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Abstract
In this paper, we study the gradient estimate for the positive solutions of the equation Awu + au(log u)P + bu = f
on an almost Ricci soliton (M™, g, X, \). In a special case, when X = Vh for a smooth function h, we derive a
gradient estimate for an almost gradient Ricci soliton.
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1. INTRODUCTION

Let (M™, g) be a complete Riemannian manifold with fixed base point O € M. Consider the following lower bound
on the Ricci curvature

1
Ric + §£Xg > —\g, (1.1)
for a smooth function A : M — R, and smooth vector field X, which satisfies
K
X|(y) £ ———, VYyeM. 1.2
1 X1(y) 0. 0)" (1.2)

Here d(y, O) represents the distance from O to y, K is a positive constant, and 0 < o < 1. We say that a Riemannian
manifold M is an almost Ricci soliton when equipped with (1.1), and the Ricci soliton when A is a constant. An
almost Ricci soliton (M, g, X, A) is trivial, if it is a Ricci soliton, and a Ricci soliton is trivial when X is Killing. There
is some newly published article about the characterization of almost Ricci solitons, and their isometries. We refer to
the [3, 6-8, 14, 16] for more study.

In the pioneering work of Zhang and Zhu [18], they proposed the main conditions (1.1), (1.2) with constant A\, and
also the volume non-collapsing condition when a # 0:

Vol(B(z,1)) > p, (1.3)
for all z € M and some constant p > 0. They first studied volume comparison, then following the techniques in [5],
they proved Sobolev inequalities on manifolds as follows:
Theorem 1.1 (Sobolev inequality). Assume that (1.1), (1.2), and (1.3) hold. Then there is a constant r9 =
ro(n, \, K, a, p) such that for any f € C§°(B(x,r)), r < 19, we have the following Sobolev inequalities:
n—1

(;f If”—ldg) "o f  (vsld, (1.4)
B(z,r) B(w,r)
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and
m n—2

(;4 |fn—2dg) I T\
B(z,r) B(z,r)

Moreover, for the case that X =V f for some smooth function f, we get

n—1

n
(f |fn1dg) O A
B(z,r) B(z,r)

These results enabled authors to state local gradient estimates for elliptic and parabolic heat equations.
Motivated by this work, in [1], we have studied volume comparison for an almost Ricci soliton:

Theorem 1.2 (Volume comparison). Assume that for an n-dimension Riemannian manifold (1.1) and (1.2) hold.
Moreover, consider a positive constant N as an upper bound for A. Suppose in addition that the volume non-collapsing
condition (1.3) holds for positive constants p > 0, K > 0 and 0 < a < 1, then for any 0 < r1 < ro < 1, the volume
ratio bound is as follows

VOl(B(J?, TQ)) < eC(n,N,K,a,p)[N(Tg—rf)+K(r2—r1)170‘] ) VOZ(B('Ta 7”1))
ry - r ’

where C = C(n, N, K, a, p) is the constant depends on (n, N, K, «, p) and B(x,r) is a ball centered at x with radius r.
In particular, this result are true by considering the gradient soliton vector field X =V f.

It is known that results such as volume comparison and gradient estimate are powerful tools in geometry. For
example, see [2, 4, 10, 11, 15, 17]. As an important application, Li and Yau [12] deduced a Harnack inequality, and
also they obtained upper and lower bounds for heat kernel under the Dirichlet and Neumann boundary conditions.
Recently, Peng et al. [13], established Yau-type gradient estimates for the following equation on Riemannian manifolds

Au + au(log u)? + bu = 0,

k

where a,b € R, and p is a rational number with p = T :_1 > 2, where k1 and ks are positive integer numbers.
2

Lately, in [9] we studied gradient estimate on an almost Ricci soliton M for the solutions of

Au=f+Yu,

where Y is a smooth vector field.
In this paper, using the sufficient instrument like Sobolev inequality, volume comparison Theorem, and the same
method as in [18], we want to obtain a gradient estimate for the smooth function u, which satisfies

Au + au(log u)? + bu = f, (1.5)

here a,b, and p > 0 are real constants, and f : M — R is a smooth function.

2. MAIN RESULTS

In this section, we are going to state local gradient estimates for solutions of the nonlinear equation (1.5) for an
almost Ricci soliton M™. Note that all results in this section hold without the non-collapsing condition, if « = 0. Here
is our main result:

Theorem 2.1. Suppose that for an almost Ricci soliton M™, (1.1), (1.2), and (1.3) hold. For ¢ > g, if w and f be
smooth functions such that (1.5) holds with 0 < u < Il and |(loguw)?| < la, and |A\| < I3 for constants ly,l2,l3, then
there exists a positive constant ro = ro(n, K, «, p,l1,l2,13) such that for any x € M and 0 < r < r¢ we have

Suﬁ) |VU|2 < C(”v K7 Q, P, l17 l2a l3) [(Hf“;q,B(x,r))Q + T_Z(”uH;,B(w,T))?} .

B(z,ir)

(=)=
E)NE
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If, in the definition of Ricci soliton and almost Ricci soliton, the vector field is a gradient of a smooth function,
then we derive gradient Ricci soliton and gradient almost Ricci soliton. By this definition, for a gradient almost Ricci
soliton (M, g, X = Vh, \), the same computation as in Theorem 2.1, concludes:

Corollary 2.2. Suppose that the following condition holds for a gradient Ricci soliton
Ric + Hessh > —)g,
and moreover, consider two condition for the potential function h as follows:

h(y) — h(2)] < K1d(y,2)*, and ~ sup (PP VA[: p,.) < Ko,
zeM,0<r<1

for any y,z € M with d(y,z) <1. Here K1,K2>0,0<a<1,0<8<1, and g > 1 are constants. Then there is a
constant ro = ro(n, K1, Ko, «, 38,11,12,13), such that the solution of (1.5) satisfies

Sul?n |V7.L|2 < C(n’ K1, K>, a, ﬂ’ by, 12, l3) [7”72(||7.L| ;,B(z,r))2 + (”hH;q,B(I,r))z] )

B(‘/I‘,’i)
for any q > g

Now, we are ready to prove the Theorem 2.1.

Proof of Theorem 2.1. Set v = |Vu|? + ||f2||;B(m7r). Then, the Bochner formula gives
Av = 2|VZu|? + 2 < Vu, VAu > +2Ric(Vu, Vu). (2.1)
Since Au + au(log u)? + bu = f, substituting (1.1) into (2.1), we get

Av < Vu,Vf > -2 < Vu,V(au(logu)? + bu) > —2Xv — (Ly g)(Vu, Vu)

> 2
> 2< Vu,Vf > —2av(logu)? — 2apv(logu)?~ — 20(b + \) — (Ly g)(Vu, Vu),

and for any ¢ > 0, we get

Avt QT Av + q(q — 1)v? 3| Vol?
2qv1™t < Vu, VF > —2aqui(logu)? — 2apqu?(log u)P~! — 2qui(b+ \)

-1
—quT YLy g)(Vu, Vi) + 2 - vV, (2.2)

v

Let B = B(x,r), then by (2.2) for any n € C§°(B,(1)) and ¢ > 1, in the local coordinate we compute

[19nE = [ v+ orvg
B B

= /v2q|V77|2—772quvq
B

IN

/ v2q|V77|2 —2qn?v® T, f; + 2aq772(10g u)pvzq + 2apgn?(log u)p_lv2q
B

+2(b+ )\)qn202q + qn2vzq_1(ﬁvg)ijuiuj. (2.3)
[c[v]
(o] €]
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We know (Lvg)i; = ViV + V;V;, so using integration by parts we get

/ n?v* YLy g)iuiu;
B

N | =

—/Janqu*lanuiu] (2q — D)n*v? 20 Viuu;

2, 2q—1 2, 21
+0 0™ Viugiug + n7 0™ Viugug,

-1

< [ TR VR q—nvq-lmuﬂ(nv% ~ oty

B

1 1

—57721)2‘1_11/2-112- + 51 22072 f2| Ty |? 4 77 202UV 12 — 1?02 W, (au(log u)? + bu).
3 2q—1

< / v Vnl® + Sn*o |V - Tnv“‘l‘/iuwj ()5 = v7n;]

B

1 1
—Q—qnqui[(m}q)i —vin] + §n202q_2f2|Vu|2 — 202 Wi, (au(log u)? + bu).

With the boundary condition stated in the theorem for A, u, and (logu)?, (2.4) becomes

/ n?v* Ly g)iuiu;
B

IN

1 2(2¢g — 1)
[ 2o +3772v2"|V|2 + VO + 2By
B

2q—1 , 2 L 2q—-1 o2 |V|? + 1 9, 1 9 902
_;_7 1V 9V V(nv?)|* + =m0V
L+ 2Ly L + L)
1 1
StV 4 T P eV ol Tl

+blg772@2q|V|2 + blgn2v2q Q\VU\Q
8¢g—1 2(2¢ — 1)2 4+ 5q + 2qlo (b + 1
/B 4 02q|V77|2+ ( ) % 2( 3)7721)2‘1|V|2

1
—|V(77vq)|2 + X 2029712 L 1o (b + I3)n?0?0h

IN
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On the other hand, simple computation gives

—2q/ v, f;
B

= 2q/ n?v?7 1 2 — au(log u)’n*v® 1t f + 20070 fugm; + (2g — D02 fuv;
B

2g —1
= 261/772”2q_1f2+277@2q_1fu1*77¢+ 4t fuy(qo?); — ;) — (alsls
B
+ + blz)n2v2q_1f
1 2q —
_ /n202q71f2+777'02q71fui77i+ q
B q
2q/ n2v2q71f2+
B
2(2q — 1)?
N (2¢ - 1)

1
ot fu; (m?); — (alals + bla)n?v®0 L f

IN

1 2.2q9—2 p2 2 1 2 2 1 2
— v — 2|V — |V (nv1
5o PV 4 5Tl 4 )|

2
nzvzq_2f2|Vu\2 n %nzvzq—zfz i (alsl3 ;' blz) 22

42 —1)2+3g+1 1 1
_ 2q/ ( q ) q nzv2q—1f2+7U2qlvn|2+7‘v(m}q)|2
B 2q 2q 3q

Iy bly)?
+(a 2 3; 2) 202,

(2.6)

Putting (2.5) and (2.6) into (2.3), follows that

/ [V(?)* < / 40%9|Vn|? 4 (16(2g — 1)? + 12¢ + 4)n*v?7 1 f2 4 40| Vp|?
B B

+(8q — 1)v*!|Vn|* + (4(2¢ — 1)* + 10 + 2qla(b + I3) ) v |V >
+2qn* 02 2 4 2qlo (b 4 13)n* 0?7 4 4q(alals + bls)*n* v
+8aqlzn*v®® + 8apqlsn®v?? 4 8(b + 1y )qn*v*?

/ 16qu*?|Vn|? + 70¢°*n*v* ™" f2 + [30¢* + 2qla (b + I3)]n° v |V |?
B

IN

+[4(alalz + bl3)* + 8als + Sapls + 8(b + 11)]qn*v*
+2qly (b + I3)n*v?7 L. (2.7)

1 1

Constructing a cut-off function ;(s) such that for r; = (5, 21?), i=0,1,2,..., ¥;(t) = 1 for t € [0, r;41], suppp; C
52° /

[0,r;] and — . < 4p; < 0. Then define n;(y) = ¥;(s). Thus, (2.7) becomes

/ V("> < / 16qv*?|Vn|? + 70¢*n7 v 2 + [30¢° + 2ql2 (b + I3) |0 v*I|V]?
B(z,r;) B(z,r;)

+[4(alals + bl3)? + 8als + 8apls + 8(b + 11)]gniv*?
+2qlo (b + I3)nfv?T L. (2.8)
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. . T 3r . .
Using volume comparison Theorem 1.2, for 3 <r < R and Young’s inequality we can conclude

70¢? f n v f?
B(z,r;)

< 70‘12% 2% 2
N ||f2||;,B(r,r) B(z,r;) ‘

2¢ a-1
< C’(n7ll,K7a7p)q2<j£ (nivq)q_l) q
B(x,r;)
2q q—1
a. b b
S C’(n,ll,K,a,p)q2<7{ (nivq) q- 1 ) 4
B(z,r;)
2¢ b (¢—DB-1)
(1-a). Y b
><<j{ (niv?) g—1 b—1> q
B(z,r;)
2q q—1
<

a. .b ba
e(f (o) 41 )q
B(x,r;)

a 1 2 2q b (¢—1(b-1)

_ l—a).——.—— —a
+e 1—aCcl—agl—a 7{ (qu)( )q—l b—l) gt
B(z,r;)

2q — 2
By choosing a = ﬁ, and b= 22 , it follows
2q n—2
07§ (29)
B(x,r;)
o N—2 n 2q 4q
< e<]{ (qu)”Q) ot 2‘1_”02q_”q2q_”]{ v,
B(z,r;) B(z,r;)
. n n
With the same argument for ¢ € (5, 2—), we have
e
07 P v
B(z,ri)
on M2
< 67”¢2a<j{ (nivq)n— 2) n
B(z,r;)
n 4q 2q
e 20-1ng2q—ng2q—np-2a ]{ ntv?e, (2.10)
B(z,ri)
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and

2qla(b + 1) f 2|V
B(z,r;)

m n—2

< 67“Z2o‘<7§ (mv")”—Q) "
B(z,r;)

n 2q 2q
e 2q—nq2q—n012q_nr?2a?{ 0%, (2.11)
B(z,r;)

7

Here Cy = Cy(n, K, a, p,l1,12,13) . Now, substituting (2.9), (2.10), and (2.11) in (2.8), and using Sobolev inequality
(1.4), we obtain

2n n—2

(o e772) 7

C(n)r? f IV (507 ?
B(z,r;)

IN

IN

C(n)rf [16qv2qu|2 + [4(alals + b13)2 + 8als + 8apls + 8(b + ll)]qn?vQ‘]

+2qla (b + lg)nffzﬂ“]

o n—2

+C(n)er§2a( é (m;q)n—2> n

a 2q 4q
+C(n)e 1 _a02q—nq2q—nri272a7{ n2v*
B(x,r;)
m n—2

+c<n>r%e( § o mann- 2) n
B(z,r;)
a 4q 2q

+C(n)r2e 1 —a(q2a—n +q2q—n)f( )n?qu. (2.12)
B(xz,r;

Due to r; <r <1 and a < 1, we choose € = €(n) so small that (2.12) changes as

2n n—2
( ¢ (qu)”Q) T CKap bl f I en
B(xz,r;)

B(z,r;)

+qniv® + qniv?aL.

With volume comparison Theorem 1.2, we get

n n—2 2n n—2

(]{ (U‘J)n—2> n < C(n,lg,K,a7p)<?§ (qu)n—2> n
B(z,rit+1) B(z,ri)

<Cn, K, a,p,ly, 12, l3)% 2% qu?4 4 2qu21.
B(z,r;)
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Now, we choose ¢ = % for i =0,1,2,---, where u = " Therefore

n—2 n n—2

(7{ v“i“) n _ (% (vq)n_2> n
B(z,rit1) B(z,rit1)

Cn, K, s 1 Doy 1) (221 + 2001 f ot
B(z,r;)

IN

< O K aply, 1o, 13)2(2572 4 1)2% ]{ o
B(z,r;)

here in the last step we use the fact that 4 < 3. So

i

I R
lolljisr By < C* @Y+ 225D ol g -

Using powerful Nash-Moser iteration, we conclude

sup v < CFH (AL 4 2Ly RuT ) x < C(n K, a,p, 0, b, 5) ol 5 (2.13)
1 xT,—T X,—T
B(xz,=r) LB( 4 ) 1,B( 4 )
2
Since
/ | Vu|> = / —n?u(f — au(logu)? — bu) — 2nuVuVn
B(z,r) B(z,r)

1 1 1
/ Ly e o oz Lpivu? 1+ 202w
B(a,r) 2 2 2

This with the definition of 7, imply that
§ RV < Af P P P b Vi
B(z,r) B(z,r)

< 1000 2(lulg o)) + 41720 ey + aldl -+ bI2.

Thus
. Vol(B(z,r)) .
ol 5 < 22D S (TR g
LB, 77) Vol(B(z, ~r)) 7 B@r)
4
K C(nv K, o, p,l1, 12, l3) [T_2(||u||;,B(ﬂ7,’l‘))2 + (”fH;q,B(x,r))g] : (2'14)
Combining (2.13) and (2.14), we have
sulf |VU|2 < ||UH ( 1 | < O(n7K7aapvll7127l3) |:’I”72(HU||;7B($77.))2 + (”f”;q,B(a,J))Q]
oco,B(z,—r
xr, T ’ ’2
B( 5 )
This completes the proof. O

The proof of Corollary 2.2 is the same, so we omit it.
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