
Research Paper
Computational Methods for Differential Equations
http://cmde.tabrizu.ac.ir

Vol. 12, No. 4, 2024, pp. 710-718
DOI:10.22034/cmde.2024.56129.2344
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Abstract
In this paper, we study the gradient estimate for the positive solutions of the equation ∆u+ au(log u)p + bu = f

on an almost Ricci soliton (Mn, g,X, λ). In a special case, when X = ∇h for a smooth function h, we derive a
gradient estimate for an almost gradient Ricci soliton.
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1. Introduction

Let (Mn, g) be a complete Riemannian manifold with fixed base point O ∈M . Consider the following lower bound
on the Ricci curvature

Ric +
1

2
LXg ≥ −λg, (1.1)

for a smooth function λ : M → R, and smooth vector field X, which satisfies

|X|(y) ≤ K

d(y,O)α
, ∀y ∈M. (1.2)

Here d(y,O) represents the distance from O to y, K is a positive constant, and 0 ≤ α < 1. We say that a Riemannian
manifold M is an almost Ricci soliton when equipped with (1.1), and the Ricci soliton when λ is a constant. An
almost Ricci soliton (M, g,X, λ) is trivial, if it is a Ricci soliton, and a Ricci soliton is trivial when X is Killing. There
is some newly published article about the characterization of almost Ricci solitons, and their isometries. We refer the
readers to references [3, 6–8, 14, 16] for further studies.

In the pioneering work, of Zhang and Zhu [18], proposed the main conditions (1.1) and (1.2) with a constant λ,
along with the volume non-collapsing condition when α 6= 0:

V ol(B(x, 1)) ≥ ρ, (1.3)

for all x ∈ M and some constant ρ > 0. First, they studied volume comparison, then following the techniques in [5],
they proved Sobolev inequalities on manifolds as follows:

Theorem 1.1 (Sobolev inequality). Assume that (1.1), (1.2), and (1.3) hold. Then there is a constant r0 =
r0(n, λ,K, α, ρ) such that for any f ∈ C∞0 (B(x, r)), r ≤ r0, we have the following Sobolev inequalities:

(∮
B(x,r)

|f |
n

n− 1 dg

)n− 1

n ≤ C(n)r

∮
B(x,r)

|∇f |dg, (1.4)
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and (∮
B(x,r)

|f |
2n

n− 2 dg

)n− 2

n ≤ C(n)r2

∮
B(x,r)

|∇f |2dg.

Moreover, for the case that X = ∇f for some smooth function f , we get

(∮
B(x,r)

|f |
n

n− 1 dg

)n− 1

n ≤ C(n)r

∮
B(x,r)

|∇f |dg.

These results enabled authors to state local gradient estimates for elliptic and parabolic heat equations.
Motivated by this work, in [1], we have studied volume comparison for an almost Ricci soliton:

Theorem 1.2 (Volume comparison). Assume that for an n-dimension Riemannian manifold (1.1) and (1.2) hold.
Moreover, consider a positive constant N as an upper bound λ. Suppose in addition that the volume non-collapsing
condition (1.3) holds for positive constants ρ > 0, K ≥ 0 and 0 ≤ α < 1, then for any 0 < r1 < r2 ≤ 1, the volume
ratio bound is as follows

V ol(B(x, r2))

rn2
≤ eC(n,N,K,α,ρ)[N(r22−r

2
1)+K(r2−r1)1−α].

V ol(B(x, r1))

rn1
,

where C = C(n,N,K, α, ρ) is the constant depends on (n,N,K, α, ρ) and B(x, r) is a ball centered at x with radius r.
In particular, this result is true by considering the gradient soliton vector field X = ∇f .

It is known that results such as volume comparison and gradient estimate are powerful tools in geometry. For
example, see [2, 4, 10, 11, 15, 17]. As an important application, Li and Yau [12] deduced a Harnack inequality,
and also, obtained upper and lower bounds for heat kernel under the Dirichlet and Neumann boundary conditions.
Recently, Peng et al. [13], established Yau-type gradient estimates for the following equation on Riemannian manifolds

∆u+ au(log u)p + bu = 0,

where a, b ∈ R, and p is a rational number with p =
k1

2k2 + 1
≥ 2, where k1 and k2 are positive integer numbers.

Lately, in [9] we studied gradient estimate on an almost Ricci soliton M for the solutions of

∆u = f + Y.u,

where Y is a smooth vector field.
In this paper, using the sufficient instruments like Sobolev inequality, volume comparison Theorem, and the same
method as in [18], we want to obtain a gradient estimate for the smooth function u, which satisfies

∆u+ au(log u)p + bu = f, (1.5)

here a, b, and p > 0 are real constants, and f : M → R is a smooth function.

2. main results

In this section, we are going to state local gradient estimates for solutions of the nonlinear Equation (1.5) for an
almost Ricci soliton Mn. Note that all results in this section hold without the non-collapsing condition, if α = 0. Here
is our main result:

Theorem 2.1. Suppose that for an almost Ricci soliton Mn, (1.1), (1.2), and (1.3) hold. For q >
n

2
, if u and f be

smooth functions such that (1.5) holds with 0 ≤ u ≤ l1 and |(log u)p| ≤ l2, and |λ| ≤ l3 for constants l1, l2, l3, then
there exists a positive constant r0 = r0(n,K, α, ρ, l1, l2, l3) such that for any x ∈M and 0 < r ≤ r0 we have

sup

B(x,
1

2
r)

|∇u|2 ≤ C(n,K, α, ρ, l1, l2, l3)
[
(‖f‖∗2q,B(x,r))

2 + r−2(‖u‖∗2,B(x,r))
2
]
.
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If, in the definition of Ricci soliton and almost Ricci soliton, the vector field is a gradient of a smooth function,
then we derive gradient Ricci soliton and gradient almost Ricci soliton. By this definition, for a gradient almost Ricci
soliton (M, g,X = ∇h, λ), the same computation as in Theorem 2.1, concludes:

Corollary 2.2. Suppose that the following condition holds for a gradient Ricci soliton

Ric +Hessh ≥ −λg,

and moreover, consider two conditions for the potential function h as follows:

|h(y)− h(z)| ≤ K1d(y, z)α, and sup
x∈M,0≤r≤1

(
rβ‖∇h‖∗q,B(x,r)

)
≤ K2,

for any y, z ∈M with d(y, z) ≤ 1. Here K1,K2 ≥ 0, 0 < α < 1, 0 ≤ β < 1, and q ≥ 1 are constants. Then there is a
constant r0 = r0(n,K1,K2, α, β, l1, l2, l3), such that the solution of (1.5) satisfies

sup

B(x,
r

2
)

|∇u|2 ≤ C(n,K1,K2, α, β, l1, l2, l3)
[
r−2(‖u‖∗2,B(x,r))

2 + (‖h‖∗2q,B(x,r))
2
]
,

for any q >
n

2
.

Now, we are ready to prove the Theorem 2.1.

Proof of Theorem 2.1. Set v = |∇u|2 + ‖f2‖∗q,B(x,r). Then, the Bochner formula gives

∆v = 2|∇2u|2 + 2 < ∇u,∇∆u > +2Ric(∇u,∇u). (2.1)

Since ∆u+ au(log u)p + bu = f , substituting (1.1) into (2.1), we get

∆v ≥ 2 < ∇u,∇f > −2 < ∇u,∇(au(log u)p + bu) > −2λv − (LV g)(∇u,∇u)

≥ 2 < ∇u,∇f > −2av(log u)p − 2apv(log u)p−1 − 2v(b+ λ)− (LV g)(∇u,∇u),

and for any q > 0, we get

∆vq = qvq−1∆v + q(q − 1)vq−2|∇v|2

≥ 2qvq−1 < ∇u,∇f > −2aqvq(log u)p − 2apqvq(log u)p−1 − 2qvq(b+ λ)

−qvq−1(LV g)(∇u,∇u) +
q − 1

q
v−q|∇vq|2. (2.2)

Let B = B(x, r), then by (2.2) for any η ∈ C∞0 (Bx(1)) and q ≥ 1, in the local coordinate we compute∫
B

|∇(ηvq)|2 =

∫
B

|η∇vq + vq∇η|2

=

∫
B

v2q|∇η|2 − η2vq∆vq

≤
∫
B

v2q|∇η|2 − 2qη2v2q−1uifi + 2aqη2(log u)pv2q + 2apqη2(log u)p−1v2q

+2(b+ λ)qη2v2q + qη2v2q−1(LV g)ijuiuj . (2.3)
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We know (LV g)ij = ∇iVj +∇jVi, so using integration by parts we get

1

2

∫
B

η2v2q−1(LV g)ijuiuj

= −
∫
B

2ηv2q−1ηjViuiuj + (2q − 1)η2v2q−2vjViuiuj

+η2v2q−1Viuijuj + η2v2q−1Viuiujj

≤
∫
B

v2q|∇η|2 + η2v2q−2|V |2|∇u|4 − 2q − 1

q
ηvq−1Viuiuj [(ηv

q)j − vqηj ]

−1

2
η2v2q−1Vivi +

1

2
η2v2q−2f2|∇u|2 +

1

2
η2v2q|V |2 − η2v2q−1Viui(au(log u)p + bu).

≤
∫
B

v2q|∇η|2 +
3

2
η2v2q|V |2 − 2q − 1

q
ηvq−1Viuiuj [(ηv

q)j − vqηj ]

− 1

2q
ηvqVi[(ηv

q)i − vqηi] +
1

2
η2v2q−2f2|∇u|2 − η2v2q−1Viui(au(log u)p + bu).

(2.4)

With the boundary condition stated in the theorem for λ, u, and (log u)p, (2.4) becomes

∫
B

η2v2q−1(LV g)ijuiuj

≤
∫
B

2v2q|∇η|2 + 3η2v2q|V |2 +
1

2q
|∇(ηvq)|2 +

2(2q − 1)2

q
η2v2q|V |2

+
2q − 1

q
v2q|∇η|2 +

2q − 1

q
η2v2q|V |2 +

1

2q
|∇(ηvq)|2 +

1

2q
η2v2q|V |2

+
1

2q
η2v2q|V |2 +

1

2q
v2q|∇η|2 + η2v2q−1f2 + l2l3η

2v2q|V |2 + l2l3η
2v2q−2|∇u|2

+bl2η
2v2q|V |2 + bl2η

2v2q−2|∇u|2

≤
∫
B

8q − 1

4q
v2q|∇η|2 +

2(2q − 1)2 + 5q + 2ql2(b+ l3)

2q
η2v2q|V |2

+
1

2q
|∇(ηvq)|2 +

1

2
η2v2q−1f2 + l2(b+ l3)η2v2q−1. (2.5)
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On the other hand, simple computation gives

− 2q

∫
B

η2v2q−1uifi

= 2q

∫
B

η2v2q−1f2 − au(log u)pη2v2q−1f + 2ηv2q−1fuiηi + (2q − 1)η2v2q−2fuivi

= 2q

∫
B

η2v2q−1f2 + 2ηv2q−1fuiηi +
2q − 1

q
ηvq−1fui((ηv

q)i − vqηi)− (al2l3

+bl2)η2v2q−1f

=

∫
B

η2v2q−1f2 +
1

q
ηv2q−1fuiηi +

2q − 1

q
ηvq−1fui(ηv

q)i − (al2l3 + bl2)η2v2q−1f

≤ 2q

∫
B

η2v2q−1f2 +
1

2q
η2v2q−2f2|∇u|2 +

1

2q
v2q|∇η|2 +

1

8q
|∇(ηvq)|2

+
2(2q − 1)2

q
η2v2q−2f2|∇u|2 +

1

2
η2v2q−2f2 +

(al2l3 + bl2)2

2
η2v2q

= 2q

∫
B

4(2q − 1)2 + 3q + 1

2q
η2v2q−1f2 +

1

2q
v2q|∇η|2 +

1

8q
|∇(ηvq)|2

+
(al2l3 + bl2)2

2
η2v2q. (2.6)

Putting (2.5) and (2.6) into (2.3), follows that

∫
B

|∇(ηvq)|2 ≤
∫
B

4v2q|∇η|2 + (16(2q − 1)2 + 12q + 4)η2v2q−1f2 + 4v2q|∇η|2

+(8q − 1)v2q|∇η|2 + (4(2q − 1)2 + 10q + 2ql2(b+ l3))η2v2q|V |2

+2qη2v2q−1f2 + 2ql2(b+ l3)η2v2q−1 + 4q(al2l3 + bl3)2η2v2q

+8aql3η
2v2q + 8apql3η

2v2q + 8(b+ l1)qη2v2q

≤
∫
B

16qv2q|∇η|2 + 70q2η2v2q−1f2 + [30q2 + 2ql2(b+ l3)]η2v2q|V |2

+[4(al2l3 + bl3)2 + 8al3 + 8apl3 + 8(b+ l1)]qη2v2q

+2ql2(b+ l3)η2v2q−1. (2.7)

Constructing a cut-off function ψi(s) such that for ri = (
1

2
,

1

2i+2
), i = 0, 1, 2, ..., ψi(t) ≡ 1 for t ∈ [0, ri+1], suppψi ⊆

[0, ri] and −52i

r
≤ ψ′i ≤ 0. Then define ηi(y) = ψi(s). Thus, (2.7) becomes

∫
B(x,ri)

|∇(ηiv
q)|2 ≤

∫
B(x,ri)

16qv2q|∇ηi|2 + 70q2η2
i v

2q−1f2 + [30q2 + 2ql2(b+ l3)]η2
i v

2q|V |2

+[4(al2l3 + bl3)2 + 8al3 + 8apl3 + 8(b+ l1)]qη2
i v

2q

+2ql2(b+ l3)η2
i v

2q−1. (2.8)
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Using volume comparison Theorem 1.2, for
r

2
≤ ri ≤

3r

4
, and Young’s inequality we can conclude

70q2

∮
B(x,ri)

η2
i v

2q−1f2

≤ 70q2

‖f2‖∗q,B(x,r)

∮
B(x,ri)

η2
i v

2qf2

≤ C(n, l1,K, α, ρ)q2

(∮
B(x,ri)

(ηiv
q)

2q

q − 1
)q − 1

q

≤ C(n, l1,K, α, ρ)q2

(∮
B(x,ri)

(ηiv
q)
a.

2q

q − 1
.b
)q − 1

qb

×
(∮

B(x,ri)

(ηiv
q)

(1−a).
2q

q − 1
.
b

b− 1
) (q − 1)(b− 1)

qb

≤ ε

(∮
B(x,ri)

(ηiv
q)
a.

2q

q − 1
.b
)q − 1

qba

+ε
−

a

1− aC
1

1− a q
2

1− a
(∮

B(x,ri)

(ηiv
q)

(1−a).
2q

q − 1
.
b

b− 1
) (q − 1)(b− 1)

qb(1−a)
.

By choosing a =
n

2q
, and b =

2q − 2

n− 2
, it follows

70q2

∮
B(x,ri)

η2
i v

2q−1f2 (2.9)

≤ ε

(∮
B(x,ri)

(ηiv
q)

2n

n− 2
)n− 2

n
+ ε
−

n

2q − nC
2q

2q − n q
4q

2q − n
∮
B(x,ri)

η2
i v

2q.

With the same argument for q ∈ (
n

2
,
n

2α
), we have

30q2

∮
B(x,ri)

η2
i v

2q|V |2

≤ εr−2α
i

(∮
B(x,ri)

(ηiv
q)

2n

n− 2
)n− 2

n
+ ε
−

n

2q − n q
4q

2q − nC
2q

2q − n r−2α
i

∮
B(x,ri)

η2
i v

2q,

and

2ql2(b+ l3)

∮
B(x,ri)

η2
i v

2q|V |2

≤ εr−2α
i

(∮
B(x,ri)

(ηiv
q)

2n

n− 2
)n− 2

n
+ ε
−

n

2q − n q
2q

2q − nC

2q

2q − n
1 r−2α

i

∮
B(x,ri)

η2
i v

2q.
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Here C1 = C1(n,K, α, ρ, l1, l2, l3) . Now, substituting (2.9), (2.10), and (2.10) in (2.8), and using Sobolev inequality
(1.4), we obtain

(∮
B(x,ri)

(ηiv
q)

2n

n− 2
)n− 2

n

≤ C(n)r2
i

∮
B(x,ri)

|∇(ηiv
q)|2

≤ C(n)r2
i

[
16qv2q|∇ηi|2 + [4(al2l3 + bl3)2 + 8al3 + 8apl3 + 8(b+ l1)]qη2

i v
2q

+2ql2(b+ l3)η2
i v

2q−1

]

+C(n)εr2−2α
i

(∮
B

(ηvq)

2n

n− 2
)n− 2

n

+C(n)ε
−

a

1− aC
2q

2q − n q
4q

2q − n r2−2α
i

∮
B(x,ri)

η2
i v

2q

+C(n)r2
i ε

(∮
B(x,ri)

(ηiv
q)

2n

n− 2
)n− 2

n

+C(n)r2
i ε
−

a

1− a (q 4q

2q − n + q

2q

2q − n ) ∮
B(x,ri)

η2
i v

2q. (2.10)

Due to ri ≤ r ≤ 1 and α < 1, we choose ε = ε(n) so small that (2.10) changes as

(∮
B(x,ri)

(ηiv
q)

2n

n− 2
)n− 2

n ≤ C(n,K, α, ρ, l1, l2, l3)r2
i

∮
B(x,ri)

qv2q|∇ηi|2

+qη2
i v

2q + qη2
i v

2q−1.

With volume comparison Theorem 1.2, we get

(∮
B(x,ri+1)

(vq)

2n

n− 2
)n− 2

n ≤ C(n, l3,K, α, ρ)

(∮
B(x,ri)

(ηiv
q)

2n

n− 2
)n− 2

n

≤ C(n,K, α, ρ, l1, l2, l3)

∮
B(x,ri)

22iqv2q + 2qv2q.

Now, we choose q =
µi

2
for i = 0, 1, 2, · · · , where µ =

n

n− 2
. Therefore

(∮
B(x,ri+1)

vµ
i+1

)n− 2

n
=

(∮
B(x,ri+1)

(vq)

2n

n− 2
)n− 2

n

≤ C(n,K, α, ρ, l1, l2, l3)(22i−1µi + 2µi)

∮
B(x,ri)

vµ
i

≤ C(n,K, α, ρ, l1, l2, l3)2(22i−2 + 1)22i

∮
B(x,ri)

vµ
i

,
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here in the last step we use the fact that µ ≤ 3. So

‖v‖∗µi+1,B(x,ri+1) ≤ C
µ−i(24i−1 + 22i+1)µ

−i
‖v‖∗µi,B(x,ri)

.

Using powerful Nash-Moser iteration, we conclude

sup

B(x,
1

2
r)

v ≤ CΣµ−i(24i−1 + 22i+1)Σµ−i‖v‖∗
1,B(x,

3

4
r)

≤ C(n,K, α, ρ, l1, l2, l3)‖v‖∗
1,B(x,

3

4
r)

. (2.11)

Since ∫
B(x,r)

η2|∇u|2 =

∫
B(x,r)

−η2u(f − au(log u)p − bu)− 2ηu∇u∇η

≤
∫
B(x,r)

1

2
u2η2 +

1

2
f2η2 + aη2l21 + η2bl21 +

1

2
η2|∇u|2 + 2u2|∇η|2.

This with the definition of η, imply that∮
B(x,r)

η2|∇u|2 ≤ 4

∮
B(x,r)

u2η2 + f2η2 + aη2l21l2 + bη2l21 + u2|∇η|2

≤ 100r−2(‖u|∗2,B(x,r))
2 + 4‖f2‖∗q,B(x,r) + al21l2 + bl21.

Thus

‖v‖∗
1,B(x,

3

4
r)

≤ V ol(B(x, r))

V ol(B(x,
3

4
r))

∮
B(x,r)

η2(|∇u|2 + ‖f2‖∗q,B(x,r))

≤ C(n,K, α, ρ, l1, l2, l3)
[
r−2(‖u‖∗2,B(x,r))

2 + (‖f‖∗2q,B(x,r))
2
]
. (2.12)

Combining (2.11) and (2.12), we have

sup

B(x,
1

2
r)

|∇u|2 ≤ ‖v‖
∞,B(x,

1

2
r)

≤ C(n,K, α, ρ, l1, l2, l3)
[
r−2(‖u‖∗2,B(x,r))

2 + (‖f‖∗2q,B(x,r))
2
]
.

This completes the proof. �

The proof of Corollary 2.2 is the same, so we omit it.

3. Conclusion

We mainly study gradient estimate for the following elliptic equation:

∆u+ au(log u)p + bu = f, (3.1)

and we show that for a complete Riemannian manifold (Mn, g), the gradient bound of the positive solution of (3.1) is
well controlled by some constants, and lower bounds for u, log u, and Ricci soliton. Our results are applicable, when
Ricci soliton is expanding, steady or shrinking. Our achievement may generalize to the corresponding heat equation

∆u− ∂tu+ au(log u)p + bu = f.

However, although it may seem more challenging, the results will be useful for investigating the upper and lower
bounds of the heat kernel.
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