(x, 3+ %B(gg, . 7)}
= L AW | B2 =)~ B3 =) + B =),

in which A(.) and B(.) are defined as

Az) = 2%(1 — 2)%, (5.1)
and

B(z, k) = 2" + (1 - 2)~.

The exact solution is 1(z,t) = (1 +4)t°z2(1 — z)?y*(1 — y)°.

We solved the problem by our technique with M; = My = M. We list the E, errors and C — orders resulting by the
present method with e = 0.1, 0 =1 and M = 9 in Table 7. As the table shows, C' — order is approximately 4 — .. In
Table 8, the errors F, and Es together with the condition numbers of matrices ¢x and ¢y for different numbers of
Gaussian RBFs are listed. The table confirms both the convergence of the method and the well-conditioning of our
interpolation.

(&)
ENE
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TABLE 7. The C — orders and E, errors for « = 0.3 and v = 1.85 using presented method, at t = 1
in Example 5.4.

Real part Imaginary part
T F C — order F C — order
% 4.62964 x 10~7 - 4.00842 x 10~7 —
& 410012 x 1078 3.50 3.56275 x 10~° 3.49
3% 3.43238 x 107 3.58 2.98845 x 107 3.58
é 2.78974 x 10710 3.62 2.43254 x 10710 3.62
== 2.22503 x 10~ 1L 3.65 1.95099 x 10712 3.64

128

TABLE 8. The comparison of E,, and E3 errors and condition number for different values of M using
presented method with a = 0.2, v =1.9, 7 =0.025 and ¢ = 0.1, 0 = 1 at t = 1 in Example 5.4.

Real part Imaginary part
M Fo F Foo E Koo (0x)  Koo(dy)
4 2.394723 x 1073 8.371867 x 103 2.509691 x 10~ 8.908535 x 10~3 4.3014 4.3014
5 6.261892 x 106 2.051060 x 10> 6.574005 x 1076 2.162577 x 10~° 5.2903 5.2903
6 1.387267 x 1076 4.151272 x 10~6 1.370691 x 1076 4.191423 x 1076 6.2861 6.2861
7 3.722687 x 1072  1.016861 x 108 3.184190 x 102 1.028350 x 108 7.2853 7.2853
8  6.452195 x 10719 3.117526 x 10~ 1.028044 x 102 3.111826 x 1077 8.2866 8.2866

6. CONCLUSION

We developed the stable Gaussian RBF interpolation to solve nonlinear TSFSE. In this regard, we obtained the
Riesz fractional derivative of the eigenfunction Gaussian interpolants, and by a method of lines, we converted the
problem to a coupled system of fractional ODEs. To solve this system, we proposed a high-order finite difference
scheme. We included four numerical examples to certify the efficiency of the method. Numerical experiments show
that the condition number of ¢x is small and the accuracy of solutions is acceptable. We developed our technique
for two-dimensional TSFSE. Our method gives a closed-form approximate solution in each time step, and it can be
extended for many types of time- and space-fractional PDEs.
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