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Abstract . \
Most of fractional differential equations are considered on a fixed interval. In this paper, we consider a typical
fractional differential equation on a symmetric interval [—ca, @], where a is the order of fractional derivative.
1
For a positive real number a we prove that the solutions are Ty, (z) = (o + )2 Qn,a(z), where Qn o(x)
1

produce a family of orthogonal polynomials with respect to the weight function wq (x) = (3—:)5 on [—a, a]. For
integer case o = 1, we show that these polynomials coincide with classical Chebyshev polynomials of the third
kind. Orthogonal properties of the solutions lead to practical results in determining solutions of some fractional
differential equations.
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1. INTRODUCTION

Important orthogonal polynomials such as Chebyshev, Legendre, Hermite, and Laguerre are the solutions of the
integer order Sturm-Liouville equation. In [8, 10, 17, 18] fractional Sturm-Liouville problems are considered and
some spectral properties such as orthogonality of eigenfunctions corresponding to distinct eigenvalues are studied.
Numerical solutions for fractional Sturm-Liouville problems are studied in [3, 7, 12]. Moreover, solving fractional
Lagrange equation leads to fractional Sturm-Liouville problems. Fractional forms of important equations such as
Legendre, Chebyshev, Lagurre and Hermite equations have been considered in [1, 9, 11, 18].

The Chebyshev equation in classical case is a second-order linear differential equation and the solutions are poly-
nomials of the first, second, third and fourth kind Chebyshev polynomials, see [6, 14] for more details. In this paper,
we define a new form of Fractinal Chebyshev Differential Equation (FCDE) of the following form which is defined on
the interval [—«, o]

Dy (a2 = )27 AD2 1 = Anala® = a?) 7 H] y(@) = 0, v € [~a,a], (1.1)

where ‘D% _ and D% _, are Caputo and Riemann-Liouville fractional derivatives, respectively. Note that for o = 1 the
equation (1.1) is classical Chebyshev differential equation of first kind, where A, ; = n? for Chebyshev polynomials
of first kind [15]. Our main goal in this paper is to generalize the results to FCDE by finding similar orthogonal
polynomials. Fractional differential equations with non-uniform intervals depending to fractional order « appear in
approximating time-dependent fractional diffrential equations by the corresponding finite difference equations.There
are applications in the Chaos theory. For more details see [4, 13].
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2. PRELIMINARIES

In this section, we present some preliminary materials of fractional calculus[5, 10, 16] and Chebyshev polynomials

of the third kind [2, 15, 19]. Assume JiP () and V,,(x) are Jacobi polynomials and Chebyshev polynomials of the
third kind of degree n, respectively. An explicit form of Jacobi polynomials is defined by

TR (z) = 27n zn: (” Z a) <Z+i> (z—1)"Fz+1)F a>-1, 8> 1. (2.1)
k=0

Another form is defined by

(o, B) . T(a+n+1) n (n)I‘(a+ﬂ+n+m+1) Cm B B
I (fv)—n!F(aJrﬁJrnH)Z m) " PT@rmy @V e> L a> L (2.2)

m=0

Using Eq. (2.1), the following identity is immediate

JB) (—z) = (=1)" B (). (2.3)
The relationship between Chebyshev polynomials of the third kind and Jacobi polynomials is as follows:
2 _11
(:)Vn(w =220 (@), (2.4)
The Chebyshev polynomials of the third kind satisfy the following recurrence relation:
Va(z) =22V, _1(z) — Vh_o(z), Vo(z) =1, Vi(x) =22 — 1. (2.5)
Moreover, the following orthogonality property holds:
1 1
1 2
/ ( + x) Vi (2) Vo (z)dx = 7o .- (2.6)
_1\1l—-=x
By using relations (2.4), (2.3), and (2.2), the following explicit formula is obtained:
(=1)"2*"D(n+ 3) <n>F(n+m+1)
Vo(z) = -1m ——(1+2x)™ 2.7
(«) a2 0" () g 3 0 (27)

Left and right Riemann-Liouville integrals of order « are defined by

I f(x) = ! )/m( 1(s) ds, x > a,

IN(e x — )l

NPT B L (©)
LY f(z) = I’(a)/x (s—m)l—“ds’ x <b,

where « is a positive real number. If m — 1 < a < m, where m is an integer, then left and right Riemann-Liouville
and Caputo fractional derivatives are defined by

(Dg+ () = D™ (L7 f)(x), = > a,
(Dg- () = (=D)"™ (L2 f)(x), = <D,
(‘Dgv H)(w) = (L5 D™ f)(x), = > a,
(‘Dy- (=) = (LT (=D)" f)(2), = <b.

Using integration by parts it is easy to see the following equalities hold:

b b m—1
| #@Dp g@do = [ gla)r i f@de + 30 (-1 O @D g o), (28)
a a k=0
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b b m—1
| @Dzg@is = [ @y Dy e+ 30 (<8O @D g ) e (2.9)
a a k=0

3. FCDE ON SYMMETRIC INTERVAL DEPENDING ON «

The classical Chebyshev differential equation of first kind is a second-order linear differential equation of the form
[(_D)a —2)ED — A (1 —2?)"F| y(a) =0, z € [-1,1], (3.1)

where A, 1 = n? for Chebyshev polynomials of first kind. Now we define a new FCDE of the form (1.1), where A,
will be computed later. Using (2.8) and (2.9) on the symmetric interval [—a, ] leads to

[0
| o@Dy (@ = )74 D2 @) - @) DT (@ = ) D2, gla)] do = (32)
—

Now we compute the orthogonal polynomials @, (x) and related eigenvalues A, o in the following theorem. We find
a recursive formula for coefficients of Qp, (), where the coefficient of the leading term is a,, = (2).

Theorem 3.1. The solution of the Fractional Chebyshev differential equation (1.1) is Ty, o(z) = (a+x)%Qn7a(x), n=
0,1,2,---, where « is a positive real number and

(n+3H(n+a+3)

>\n,a = 5 (33)
L(n—a+3)
and

Qnoz Zak a—l—x (34)
The coefficients ay, are functions of a and they are obtained by backward substitution starting with a,, = (%)” as follows

1 - : j P+ 2)D(k+a+ 1

Ana = Aka 5 i—k) [ T(k+1lG-a+3)
k=n—-1,n-2,..,10. (3.5)

Proof. The proof is constructive and the solution is obtained by substituting T}, o(z) in FCDE (1.1). We have

(az—xQ)*%Tn,a(x) = (a—ux) Zak (o + x)*

= (a—=x) Zak2a— (o —x))*

n k
ZZakO )= (20 (@ — 2L,
k=0 53=0
Therefore,
(o — z? )O‘_’D awiTna(z) = (a2—x2)a_%Dfa+ Zak(m—i—a)’”’
k= 0
1o (k+ ) ki
= (@F =) kazoa’“m(“a) 2
" I(k+ 32
= (a—2)3 ak(72)3,(2@—(0¢—$))k
s F(k‘—OZ"‘g)
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AN Lk—a+32)
(3.6)
Taking the right Caputo derivative of the equation (3.6) implies that
n k 3 . 1
. k . Tk+2)Tk—F+a+s) 1
De_(a? — x2)*~3 D™ Thalx)= a<,)—1k320¢7 2 2/ (o — )73,
Now substitution in FCDE (1.1) implies that
n k 3 : 1
k , T(k+35)I(k— 5 o
5% an(F) crpteay IO D e
== j Lk—a+3)0(k—j+3)
n k
7)\04,7142 ak< ) (=) (2a) (a — 2)*772 = 0. (3.7)
k=0 j=0 J

Equating the cofficients of (o — z)* to zero we find an algebraic system that computes a;. Equating the cofficient
of (o — )™ to zero we find
Fn+3HT'(n+a+ 1)
"Tn—a+3)I(n+1)
(n+3)(n+a+1)
L(n—a+3)
a recursive formula to compute the coefficients a;. Expanding the sums, choosing a,, an arbitrary real number and
equating the coefficient of (o — x)"~! to zero implies that

-1 n In+3n—1+a+1)
Q)@®[Nn—;+pmn—1+;

a (0 —2)" — Apatn(a— )" =0.

Thus we find A, o = . It is clear that a, can be any arbitrary nonzero real number. Now we find

Up—1 =

ST W — )\n’a} -
a,n—1 " \n,«a

Similarly we find

—1 n—1 T(n—1+3T(n—2+a+3)
Ly = — 2 2 22\ -
Ap—2 )\niz’a Mo [( 1 )( O‘)(F(n_l_a+%)1—‘(n_2+%) n,oz)an 1
~1 T(n+3)f(n—2+a+1
2 F'n—a+35)'(n—-2+3)
Using induction and simple calculations, we obtain the coefficient a; given by (3.5). ]

One of the most important objectives of this paper is the investigation of orthogonal properties of T}, ,. The
significance of this paper is to obtain the orthogonal functions on a variable interval. This is proved in the following
Theorem.

Theorem 3.2. For two distinct nonnegative integers m and n the functions Ty, o(x) and T, o(x) are orthogonal on
the interval [—a, o], that is

/ " (02 = 02)F Ty o (0) T () = 0. (3.8)

—Q

Moreover the polynomials Qum.o(x) and Qy o(z) are orthogonal with different weight function as follows

[N

[ Z (Z - z) " QO (#)Qun () = 0. (3.9)

(&)
ENE
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Proof. Since Ty, (x) and T}, () are solutions of Equation (1.1) thus we have
D5 (02 = 2%)* D% s = Aal0® = 0%) 73| T a(2) =0,
[CDg, (0% — 22)°"3 DY, — Ay o(a? — x2)—%] Tpo(z) = 0.
Multiplying the first equation by 7}, o and the second equation by T3, , and subtracting the results implies
Ta(2)D2- (02 = 224 D2 Ty (@) — Ty a(2)D2- (02 — 22)° E D2 T ()
= [Mna — Aol (@% — xz)fiTn,a(x)vaa(z).

Now integrating over interval [—c, o] and applying relation (3.2), we have

[)\n,oz - )\m,a] / (042 - $2)_% Tm@(l')Tn,a(Z)diL’ = 0,

Which completes the orthogonality relation (3.8). For orthogonality of Q. (x) and @, () it suffices to use T}, o (z) =
(a+2)7Qna(z) and T o(z) = (a0 + 2)2 Q.o (). O

Now we give an interesting relation between the polynomials @, o(z) and the Chebyshev polynomials of the third
kind V,, in the following theorem.

Theorem 3.3. If n is a nonnegative integer and x € [—a, a] then for a, = (2)", we have
Qn.ol(ax) =V, (2). (3.10)
Proof. We use induction to prove this result. For n = 0 the statement is true since we have
Qo,o(ax) =1 =Vy(z).
Suppose that the statement is true for all j < n, i.e.
Qj.alar) = Vj(x).
We may write Q,, () as a linear combination as follows

n—1
Qn.o(az) Z ARV (x wVa(@) + > AFQr.alaz). (3.11)

Using (3.9) for two different and arbitrary indices n,j and changing variables = cu implies that

/ (1 - u) 2Qn,a(au)Qj o (qu)du = 0.

-1 1—u

Multiplying both sides of Eq. (3.11) by (1 ”‘) Qj,a(az) for j < n and integrating over [—1, 1] implies that A} =0
for j =0,1,2,--- ,n— 1. Thus by using Eq. (3.11) we find

Qn,o(az) = ANV, (2),

On the other hand, we have a,, = (2)". Since the leading coefficients of @, «(ax) and V;,(x) are both 2", we conclude
A" =1 that completes the proof. O

Remark 3.4. Theorem 3.3 implies that the coefficients of polynomial @, o(x) are

_ (—=1)"22"T(n + %) n\ T(n+k+1)
" (2n)! (=1)f <k) aF2FT(k 4 3) (3.12)
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Corollary 3.5. Orthogonality of the polynomials Qy o(x) implies that

/0‘ (o® — Iz)_% Toom(2)Tan(x)dr = ambpmy, (3.13)
and
¢ fata)?
/_a (a — x) Qom ()Qan(x)dr = AT dmy. (3.14)

Proof. If m =n and z = au then we have

« 1 a % 1 1 %
[ @yt en= [ () @i =a [ (1) @alande
—a ’ _a \a—2x ' 1\1—-u '

Using (3.10) and (2.6) we conclude the results. O

Definition 3.6. The Chebyshev norm of the function f(z) is denoted by || f||c and it is difined by

1flle = ( [ - w2)_5‘f($)Tn,a(fv)dx>% . (3.15)

-«
The corollary 3.5 implies that
|Tnall? = ar. (3.16)
Now we introduce a recursive formula to compute Qo (z) in the following theorem.

Lemma 3.7. polynomials Q. o(x) satisfy the following recursive formula

Qu1a(8) = 2 Qua(s) — Qpale)s k> 1,

(3.17)
Qua(r) =1, Qralr) = 2z —1.
Proof. Using (3.10) and (2.5), we conclude that
Qk+1,a(a$) = 2$Qk,a(ax) - Qk—l,a(az)y k>1,
Qoolax) =1, Q1o(az) =2z — 1.
Changing variable ax = u in the last equations implies the result. O

4. INTEGRAL TRANSFORM ON SYMMETRIC INTERVAL [—q, &

Integral transforms with respect to orthogonal functions are nice tools in solving classical differential equations.
Some of the well-known integral transforms in classical analysis are Laplace and Fourier transforms. For fractional dif-
ferential equations there are similar terminology and applications. Now we define an integral transforms corresponding
to T, and we define the corresponding inverse transform. Similar to the classical case, we try to apply this concept
to find the solution of some nonhomogeneous fractional differential equations.

Definition 4.1. Let F'(n) be the integral transform of a function f € Lo[—a, ] in terms of T, ,, defined by

—1

F(n) = T[f)(n) = / (02 = ) F (@) Ty l2)dr. (4.1)
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Lemma 4.2. Suppose J, =°D¢_ (a? — xz)a*%Di‘oﬁ. Then

T[(0? = ?)2Juf] = AnaF(n). (43)
Proof. Using (3.2) we have the following equality
7| = gaf@)] = [ Juf@Tua@dz= [ J(@).JiToa(w)de

- / " (02 = 22) 7} (@) T a(@)de = AnaF(n),

—Q

which completes the proof. O

If the integral transform of a given function g € Ls[—a, a] has a specific asymptotic property, then we can find the
solution of a nonhomogeneous fractional differential equations of the form {(042 — xz)%.]a — /\} f = g by using integral
transform. Indeed we have the following Lemma.

Lemma 4.3. Suppose X\ # X\, o. If the integral transform of g satisfies the following inequality
|G(n)| < MnP, n > ny, (4.4)
then the solution of fractional differential equation
(2 = 2%)4 g0 = A y(@) = g(a), (4.5)
for 2a > B+ 1 is given by the following series

y(x) = M(AGH(:)_A)TM (4.6)

Proof. Taking integral transform of (4.5) and using (4.3) implies that

n=0

Aan =AY (n) = G(n),

which implies Y'(n) = )\G("Z 5. Applying inverse transform (4.2), the function y(x) could be expressed in the form
(4.6). For n > ng we have
G(n) Mn?P
I Tnalle € =——7-
am(Ap.a — A) varm|dna — Al
Using the asymptotic property of the eigenvalues [8] we find

1
Ana = (n+ 5)20‘, n — 00. (4.7)
Thus we have
MnP ~ M
Var|Apa — Al Varn2e—8’
The assumption 2« > § + 1 implies uniform convergence of (4.6) on [—«, o] . O

Example 4.4. For a fir m € N, we consider the following nonhomogeneous fractional differential equation on the
interval [—a, o

[(oz2 — xg)%Ja - )\} f(x) = Thmalx). (4.8)
Taking the integral transform of (4.8) implies
am
F(m) = NN
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TABLE 1. Results of Example 4.5 for « = 0.9 and \ = 8.

N | | fn — figlloo | | fn — fuslle
41 27x1072 | 1.9x10°2
6| 1.0x1072 | 7.0x 1073
8| 43x107% | 3.6x1073
10| 3.0x107% | 21x1073
12| 2.2x1073 1.4 x 1073
14| 1.3x1073% | 9.0x107*
16| 6.1x107* | 5.7x10~*

TABLE 2. Results of Example 4.5 for « = 1.5 and A = 8.

N HfN_f18||oo ||fN_f18Hc
4] 27x1073 | 20x 1073
6| 96x107* | 5.9x107*
8 | 4.0x 107 2.4 x107*
10| 1.7x10™% 1.2 x 1074
12| 9.8x107° | 6.5x107°
14| 56x107° | 3.8x107°
16| 24x107° | 22x107°

and F(n) =0 for n # m. Using relation (4.2), the particular solution of the nonhomogeneous fractional equation (4.8)
is obtained as follows:

1

)\a,m — )\Tm,a

fz) = (z).

Example 4.5. We consider the following nonhomogeneous equation on the interval [—a, &

[(oﬂ — 2?5 ], — A] f(z) = (o — z)3. (4.9)

Taking integral transform implies that

>
3
Q
>
N
|
—~
S
~
Il
Q
Q
[
|
8
N
|
—
Q
|
&
N

T.o(x)dz

n @ 20[ k+1

Zak k+1

I
g
=
—
=
_|_
&

Substituting the values of ay from Remark 3.4, we obtain

B 1 (— 1)"22”F (n+3) & I(n+k+1)
o) =75-"=% ZO (k) e+ )0(k+3)

Using relation (4.2), the particular solution of the nonhomogeneous fractional Equation (4.9) is obtained as follows:

> "22"+1F(n + DT al() (& n\ T(n+k+1)
g n)!(An,a — A) (Z(—l)k <k> (k+ 1Tk + ;“)) '

k=0

We may truncate the series to approximate the solution f(x) by fn(x). For a = 0.9,1.5 and different values of N,
the graphs of fy(x) are plotted in Figure 1. The Infinity norm and Chebyshev norm of fy — fig for different values
of N are computed in Tables 1 and 2 .

(&)
ENE
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FIGURE 1. Graphs of truncated solutions fy(z) for Example 4.5 in the interval [—a, a]. (a) with a = 0.9,
A =28 and (b) with « = 1.5, A =8.

5. CONCLUSIONS

Fractional differential equations with non-uniform intervals depending on fractional order o appear in approximating
time-dependent fractional differential equations by the corresponding finite difference equations.There are applications
in the Chaos theory. In this paper we define a fractional Chebyshev differential equation on a symmetric interval
[—a,a], where « is the order of FCDE. We produce a family of orthogonal polynomials @, o(z) on the interval
[-a,a]. For a = 1 we prove that @, 1(x) is identical to the classical Chebyshev polynomials of the third kind.
Moreover, we solve some nonhomogeneous fractional differential equations by using suitable integral transforms.
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