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Abstract [ )
This study deals with a numerical solution of a nonlinear Volterra integral equation of the first kind. The method

of this research is based on a new kind of orthogonal wavelets, called the Chebyshev cardinal wavelets. These
wavelets known as new basis functions contain numerous beneficial features like orthogonality, spectral accuracy,
and cardinality. In addition, we assume an expansion of the terms of Chebyshev cardinal wavelets within unknown
coefficients as a substitute for an unknown solution. Relatively, considering the mentioned expansion and the
cardinality feature within the generated operational matrix of the introduced wavelets, a system of nonlinear
algebraic equations is extracted for the stated problem. Finally, by solving the yielded system, the estimated
solution results.
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1. INTRODUCTION

In previous studies, many numerical and theoretical methods for solving the integral equations of the second kind
are proposed by different authors. One of the related theoretical studies is brought in [17] and a comprehensive
numerical survey which is based on the collocation method is in [13]. Numerical methods based on collocation and
implicit Runge-Kutta are presented for the solution of first and second kind Volterra integral equations [3]. Methods
using product integrations are proposed in [24] in the case of solving the second kind of Volterra integral equations
with singular, nonsingular, and periodic kernels. Other related studies can be found in [18, 29, 33, 38, 40-42, 46].

In comparison with the numerous related research about the numerical analysis of the second kind equations, some
computational methods are published for estimating the solutions of the equations of the first kind, especially the
nonlinear ones [1, 32, 47]. Volterra integral equations of the first kind exist in various fields and subfields of science
and engineering, e.g. electrochemical systems [12], electrostatic [16], heat conduction problems [9], diffusion problems
[8], the concrete problem of mechanics or physics [51], etc. Volterra integral equations of the first kind are well-known
as ill-posed problems due to their unstable solutions. Relatively, it should be noted that small changes in their solutions
can make large errors [4, 15]. Hence, it is complicated to find the exact solutions to these equations in many cases or
fields. Moreover, since a small error may end in an unbounded error, it is also complicated to find numerical solutions
to these problems. Considering this argument, various research and several regularization methods are proposed to
defeat these ill-posed problems [25-27]. In 1977, Tikhonov and Arsenin [50] introduced regularization techniques to
overcome the ill-posedness matter of the problems. But it should be highlighted that achieving an appropriate filter to
regularize the solution method is too twisted and time-consuming in practice. Generally, many methods are developed
to solve these types of equations, but a few numerical methods can be utilized in nonlinear cases. For example,
the approaches introduced in [6, 36], solved the Volterra integral equations of the first kind within the usage of the
expansion-iterative methods and the operational matrix ones. In [30, 31, 34] presented numerical techniques based
on wavelets, modified block pulse functions, and Bernstein’s approximation method for solving the Volterra integral
equations of the first kind. In [23] defined optimal Homotopy asymptotic method for solving these equations.
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As an effort for overcoming both the ill-posedness and the nonlinearity features of these equations, in [6, 7] introduced
a direct method to solve some specific nonlinear Volterra integral equations of the first kind containing the operational
matrix with block-pulse functions and operational matrices of piecewise constant orthogonal functions. Singh and
Kumar [49] presented the Haar wavelet operational matrix method for a class of nonlinear Volterra integral equations
of the first kind. Indeed, it seems that operational matrices play a preconditioner role in the equations of the first
kind. For complementary details, see [5, 6, 35, 36, 39, 49].

Here we can mention some other methods that have been used to solve nonlinear integral equations of the first kind.
The usage of the homotopy perturbation method for solving nonlinear Volterra integral equations of the first kind
is specifically brought in [11]. Moreover, the Adomian method [10] is used for the aim of solving nonlinear Volterra
integral equations. One of the methods proposed recently is the Sinc Nystrom method that is utilized to solve the
equations of the first kind, as mentioned in Ma et al. [28]. Nedaiasl et al. [44] presented the hp-version collocation
method for a class of nonlinear Volterra integral equations of the first kind. In the present paper, while using the
Chebyshev cardinal wavelets, we keep in mind that the Chebyshev cardinal wavelets include numerous significant
belongings, like orthogonality, cardinality, and spectral accuracy. Due to the mentioned properties, this set of basis
functions is called a powerful tool in approximation theory. In addition, these wavelets inherit both the properties
of wavelets and the Chebyshev cardinal polynomials at the same time. These wavelets have been used in [37, 48]
for solving nonlinear constrained optimal control problems. The key supremacy of the wavelets in comparison with
other popular ones mentioned above is their cardinality. The cardinality feature rescues us from computing integrals
which often arise in obtaining the coefficients of the Chebyshev cardinal wavelets expansion of a function. The aimed
coefficients are acquired by computing the values of the considered function at some grid points which are used as
well in producing the wavelets [19-22]. According to this feature, the nonlinear terms in the studied problems are
calculated efficiently. Relatively, these basis functions are suitable to achieve the estimated solution of the nonlinear
integral equations of the first kind. The main goal of the present method in comparison with other methods, on the
one hand, it is conceptually simple, accurate, and fast, with minimum computational cost, and on the other hand, it
is to overcome the ill-posedness and nonlinearity of integral equations of the first kind.

This research studies the numerical solution of the nonlinear Volterra integral equation of the first kind, given as
follows:

=/ K(z, )F(t,y(t))dt = f(z), = € [z, 4] (1.1)
A general form of Eq. (1.1) can be defined as follows:
/ K(z,t,y(t)dt = f(x), x € [xo, zy]. (1.2)

here, f(x) is a known function defined on [0, 1] also K (z,t,y(t)) is a nonlinear function belonging to [0,1] x [0,1] x R,
and y(z) is the unknown function to be computed. We also consider the value of z¢ to be zero and z,; = 1.

In this study, the main ideas are organized as follows: In section 2, properties of Chebyshev cardinal wavelets
are described. Section 3 belongs to the description of the proposed method. Numerical examples of our study are
presented in section 4, and at the end, the conclusion is presented in section 5.

2. PROPERTIES OF CHEBYSHEV CARDINAL WAVELETS
The Chebyshev cardinal wavelets are reviewed in summary, and interested properties are presented in this section.

2.1. The Chebyshev cardinal wavelets. By using the process of building polynomial wavelets which has been
defined in [19], we can explain the Chebyshev cardinal wavelets over [0, 1] as follows:

N M 93 O, (28 — 20 + 1),
Sﬁnm( ) = 0

25 (2.1)
otherwise,

where k € NU {0}, z is an independent variable defined on [0,1], n = 1,2,...,2* and C,, is the Chebyshev cardinal

function of order m. Notice that the coefficient /2 is used for normalizing. The set {Gnm(z)|n = 1,2,...,2F,m =

[E)E
(=
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1,2,...,M,M € N} produces an orthonormal basis for Lfvn [0, 1], i.e.

1
(Prm (), Prrons (T))w,, :/0 Prm (@) P (T)wn (x)dz = {

where

_1
wn(z) = 4 1= @ Fle=2m 1725, gt <o < g, (2.2)
" 0, otherwise. )

By the usage of some simplifications, Eq. (2.1) can be rephrased in the following form

M
: 200 11 (522) 5 <o <3
Prm (¥) = 1z (2.3)

0, otherwise,

in Bq. (2.3) Ym = g (Am + 20— 1) for n=1,2,...,2F and m = 1,2,..., M, and the values A, = —COS(W)

are the zeros of the Chebyshev polynomial [14] of order M defined on [—1,1] for m =1,2,..., M.
For constructing a wavelet basis with the interpolation property, we assume a revised form of Eq. (2.3) as follows:

1 1
_L=Vnl n— .
_ ll:ll ('Ynm—’vnl )’ ok S T < oF 1
Prm ({L‘) = l;zm
0, otherwise.

We remind that the set {pn,(z)|n=1,2,...,2", m=1,2,..., M, M € N} constructs an orthogonal basis due to the
weight function w, (t) for L2, [0,1] and

!/ /!

T 'm! L = ' x oo (x)w., ()dxe = W’ (n,m):(TL’m)’
P (&), Pt () /o Ao ) pnm (en () {0, (n,m) # (n',m’).

2.2. Function of a variable approximation. Any function y(x) € L2 [0,1] can be estimated by the Chebyshev
cardinal wavelets as follows:

2k M
y(x) ~ Z Z CrmPrm (T) = CT'I'(m), (2.4)
where

T
C= [01170127 - C1Mm|C21,C22, - - - 702M| ce |02k1702k27 cee >02kM] s

®(z) = [p11(2), p12(2), ..., 10 (@) @021 (), - ., Pans ()] - - [porr (@), - ., or s ()] (2.5)

and
Cnm = Y(Ynm), n=1,2,...,25, m=1,2,..., M.

It has to be considered that c,,, are the items of the vector C.

BE
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2.3. Function of two variables approximation. Suppose y(z,t) is a function of two variables defined over the
interval ¢t € [0,1] and s € [0, 1], then y(z, ) can be extended as following,

y(x,t) ~ &7 (2)Y B(1).

The following explanation clarifies the above statement:

Remark 2.1. Eq. (2.4) can be shown in a simpler form as follows
m
y(@) =Y yppp(x) = Y ®(x),
p=1

where 1 = 2 M, y, = ynm and @, () = @pm for the index p = (n — 1)M + m.

For example, we have shown the function y(x) = (11;3;)90 and its approximation y(z) ~ YT ®(x), for M =2, k =2
in Figure 1.
y()
0.15
0.10
0.05
0.2 0.4 0.6 0.8 1.0 X
_ (d-=2)x : ; : ~vT
FIGURE 1. y(z) = 5~ and its approximation y(z) =~ Y ®(x).

Remark 2.2. The Chebyshev cardinal wavelets can be utilized to expand any kind of function y(z,t) € L7, ([0,1] x
[0,1])

y(at) =YY ylap, t)ep(@)pg(t) = 2T (@)Y 2(t), (2.6)

p=1g=1

where 1 = 2 M, Y = [y,,] and its elements are computed as y,, = y(p,t,)-
For example, we have shown the graph of the function y(z,t) = ¢ — sin(102t) and its approximations, for M = 3,
k=1and M =3, k =2, in Figures 2-4.

2.4. Operational matrices. Operational matrix is a matrix that works on basis like an operator, in other words, if
H is an operator, an operational matrix is a matrix like P such that H(®) =~ P®.

2.4.1. The operational matriz of integration. The operational matrix of integration of the Chebyshev cardinal wavelets
has been derived in [20]. The integration of the vector ®(¢) defined in Eq. (2.5) can be approximated as

/Ox ®(7)dr ~ PP(x),

[E)E
(=
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t-Sin[10x 1 !

FIGURE 2. y(z,t) =t — sin(10xt).

FIGURE 4. y(x) ~ ®(z)TY ®(t) with M = 3 and k = 2.

where P is the m x m matrix as follows

A B B B B
0 A B B B
P 0 0 B /nrv)
B (ol Y]
i o g
0 A B
0 0 A .

mXxm
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In Eq. (2.7), A = [a;;] and B = [b;;] are M x M matrices, and their components are obtained via using the below

relations:
. M 1 M
1 /77] < T—1n ) 1 / T—M
Aii = —— dT, bii = = ( )dT
1) 2k+1 4 11;[1 (7%‘ _ m) 1] 2k+1 1 11;11 (,,h _ m)
l#m l#m
As an illustrative example for k =1, M =2 and k =1, M = 3 we have
1.1 1, 3 1 1
I G T i 1
p_| 5 1 5T 10
0 0 ST Ty 8T Tove
0 0 12 141
8 16v2 8 ' 16v2 / 4x4
11 1 1 1. V3 1 1 1
ERE U SN - g z
36 T /3 36 36 T 13 18 18 18
1 _ /B8 L1 1, 1 1 1 1
P= 18 32 18 8v/3 18 323 9 9 9 3
1 1 1 1 1 3
0 0 0 3@y B sE BTR
0 0 0 S5 1 5 S 4 1
36 43 36 36 T 13
0 0 L_¥3 L1 1y 1
18 32 18 8v3 18 323 6%6

3. THE PROPOSED COMPUTATIONAL SCHEME

In order to find a solution using the Chebyshev cardinal wavelets, at first, we will explain the following theorem.

Theorem 3.1. Suppose T : [0,1] x [0,1] xR — R be a continuous real-valued operation and YT ®(t) is an estimation
of the function y(t) using the Chebyshev cardinal wavelets. Then we have

T(x,t,y(t) ~ 7 (2)Y @(1),
where Y = [y,,] and its elements are calculated as Ypq = T (Tp,tq,Yq) forp=1,2,...,8 and ¢ =1,2,...,3.
Proof. The evidence is clear via assuming Eq. (2.6). O
The Theorem 3.1 and the outcome achieved for the Chebyshev cardinal wavelets are applied in order to figure out the
issue shown in Eq. (1.2). For this aim, the target solution by the Chebyshev cardinal wavelets with unknown coefficients
is estimated. The cardinality of the stated basic functions as well as the resulted operational matrix are applied for

converting the principal problem to an adaptive algebraic system of equations. The solution is approximately acquired

by resolving the resulted system and computing the coefficients of the expansion by an sutiable approch. Due to that,
consider this

y(x) ~ YT@(x), (3.1)

where Y is an 7i-column vector which has the unknown coefficients and the vector ®(z) is supposed as in Eq. (2.5).
The Chebyshev cardinal wavelets are applied to state the function f(x) as

f(z) ~ FT®(x), (3.2)
whereas the coeflicients of the Chebyshev cardinal wavelets cover in the m-column vector F.
Replacing Egs. (3.1) and (3.2) into Eq. (1.2), we have
/ K(z,t,YT®(t))dt ~ FT®(x). (3.3)
0
In addition, using Theorem 3.1, leads to
K(z,t,YT®(t)) ~ T (2)K®(t), (3.4)

[E)E
(=
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whereas
K:[kij]:K(l‘i,tj,yj), i:1,27...,7h, j:1,2,...,m.
Eq. (3.4) is replaced in Eq. (3.3) which results in

/ " BT(2)KB(1)dt ~ FT(z), (3.5)
0
or the following equivalent
@T(x)K/ ®(t)dt ~ FT®(z). (3.6)
0

By means of operational matrix, the mentioned relation is potentially shown as
T (2)KP®(z) ~ FT®(x). (3.7)
Also, using cardinality of the basic function, this equation is achieved as
T (2)KP®(z) ~ diag(KP)®(z) = T7®(2). (3.8)
Hence, Eqgs. (3.1)-(3.8) give
I'"®(z) ~ FT®(x),

and we attain the below system of nonlinear algebraic equations by employing the orthogonal property of the Chebyshev
cardinal wavelets:

" —rT =o. (3.9)

The resulting system can be solved with a suitable method for determining Y. At last, the estimated solution is gained
by placing Y in Eq. (1.2).

4. ILLUSTRATIVE EXAMPLES

In this part, we introduce may instances to estimate a solution for nonlinear Volterra equations by the usage
of numerical method illustrated in preceding parts. For showing the function of the function of the method and
illustrating the precision and utility of the presented scheme, we separately compare the results of the proposed
scheme with the results from other ones, in such way that y(¢) and Y7 ®(t) are the exact and calculated solutions
using introduced scheme. This study shows that the absolute error values of the mentioned method are less than the
absolute error values of other previous methods. Numerical calculations related to the examples mentioned in the
software Mathematica 7 have been performed. The simulation was conducted on the Intel core i5-2400 with 4 GB
RAM.

Example 4.1. We consider the following Volterra integral equation of the first kind(see [44, 52]):

0<z<1.

)

/z e~ "ty(t)dt = e~ "t sing — (x + 1)Cosx§’m(“1) +ar+1
0 Y

It can be checked that the exact solution y(z) = e *cosz. This example is examined in [44] and [52]. The highest
result reported in [44] with m = 4, n = 10 has an absolute error of about 107!° and also the best result reported in
[52] with m = 4, n = 10 has an absolute error of about 10~*, while the method presented in the absolute error is
about 101 for k = 2, M = 10. Graph of the absolute error for values of k = 2, M = 10 in Example 4.1 is shown in
Figure 5. Table 1 shows the absolute error of the mentioned method for different values of k and M. The matrices P
and K in Eqgs. (2.7) and (3.4) have large numbers of zero elements, hence this method is very attractive and reduces
the CPU time. The CPU time for this example is equal to 0.345 sec.

(&)
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Absolute error

2.x10714} |
1.5x 10714 ”

1.x 10714

5.x 10715

: : X
0.2 0.4 0.6 0.8 1.0

FIGURE 5. Absolute errors with k = 2 and M = 10 of Example 4.1.

TABLE 1. Absolute errors for Example 4.1.

Our method Our method
x withk=1,M =10 withk=2,M =10

0.1 1.63203 x 10~ 4 6.66134 x 10~ 16
0.2  5.55112 x 10~1° 6.66134 x 10716
0.3  1.27676 x 10~ 3.66374 x 10715
0.4  8.61533 x 10714 2.99760 x 10~1°
0.5  1.13688 x 1012 2.18749 x 1014
0.6  1.40686 x 10~ 1.88738 x 1015
0.7  1.67921 x 10~13 2.16493 x 10~1°
0.8  2.19672 x 10713 4.87110 x 10715
0.9 257155 x 10713 7.13318 x 10715

Example 4.2. Consider the following nonlinear VIE (see [43]):
/ (x—t+1)e¥Ddt = f(z), 0<z<1,
0

where f(z) is selected such that the exact solution to be y(x) = .

Table 2 illustrates a comparison between the absolute error values of the proposed method and the method in [43] for
different values of k and M. Graph of the absolute error for values of k = 2 and M = 10 of Example 4.2 is shown in
Figure 6. The CPU time for this example is equal to 0.253 sec.

Example 4.3. Consider the following nonlinear VIE (see [28, 49]):
/ e tn(y(t))dt =e* —x—1, 0<z<1,
0

whose exact solution is y(x) = e®. Table 3 shows the numerical results. Graph of the absolute error for values of
k = 2,M = 10 for Example 4.3 is shown in Figure 7. According to the results in Table 3, we see that our method
with less basis functions is more accurate than previous methods. For example, the absolute error of our method with
7 = 10 is 107!, while for the methods in [49] and [28], the absolute error is 2.1E — 7, 1E — 5 with L = 512, 33 basis
functions, respectively. The CPU time for this example is equal to 0.721 sec.

EE
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Absolute error

35x10714
3.x10714
25x10"14
2.x10714
1.5x10714
1.x10714

5.x10715

0.2 0.4 0.6 0.8 1.0

FIGURE 6. Absolute errors with kK = 2 and M = 10 of Example 4.2.

TABLE 2. Absolute errors for Example 4.2.

Our method Our method Method in [43]
x withk=1,M=10 withk=1,M =11 with m =8
0 5.81132 x 10~ 15 7.77156 x 1016 4.6 x 1079
0.15  1.76942 x 1016 7.77156 x 10~16 8.3 x 107Y
0.30  5.66214 x 10715 2.77556 x 10716 3.2 x 1079
0.45  6.32827 x 1071° 4.16334 x 10715 3.1x107°
0.60  2.30926 x 10~ 14 8.11851 x 10715 3.8 x 1079
0.75  3.32789 x 1014 1.37668 x 1014 4.5 x 1079
0.90  4.34097 x 1014 1.23235 x 10~ 14 1.4 x 1077

TABLE 3. Absolute errors for Example 4.3.

x withk=0,M =10 withk=1M =10 withk=1,M =12

Our method

Our method

Our method

0.1 1.18223 x 10~ ! 3.33067 x 10~ 1° 2.67841 x 10~1°
0.2  1.26390 x 10~ 11 2.22045 x 10~15 1.33227 x 10710
0.3  5.36227 x 10~ 12 2.88658 x 10~ 1° 1.77636 x 10~1°
0.4  1.19014 x 10~ 1! 2.22045 x 10715 6.21725 x 10715
0.5 1.87652 x 10~!! 9.08162 x 1014 3.82888 x 1014
0.6  1.39910 x 1012 4.77396 x 1010 9.26342 x 10~ 1°
0.7 2.83102 x 10~ 1 7.02216 x 10~15 2.30371 x 10~15
0.8  3.19355 x 10~ 11 6.77236 x 10710 5.44009 x 10~1°
0.9  2.42706 x 10~ ! 1.37668 x 10~ 14 8.88178 x 10716

Example 4.4. Consider the following nonlinear VIE (see [28, 49] ):

xsinx

/ (sin(z —t) + 1)cos(y(t))dt = 5 +sinz, 0<z <1,
0

with the exact solution y(z) = x. The results reported in Table 4 show the fact that the absolute error of this method
is much less than the absolute error presented in [28] and [49] with fewer basis functions. Graph of the absolute error
for values of £ = 3 and M = 10 of Example 4.4 is shown in Figure 8. The CPU time for this example is equal to 0.546
sec.

(&)
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Absolute error

25x10"14

2.x10"14

15x10~14

1.x10~14

5.x10~15

t
0.2 0.4 0.6 0.8 1.0

FIGURE 7. Absolute errors with £ = 2 and M = 10 of Example 4.3.

TABLE 4. Absolute errors for Example 4.4.

Our method Our method Our method
x withk=0,M=10 withk=1,M =10 withk=1,M =12

0.1  1.32469 x 10710 2.45359 x 10~13 3.40006 x 1015
0.2  1.72721 x 10710 4.19942 x 10~13 2.12330 x 10~ 14
0.3  5.86761 x 10710 4.90108 x 10~ 13 1.39888 x 1014
0.4  5.65781 x 10710 6.43929 x 1014 2.51466 x 10~
0.5  4.46749 x 10~ 3.90039 x 10~ 12 6.75293 x 10~ 14
0.6  5.80446 x 1010 1.89321 x 10713 6.82787 x 10715
0.7  5.22602 x 10710 6.99385 x 1013 2.02616 x 10~14
0.8  6.40366 x 101! 5.74624 x 10~13 7.49401 x 10~15
0.9  1.94803 x 1010 3.48166 x 10~13 2.93099 x 10~ 14

Example 4.5. Consider the following nonlinear VIE (see[7, 49]):

T
/ ez—tyQ
0

(t)dt = e** — e”,

0<z<1.

The analytical solution of this example is y(z) = e”. In Table 5, the absolute error for the mentioned method is
compared with the obtained absolute error in [7] and [49]. Graph of the absolute error for values of k = 1 and M = 10
of Example 4.5 is shown in Figure 9. The CPU time for this example is equal to 0.612 sec.

Example 4.6. Counsider the following first-kind NVIE(see [2]):

0<z<1.

/m cos(x — t)y?(t)dt = sin(z) + %cos(z) - %cos(Qx),
0

The exact solution is y(z) = cos(z) + sin(z). For instance, the absolute error of the proposed method is compared
with the absolute error reported in [2], the results of which are given in Table 6, the results indicate that the proposed
method is effective. Graph of the absolute error for values of k¥ = 2 and M = 10 of Example 4.6 is shown in Figure
10. The CPU time for this example is equal to 0.803 sec.

[E)E
(=
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Absolute error

7.x107 14 ¢
6.x10~14 | |I
5.x10714}
4.x10 14} r n n
3.x107M4}
2.x10714 | ﬂ
1.x10714 ¢ *
0.2 0.4 0.6 08 1.0
F1cURE 8. Absolute errors with k = 3 and M = 10 of Example 4.4.
TABLE 5. Absolute errors for Example 4.5.
Our method Method Method
x  withk=1,M =11  in [49] in [7]
1/16  1.55431 x 10 195 x10°° 3.28 x 102
3/16  4.44089 x 10716 1.98 x 1073 3.74 x 1072
5/16  1.11022 x 10715 2.04 x 1073  4.25 x 1072
7/16 222045 x 10715 214 x 1073 4.85 x 1072
9/16  6.66134 x 10716 2.26 x 1073 5.52 x 102
11/16  6.66134 x 10716 243 x 107® 6.28 x 102
13/16  3.10862 x 1071 263 x 1073 7.16 x 1072
15/16  8.88178 x 10716 2.87x 1073 8.15x 1072
TABLE 6. Absolute errors for Example 4.6.
Our method Our method Method in [2]
t withk=1,M=10 withk=2M =10 (£Simpson)
0.1 267653 x 102 477396 x 10°15  1.789 x 106
0.2 3.93707 x 10712 4.44089 x 10716 1.597 x 10~©
0.3 2.73648 x 10712 3.77476 x 1071 2.8601 x 10~°
0.4 253753 x 10712 9.99201 x 1071 1.4331 x 10~°
0.5  5.34717 x 10711 2.59792 x 10713 1.3613 x 1075
0.6  3.52104 x 10712 3.23491 x 10~*  3.7060 x 10~
0.7  1.02465 x 10~ ! 1.03251 x 1071 2.0975 x 10~°
0.8  7.79191 x 10712 3.19189 x 10716 1.8903 x 10~°
0.9  7.18492 x 10712 2.31482 x 10714 4.5269 x 10~°

Example 4.7. Consider the following nonlinear VIE :

/0 "Wt = f(@),

X
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Absolute error

6.x10715
5.x1071°
4.x10715

3.x10715

2.x10715 4
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X

F1GURE 9. Absolute errors with £k = 1 and M = 10 of Example 4.5.
Absolute error
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3.x10714| ﬂ
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1.x10714

1 - s X

0.2 0.4 0.6 0.8 1.0

F1GURE 10. Absolute errors with £ = 2 and M = 10 of Example 4.6.

whose f () is determined by noting that the non-smooth solution y(z) = |z — %|, hence f(z) is g5 + 5 (= — %)3 |z —1].
The unknown function belongs to C°\C*. Table 7 shows the absolute error of the proposed method. Graph of the
absolute error for values of £ = 3 and M =5 of Example 4.7 is shown in Figure 11. The CPU time for this example
is equal to 1.003 sec.

5. CONCLUSION

The proposed method for solving the nonlinear Volterra integral equations is based on the Chebyshev cardinal
wavelets. The most significant advantage of the proposed method in comparison with other methods is its simplicity
and method comprehensibility. Eventually, some numerical examples were included to demonstrate the applicability
of the presented method. It is noteworthy that the results of numerical examples show that our proposed method is
an efficient and very simple plan to overcome the ill-posedness and the nonlinearity of these problems. Studies and
research to find more applications of this method are one of the goals of our research team.

EE



REFERENCES

[1]

TABLE 7. Absolute errors for Example 4.7.

Our method Our method
x withk=2M=7 withk=3,M="7
0.1 2.22045 x 1016 5.55112 x 10~16
0.2  3.33067 x 10~16 5.55112 x 10~17
0.3 3.08628 x 10~13 9.02056 x 1016
0.4 6.32633 x 10713 8.4148 x 10~14
0.5 2.04925 x 1010 1.31130 x 10~11
0.6 6.75515 x 10~12 2.05987 x 10~13
0.7 3.28459 x 10~13 2.34535 x 10715
0.8 5.20417 x 1016 3.88578 x 1016
0.9 1.38778 x 10715 2.22045 x 10716

Absolute error

6.x10713

4.x10"13

2.x10°13

t
0.2 0.4 0.6 0.8 1.0

FicURE 11. Absolute errors with k = 3 and M = 5 of Example 4.7.

REFERENCES

T. Abdeljawad, R. P. Agarwal, E. Karapnar, and P. S. Kumari, Solutions of the nonlinear integral equation
and fractional differential equation using the technique of a fized point with a numerical experiment in extended
b-metric space, Symmetry, 11 (2019), 686-704.

M. A. Alzhrani, H. O. Bakodah, and M. Al-mazmumy, A 3/8 Simpson’s Numerical Scheme for the Classes of
Volterra Integral Equations of First Kind, Nonlinear Anal. Differ. Equ., 1 (2019), 99-113.

K. E. Atkinson and J. Flores, The collocation method for nonlinear integral equations, IMA J. Numer. Anal., 13
(1993), 195-213.

E. Babolian and L. M. Delves, An augmented Galerkin method for first kind Fredholm equations, IMA J. Appl.
Math., 2/ (1979), 157-174.

E. Babolian, K. Maleknejad, M. Mordad, and B. Rahimi, A numerical method for solving Fredholm-Volterra
integral equations in two-dimensional spaces using block pulse functions and an operational matriz, J. Comput.
Appl. Math., 235 (2011), 39653971.

E. Babolian and Z. Masouri, Direct method to solve Volterra integral equation of the first kind using operational
matriz with block-pulse functions, J. Comput. Appl. Math., 220 (2008), 5157.

E. Babolian and A. S. Shamloo, Numerical solution of Volterra integral and integro-differential equations of
convolution type by using operational matrices of piecewise constant orthogonal functions, J. Comput. Appl.
Math., 214 (2008), 495508.

(&)
(EE



628 REFERENCES

[8] P. Baratella, A Nystrom interpolant for some weakly singular linear Volterra integral equations, Comput. Appl.
Math., 231 (2009), 725734.
[9] M. A. Bartoshevich, On one heat conduction problem, Inz-Fiz Zh, 28 (1975), 340345.

[10] J. Biazar, E. Babolian, and R. Islam, Solution of a system of Volterra integral equations of the first kind by
Adomian method, Appl. Math. Comput., 139 (2003), 249-258.

[11] J. Biazar, M. Eslami, and H. Aminikhah, Application of homotopy perturbation method for systems of Volterra
integral equations of the first kind, Chaos Solitons Fractals, 42 (2009), 3020-3026.

[12] L. K. Bieniasz, Modelling electroanalytical experiments by the integral equation method, Berlin Heidelberg,
Springer, 2015.

[13] H. Brunner, Collocation methods for Volterra integral and related functional differential equations, vol. 15 of
Cambridge Monographs on Applied and Computational Mathematics. Cambridge University Press, Cambridge,
2004.

[14] C. Canuto, M. Hussaini, A. Quarteroni, and T. Zang, Spectral Methods in Fluid Dynamics, Springer, Berlin, 1988.

[15] L. M. Delves and J. Mohamed, Computational Methods for Integral Equations, Cambridge University Press,
Cambridge 1988.

[16] H. J. Ding, H. M. Wang, and W. Q. Chen, Analytical solution for the electrostatic dynamics of a nonhomogeneous
spherically isotropic piezoelectric hollow sphere, Arch. Appl. Mech., 73 (2003), 4962.

[17] G. Gripenberg, S.-O. Londen, and O. Staffans, Volterra integral and functional equations, vol. 34 of Encyclopedia
of Mathematics and its Applications. Cambridge University Press, Cambridge, 1990.

[18] R. C. Guru Sekar and K. Murugesan, STWS approach for Hammerstein system of nonlinear Volterra integral
equations of the second kind, Int. J. Comput. Math., 94 (2017), 18671878.

[19] M. H. Heydari, Chebyshev cardinal wavelets for nonlinear variable-order fractional quadratic integral equations,
Appl. Numer. Math. 144 (2019), 190-203.

[20] M. H. Heydari, M. R. Mahmoudi, A. Shakiba, and Z. Avazzadeh, Chebyshev cardinal wavelets and their application
in solving nonlinear stochastic differential equations with fractional Brownian motion, Commun. Nonlinear Sci.
Numer. Simul. 64 (2018), 98-121.

[21] M. H. Heydari and M. Razzaghi, FEztended Chebyshev cardinal wavelets for nonlinear fractional delay optimal
control problems, Internat. J. Syst. Sci. 53 (2022), 190-203.

[22] M. H. Heydari, R. Tavakoli, and M. Razzaghi, Application of the extended Chebyshev cardinal wavelets in solving
fractional optimal control problems with ABC fractional derivative, Internat. J. Syst. Sci. 64 (2022), 98-121.

[23] N. Khan, M. S. Hashmi, S. Igbal, and T. Mahmood, Optimal homotopy asymptotic method for solving Volterra
integral equation of first kind, Alex. Eng. J., 53 (2014), 751755.

[24] S. Kumar, Modifications of Linz methods for nonlinear second kind Volterra integral equations with singular or
periodic kernels, Journal of Mathematical and Physical Sciences, 26 (1992), 591-597.

[25] P. K. Lamm, Approzimation of ill-posed Volterra problems via predictor-corrector regularization methods, SIAM
J. Appl. Math., 56 (1996), 524-541.

[26] P. K. Lamm, Solution of ill-posed Volterra equations via variable-smoothing Tikhonov regularization, In Inverse
Problems in Geophysical Applications, Philadelphia, 1997.

[27] P. K. Lamm and L. Eldn, Numerical solution of first kind Volterra equations by sequential Tikhonov regularization,
SIAM J. Numer. Anal., 34 (1997), 1432-1450.

[28] Y. Ma, J. Huang, C. Wang, and H. Li, Sinc Nystrom method for a class of nonlinear Volterra integral equations
of the first kind. Adv. Differ. Equ., 151 (2016), 1-15.

[29] K. Maleknejad and R. Dehbozorgi, Adaptive numerical approach based upon Chebyshev operational vector for
nonlinear Volterra integral equations and its convergence analysis, J. Comput. Appl. Math. 344 (2018), 356366.

[30] K. Maleknejad, E. Hashemizadeh, and R. Ezzati, A new approach to the numerical solution of Volterra integral
equations by using Bernsteins approximation, Commun. Nonlin. Sci. Numer. Simulat., 16 (2011), 647655.

[31] K. Maleknejad, R. Mollapourasl, and M. Alizadeh, Numerical solution of Volterra type integral equation of the
first kind with wavelet basis, Appl. Math. Comput., 194 (2007), 400-405.

[E)E
(=



REFERENCES 629

32]
33]
34]
35]
36]
37]
38]
30]
40]
1]
42]
43]
44]
5]
6]
47]
48]

[49]

K. Maleknejad, R. Mollapourasl, and K. Nouri, Convergence of numerical solution of the Fredholm integral
equation of the first kind with degenerate kernel, Appl. Math. Comput. 181 (2006), 1000-1007.

K. Maleknejad, K. Nouri, and L. Torkzadeh, Comparison projection method with Adomian’s decomposition method
for solving system of integral equations, Bull. Malays. Math. Sci. Soc. 34 (2011), 379388.

K. Maleknejad and B. Rahimi, Modification of block pulse functions and their application to solve numerically
Volterra integral equation of the first kind, Commun. Nonlin. Sci. Numer. Simulat., 16 (2011), 24692477.

K. Maleknejad, S. Sohrabi, and Y. Rostami, Numerical solution of nonlinear Volterra integral equations of the
second kind by using Chebyshev polynomials, J. Appl. Math. Comput., 188 (2007), 123128.

7. Masouri, E. Babolian, and S. Hatamzadeh-Varmazyar, An expansion-iterative method for numerically solving
Volterra integral equation of the first kind, Comput. Math. Appl., 59 (2010), 14911499.

F. Mirzaee, Numerical solution of optimal control problem of the non-linear Volterra integral equations via gen-
eralized hat functions, IMA J. Math. Control Inf., 3/ (2017), 889-904.

F. Mirzaee, Numerical solution of nonlinear Fredholm-Volterra integral equations via Bell polynomials, Comput.
Methods Differ. Equ., 5 (2017), 88-102.

F. Mirzaee and E. Hadadiyan, Using operational matriz for solving nonlinear class of mized Volterra-Fredholm
integral equations, Math. Methods Appl. Sci., 40 (2016), 3433-3444.

F. Mirzaee and S. F. Hoseini, Hybrid functions of Bernstein polynomials and block-pulse functions for solving
optimal control of the nonlinear Volterra integral equations, Indag. Math., 27 (2016), 835-849.

F. Mirzaee and N. Samadyar, Ezplicit representation of orthonormal Bernoulli polynomials and its application
for solving Volterra-Fredholm-Hammerstein integral equations, SeMA Journal, 77 (2020), 8196.

F. Mirzaee and N. Samadyar, Convergence of 2D-orthonormal Bernstein collocation method for solving 2D-mizxed
VolterraFredholm integral equations, Trans. A. Razmadze Math. Inst., 172 (2018), 631-64.

M. Mohamadi, E. Babolian, and S. A. Yousefi, A Solution For Volterra Integral Equations of the First Kind Based
on Bernstein Polynomials, Int. J. Industrial Mathematics, 10 (2018), 1-9.

K. Nedaiasl, R. Dehbozorghi, and K. Maleknejad, hp-version collocation method for a class of nonlinear Volterra
integral equations of the first kind, Appl. Numer. Math., 150 (2020), 452-477.

N. Negarchi and K. Nouri, A new direct method for solving optimal control problem of nonlinear VolterraFredholm
integral equation via the MntzLegendre polynomials, Bull. Iran. Math. Soc., 45 (2019), 917-934.

N. Negarchi and K. Nouri, Numerical solution of VolterraFredholm integral equations using the collocation method
based on a special form of the MntzLegendre polynomials, J. Comput. Appl. Math., 344 (2018), 15-24.

S. K. Panda, A. Tassaddiq, and R. P. Agarwal, A new approach to the solution of nonlinear integral equations
via various Fp_-contractions, Symmetry, 11 (2019), 206-226.

B. Salehi, K. Nouri, and L. Torkzadeh, An approximate method for solving optimal control problems with Chebyshev
cardinal wavelets, Iranian Journal of Operations Research, 12 (2021), 20-33.

I. Singh and S. Kumar, Haar wavelet method for some nonlinear Volterra integral equations of the first kind, J.
Comput. Appl. Math., 292 (2016), 541552.

A. N. Tikhonov and V. Y. Arsenin, Solutions of ill-posed problems, Winston, Washington DC, 1977.

S. A. Yousefi, Numerical solution of Abels integral equation by using Legendre wavelets, Appl. Math. Comput.,
175 (2006), 574580.

T. Zhang and H. Liang, Multistep collocation approximations to solutions of first-kind Volterra integral equations,
Appl. Numer. Math., 130 (2018), 171183.

BE



	1. Introduction
	2. Properties of Chebyshev cardinal wavelets
	2.1. The Chebyshev cardinal wavelets
	2.2. Function of a variable approximation
	2.3. Function of two variables approximation
	2.4. Operational matrices

	3. The proposed computational scheme
	4. Illustrative examples
	5. Conclusion
	References

