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Abstract

In this paper, we introduce a generalized delta q−Mittag-Leffler function. Also, we solve some Caputo delta

q−fractional dynamic equations and these solutions are expressed by means of the newly introduced delta

q−Mittag-Leffler function.
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1. Introduction

Fractional calculus covers the subject of non-integer order derivatives and integrals [26, 43]. Due to fractional
calculus becoming a potent tool with more accurate and successful results in modeling a number of complex phenomena
in numerous seemingly diverse and widespread fields of science and engineering, fractional calculus and its potential
applications have gained much more importance in recent years. Meanwhile, fractional differential equation models
have been used in a variety of fields [6, 8, 11, 12, 14–16, 19–23, 29, 30, 34–36, 49, 50]. In these applications, fractional
differentiation is often used to model phenomena exhibiting nonstandard dynamical behaviors with a long memory
or hereditary effects. At the beginning of the 20th century, Jackson [18] created q−calculus, which is the study of
calculus without limits. Al-Salam [3–5] and Agarwal [2] were the first to investigate the q−fractional integrals and
derivatives. As q−fractional calculus serves as a bridge between q−calculus and fractional calculus, it has garnered
more attention [7, 13, 31–33, 45, 46].

With the development of time scale calculus [9, 10, 17], a number of authors have recently started to concentrate
on and combine the methods of time scale and q−fractional calculus [2, 3, 5, 13, 44]. These results relate fractional
calculus on the time scale Tq := {qς : ς ∈ Z} ∪ {0}, where 0 < q < 1.

The Mittag-Leffler function [24, 25] plays a vital role in the solution of fractional order differential and integral
equations. It has recently become a subject of rich interest in the field of fractional calculus and its applications
[28, 41, 42]. Nowadays some mathematicians consider the classical Mittag-Leffler function as the queen function in
fractional calculus. An enormous amount of research in the theory of Mittag-Leffler functions has been published
in the literature. For a detailed account of the various generalizations, properties, and applications of the Mittag-
Leffler function, readers may refer to the literature [1, 37–40, 48]. For q−fractional calculus, [33] proposed a new
form of q−analogue of the Mittag-Leffler function. Recently, in [47] introduced the q−analogue of the generalized
Mittag-Leffler function. However, there is no paper that has dealt with a generalized delta q−fractional Mittag-Leffler
function on the time scale.

As a contribution in this direction and being motivated by what is mentioned before, in this paper, we present a
generalized delta q−Mittag-Leffler function. Such function is obtained by solving the following linear Caputo delta
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q−fractional dynamical equation:

CDα
∆q,ς0ψ(ς) = λ(ς − ς0)βq ψ(q−βς), (1.1)

ψ(t0) = ξ,

where 0 < α < 1, β > −α, and λ, ξ ∈ R. After that, we generalize to the higher-order case for any α > 0 , where
higher-order q−Mittag-Leffler functions are obtained.

2. Preliminaries

This section provides the fundamental concepts and properties of q−calculus and q−fractional calculus on time
scale, which are covered in [31].

Let Tq be the time scale for 0 < q < 1

Tq = {qς : ς ∈ Z} ∪ {0},

such that Z refers to the set of integers.

The definition of delta q−derivative for the function g : Tq → R is

∆qg(ς) =
g(qς)− g(ς)

(q − 1)ς
, ς ∈ Tq\{0}. (2.1)

Now, the higher order delta q−derivatives are defined by:

∆0
qg(ς) = g(ς), ∆η

qg(ς) = ∆q(∆
η−1
q g(ς)) (η = 1, 2, 3, . . .). (2.2)

The following definition is the delta q−integral for the function g(ς):

(Iq,0g)(ς) =

∫ ς

0

g(z)∆qz = (1− q)
∞∑
`=0

ςq`g(ςq`), ∀ ς ∈ Tq, (2.3)

and,

(Iq,ag)(ς) =

∫ ς

a

g(z)∆qz =

∫ ς

0

g(z)∆qz −
∫ a

0

g(z)∆qz, ∀ a, ς ∈ Tq. (2.4)

The basic q−calculus theorem provides

∆q

∫ ς

0

g(z)∆qz = g(ς). (2.5)

Furthermore, if the function g(ς) is continuous at zero,∫ ς

0

∆qg(z)∆qz = g(ς)− g(0). (2.6)

The following identities will also be useful.

∆q

∫ ς

a

g(ς, z)∆qz =

∫ ς

a

∆qg(ς, z)∆qz + g(qς, ς), (2.7)

and,

∆q

∫ b

ς

g(ς, z)∆qz =

∫ b

qς

∆qg(ς, z)∆qz − g(ς, ς). (2.8)
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Definition 2.1. For ϑ ∈ N, the definition of delta q−factorial function is

(ς − z)(0)
q = 1, (ς − z)(ϑ)

q =

ϑ−1∏
r=1

(ς − qrz). (2.9)

Also,

(r − z)(α)
q = ςα

∞∏
r=0

1− z
ς q
r

1− z
ς q
r+α

. (2.10)

where α is positive real number but integer.

Lemma 2.2. Suppose γ, δ ∈ R, we have

(1) (ς − z)(γ+δ)
q = (ς − z)(γ)

q (ς − qγz)(δ)
q .

(2) (bς − bz)(γ)
q = bγ(ς − z)(γ)

q .

(3) ∆q(ς − z)(β)
q = 1−qγ

1−q (ς − z)(γ−1)
q .

(4) ∆q(ς − z)(γ)
q = − 1−qβ

1−q (ς − qz)(γ−1)
q .

Definition 2.3. For γ ∈ C\ {−m,m ∈ N0}, and the delta q−Gamma function is

Γq(γ) = (1− q)(γ−1)
q (1− q)1−γ

, (2.11)

which fulfills

Γq(1 + γ) =
1− qγ

1− q
Γq(γ), Γq(1) = 1. (2.12)

Definition 2.4. For all continuous functions with continuous delta q−derivatives up to order η− 1, the space [c, d] is
defined as

C(η)
q [0, d] =

{
g(ς) : ∆ϑ

q g(ς) ∈ C[0, d], ∀ϑ = 0, 1, . . . , η
}
. (2.13)

Definition 2.5. Let ς, ς0 ∈ Tq. The fractional delta q−integral of order α > 0 for the function g : Tq → R is

I0
∆q,ς0g(ς) = g(ς),

Iα∆q,ς0g(ς) =
1

Γq(α)

∫ ς

ς0

(ς − qz)(α−1)
q g(z)∆qz. (2.14)

For α1, α2 > 0, then

(Iα2

∆q,ς0
Iα1

∆q,ς0
g)(ς) = (Iα1+α2

∆q,ς0
g)(ς), ς0 < ς. (2.15)

Definition 2.6. Let ς, ς0 ∈ Tq. The Riemann-Lioville fractional delta q−derivative of the function g : Tq → R is

Dα
∆q,ς0g(ς) = ∆η

qI
η−α
∆q,ς0

g(ς), (2.16)

for α real value such that α ≥ 0 and η = [α] + 1.

For 0 < ς0 < ς, α ∈ R+. Then

Dα
∆q,ς0I

α
∆q,ς0g(ς) = g(ς). (2.17)
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Definition 2.7. Let ς, ς0 ∈ Tq. The Caputo delta q−fractional derivatives for the function g : Tq → R is

CDα
∆q,ς0g(ς) = Iη−α∆q,ς0

∆η
qg(ς) (2.18)

=
1

Γq(η − α)

∫ ς

ς0

(ς − qz)(η−α−1)
q ∆η

qg(z)∆qz,

for α real value such that α ≥ 0 and η = [α] + 1.

Theorem 2.8. For any 0 < α < 1, we have

CDα
∆q,ς0g(ς) = Dα

∆q,ς0g(ς)−
(ς − ς0)−αq
Γq(1− α)

g(ς0).

Lemma 2.9. Let g : Tq → R is defined inappropriate domains and α > 0. Then,

Iα∆q,ς0
CDα

∆q,ς0g(ς) = g(ς)−
η−1∑
`=0

(ς − ς0)
(`)
q

Γq(`+ 1)
∆`
qg(ς0), (2.19)

and if 0 < α ≤ 1, then

Iα∆q,ς0
CDα

∆q,ς0g(ς) = g(ς)− g(ς0). (2.20)

The following identity will also be utilized:

Iα∆q,ς0(x− ς0)νq =
Γq(ν + 1)

Γq(α+ ν + 1)
(x− ς0)ν+α

q , 0 < ς0 < x < ς, (2.21)

where ν ∈ (−1,∞) and α ∈ R+.

Definition 2.10. For s, s0 ∈ C, the delta q−Mittag-Leffler function is

∆q
Eα,β(λ, s− s0) =

∞∑
η=0

λη
(s− s0)

αη

Γq(αη + β)
, (2.22)

when β = 1, we employ ∆qEα(λ, s− s0) = ∆qEα,1(λ, s− s0).

3. Main results

In this section, we define the generalized delta q−Mittag-Leffler function which is analogue to the one used before
in [27].

Definition 3.1. The definition of the generalized delta q−Mittag-Leffler function is

∆qEα,κ,`(λ, ς − ς0) = 1 +

∞∑
η=1

ληq−(η(η−1)/2)α(κ−1)(α`+α)Υη(ς − ς0)αηκq , (3.1)

where

Υη =

η−1∏
i=0

Γq [α(iκ+ `) + 1]

Γq [α(iκ+ `+ 1) + 1]
, ∀ η = 1, 2, 3, . . . , (3.2)

for `, λ ∈ C are complex numbers and κ ∈ R such that κ > 0, ς0 ≥ 0, and α(iκ + `) 6= −1,−2,−3, . . ., while the
generalized delta q−Mittag-Leffler function of order m, for all m = 0, 1, 2, . . ., is

∆qE
m
α,κ,`(λ, ς − ς0) = 1 +

∞∑
η=1

ληq−ηα(κ−1)mq−(η(η−1)/2)α(κ−1)(α`+α)Υη(ς − qmς0)αηκq . (3.3)
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Note that ∆q
E0
α,κ,`(λ, ς − ς0)=∆q

Eα,κ,`(λ, ς − ς0).

Remark 3.2. If κ = 1, then the generalized delta q−Mittag-Leffler function is specifically reduced to the delta
q−Mittag-Leffler function, with the exception of a constant factor Γq(α`+ 1). Namely,

∆qEα,1,`(λ, ς − ς0) = Γq(α`+ 1)∆qEα,α`+1(λ, ς − ς0). (3.4)

This turns up being the q−analogue of the identity Eα,1,`(s) = Γ(α`+ 1)Eα,α`+1(s) [26].

Example 3.1. Consider the Caputo delta q−fractional dynamic equation (1.1).

Using Lemma 2.9, we get

ψ(ς) = ψ(ς0) + λ Iα∆q,ς0

[
(ς − ς0)βq ψ(q−βς)

]
. (3.5)

According to the successive applications method,

ψκ(ς) = ψ(ς0) + λIα∆q,ς0

[
(ς − ς0)βqψκ−1(q−βς)

]
,∀κ = 1, 2, 3, . . . , (3.6)

where ψ0(ς) = ξ.

By using Eq. (2.21), we obtain

ψ1(ς) = ξ + ξλ
Γq(β + 1)

Γq(β + α+ 1)
(ς − ς0)β+α

q , (3.7)

and

ψ2(ς) = ξ + ξλIα∆q,ς0

[
(ς − ς0)βq

{
1 + λ

Γq(β + 1)

Γq(β + α+ 1)
(q−βς − ς0)β+α

q

}]
. (3.8)

Then by using Lemma 2.2

ψ2(ς) = ξ + ξλIα∆q,ς0

[
(ς − ς0)βq + λ

Γq(β + 1)

Γq(β + α+ 1)
q−β(α+β)(ς − ς0)2β+α

q

]
. (3.9)

Once more, based on Eq. (2.21), we obtain

ψ2(ς) = ξ

[
1 + λ

Γq(β + 1)

Γq(β + α+ 1)
(ς − ς0)2β+α

q + λ2 Γq(2β + α+ 1)

Γq(2β + 2α+ 1)
q−β(α+β)(ς − ς0)2β+2α

q

]
. (3.10)

Using an inductive approach, for each κ = 1, 2, . . ., we get

ψκ(ς) = ξ

[
1 +

κ∑
η=1

ληq−β(η(η−1)/2)(α+β)Υη(ς − ς0)η(α+β)
q

]
, (3.11)

where

Υη =

η−1∏
i=0

Γq [α(iκ+ `) + 1]

Γq [α(iκ+ `+ 1) + 1]
, κ = 1 +

β

α
, ` =

β

α
, η = 1, 2, 3, . . . (3.12)

Let κ→∞, we arrive at the solution

ψ(ς) = ξ

[
1 +

∞∑
η=1

ληq−β(η(η−1)/2)(α+β)Υη(ς − ς0)η(α+β)
q

]
. (3.13)

Theorem 3.3. The solution of Eq. (1.1) is

ψ(ς) = ξ ∆q
Eα,(1+(β/α)),β/α(λ, ς − ς0). (3.14)

Remark 3.4.

(1): If in Eq. (1.1) β = 0, then in accordance with Eq. (3.4) and [31] we have

∆q
Eα,1,0(λ, ς − ς0) = ∆q

Eα,1(λ, ς − ς0) = ∆q
Eα(λ, ς − ς0).
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(2): The solution of the delta q−Cauchy problem

CD
1
2

∆q,ς0
ψ(ς) = λ(ς − ς0)βq ψ(q−βς), (3.15)

y(ς0) = ξ,

where 0 < α < 1, β > − 1
2 , and λ, ξ ∈ R, is given by

ψ(ς) = ξ ∆q
E 1

2 ,1+2β,2β(λ, ς − ς0). (3.16)

In order to generalize to the higher-order case, we take into account the fractional delta q−initial value problem:
CDα

∆q,ς0ψ(ς) = λ(ς − ς0)βq ψ(q−βς), (3.17)

ψ(η)(ς0) = ξη, η = 0, 1, . . . , υ − 1,

where υ − 1 < α < υ, β > −α, and λ, ξ ∈ R.

Theorem 3.5. The solution of Eq. (3.17) is

ψ(ς) =

υ−1∑
m=0

ξm
Γq(m+ 1)

(ς − ς0)mq ∆q
Emα,((1+β)/α),((β+m)/α)(λ, ς − ς0). (3.18)

Proof. Using Lemma 2.2, Eq. (2.19), and the successive approximation with

ψ0(ς) =

υ−1∑
m=0

(ς − ς0)mq
Γq(m+ 1)

∆qg(ς0), (3.19)

Observe that Corollary 3.1 is retrieved when 0 < α < 1, that is, υ = 1.

After that, we solve Eq. (1.1) in a nonhomogeneous form.

Lemma 3.6. Let g : Tq → R, and m ∈ N, α > 0. Then

Iα∆q,ς0g(q−mς) = qmα(Iα∆q,q−mς0
g)(q−mς0),∀ς ∈ Tq. (3.20)

Proof. Let

Iα∆q,ς0g(q−mς) =
1

Γq(α)

∫ ς

ς0

(ς − qϑ)α−1
q g(q−mϑ)∆qϑ

=
qm

Γq(α)

∫ q−mς

q−mς0

(ς − qqmϑ)α−1
q g(ϑ)∆qϑ

=
qmα

Γq(α)

∫ q−mς

q−mς0

(q−mς − qϑ)α−1
q g(ϑ)∆qϑ

= qmα(Iα∆q,q−mς
g)(q−mς).

Now, Consider the following Caputo delta q−fractional dynamic equation
CDα

∆q,0ψ(ς) = λ ςβ ψ(q−βς) + g(ς), (3.21)

ψ(0) = ξ,

where 0 < α < 1, β > −α, β ∈ N0, and λ, ξ ∈ R.

By applying Lemma 3.6 and the successive approximation as in Example 3.1, we can state the following

Theorem 3.7. The solution of Eq. (3.21) is

ψ(ς) = ξ∆qEα,(1+(β/α)),β/α(λ, ς)

+

∞∑
η=0

λη

Γq(αη + α)
q−αβ(η(η+1)/2)

∫ ς

0

(ς − qϑ)αη+α
q g(q−ηβϑ)∆qϑ. (3.22)
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Observe that, if in Eq. (3.21) we set β = 0, then Example 3.1 in [31] is recovered for ς0 = 0.

Conclusion

Mittag-Leffler functions are important in studying solutions of fractional differential equations, and they are as-
sociated with a wide range of problems in many areas of mathematics and physics. The importance and great
considerations of Mittag-Leffler functions have led many researchers in the theory of special functions to explore pos-
sible generalizations and applications. However, there is no paper that has dealt with a generalized delta q−fractional
Mittag-Leffler function. This paper extends our previous work in the paper [31] and establishes a generalized version
of delta q−fractional Mittag-Leffler function.
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