
Research Paper
Computational Methods for Differential Equations
http://cmde.tabrizu.ac.ir
Vol. 11, No. 2, 2023, pp. 369-386
DOI:10.22034/cmde.2022.50331.2091

Numerical solution of nonlinear Sine-Gordon equation using modified cubic B-spline-based
differential quadrature method

Athira Babu and Noufal Asharaf∗

Department of Mathematics, Cochin University of Science and Technology, Kerala, India.

Abstract
In this article, we discuss the numerical solution of the nonlinear Sine-Gordon equation in one and two dimensions
and its coupled form. A differential quadrature technique based on a modified set of cubic B-splines has been
used. The chosen modification possesses the optimal accuracy order four in the spatial domain. The spatial
derivatives are approximated by the differential quadrature technique, where the weight coefficients are calculated
using this set of modified cubic B-splines. This approximation will lead to the discretization of the problem in the
spatial domain that gives a system of first-order ordinary differential equations. This system is then solved using
the SSP-RK54 scheme to progress the solution to the next time level. The convergence of this numerical scheme
solely depends on the differential quadrature and is found to give a stable solution. The order of convergence
is calculated and is observed to be four. The entire computation is performed up to a large time level with an
efficient speed. It is found that the computed solution is in good agreement with the exact one and the error
comparison with similar works in the literature indicates the scheme outperforms.
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1. Introduction

The nonlinear Sine-Gordon equation is an important nonlinear partial differential equation introduced by Edmond
Bour in 1962 during the research on the surfaces of constant negative curvature (see [7]). Because of its soliton
solutions, the equation gets popular during the 1970s. The equation is a combination of the d’Alembert operator and
sine of the undetermined function. As an application, it arises in many scientific areas like nonlinear optics, solid-state
physics, dislocations in crystals, etc. (for more details, see [5, 31, 43]). In the literature, we can see various numerical
approaches which are proposed for solving the equation. In [28], R. C. Mittal et al. used a collocation method based
on modified cubic B-splines to solve the equation numerically. They expressed the solution in terms of a modified set
of splines with unknown coefficients. The coefficients are then computed from the discretized system by Runge-Kutta
methods. Dehghan et al. proposed a collocation method based on radial basis functions in [10], in which the method
was found to behave like the finite difference scheme. A high accuracy multiquadric quasi-interpolation technique
has been adopted in [17] for solving the equation. The spatial derivatives are approximated using this interpolation
technique, and the time derivatives are expressed in terms of a finite difference scheme. A meshfree method based
on radial basis functions is proposed in [42] by interpolating the scattered data using these basis functions. The
spatial derivatives are then derived from the derivative of this interpolation, and a low order scheme approximates
the temporal derivatives. A.G. Bratsos have proposed a fourth-order numerical method in [6], in which a predictor-
corrector scheme has been employed. The boundary integral equation and a technique of dual reciprocity have been
applied to solve the problem in [12], and the time-stepping approach is used to represent derivatives. The nonlinear
terms involved in these equations are tackled with the predictor-corrector method.
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An overlapping multidomain strategy has been carried out in [41] for the spatial discretization and followed the
Runge-Kutta method to progress the solution in the time domain. The Chebyshev tau meshless technique is used in
[33] by W. Shao et al., which is used to discretize the equation in both spatial and time domains. F. Yin et al. used
spectral methods with a basis in terms of Legendre wavelets in [44] and X. Li et al. used an element-free Galerkin
technique in [22]. Y. Shen et al. studied the fractional Sine-Gordon equation for its periodic solution in [34], while M.
Dehghan et al. used a meshless approach with radial basis functions in [13]. D. Kaya used a modified decomposition
method to solve the problem in [21]. S. S. Ray has carried out a similar approach to solve the coupled form of the
nonlinear equation in [32]. In [23], D. Li et al. numerically solved the coupled forms in one dimension using the
lattice Boltzmann method. The one and two-dimensional coupled forms have been numerically solved in [11], in which
Dehghan et al. used radial basis functions for the approximation purpose. A collocation of radial basis functions
has been carried out in [16]. The two-dimensional equation has been solved in [1] with the help of a semidiscrete
Galerkin technique based on four-noded bilinear finite elements. A split cosine technique has been used to solve the
two-dimensional equation in [35]. A mesh-free method has been used as a combination of kernel particle and Ritz
minimization technique in [8]. A differential quadrature technique based on Lagrange polynomial interpolation has
been used in [18] and a similar approach is adopted in [30] to handle the one-dimensional case. In [25], the authors
tried a spectral element method based on the Legendre polynomials to solve the equation in one dimension. The
algorithm first discretizes the spatial domain using the Legendre spectral elements and then the time domain by the
leap-frog method. Z. W. Jiang et al. employed a meshfree method known as multiquadric quasi-interpolation to
solve the one-dimensional problem in [17]. The technique is used for the spatial derivative approximation, and the
time derivatives are estimated through a finite difference approach. Cubic exponential B-splines based Crank-Nicolson
differential quadrature method is established in [29] where the quadrature formula determines the spatial derivatives
and the time derivatives are calculated by the forward difference method.

In [37–40], H. Shukla et al. carried out the differential quadrature technique based on the modified cubic B-
spline basis functions to solve the problem. In these papers, the authors approximated the spatial derivatives by the
differential quadrature method, in which the weight coefficients involved in the quadrature formula are determined
with the help of modified cubic B-splines. The quadrature formula will discretize the problem and produce a system
of first-order ordinary differential equations, which is then solved by Runge-Kutta methods. A similar approach has
been used to solve Burgers’ equation in [2], Telegraph equation in [4], hyperbolic partial differential equations in [20]
and reaction-diffusion Brusselator system in [19]. We carried out this approach to solve the nonlinear Sine-Gordon
equation here. Because the modification of B-splines described in these works couldn’t produce the entire polynomial
space P3 of degree up to 3, the modified elements cease to possess the optimal approximation property of the cubic
B-splines. Another approach has been carried out by M. J. Huntul et al. (see [15]) in handling with collocation of
cubic B-splines. But this approach doesn’t give a tridiagonal matrix system, means it doesn’t preserve the tridiagonal
structure of the standard cubic splines. In [4], A. Babu et al. proposed a new modification of cubic B- splines with
optimal polynomial reproduction property with a tridiagonal matrix structure. In this work, we are utilizing all the
advantages of this new modification to solve the nonlinear Sine-Gordon equation in one and two dimensions.

The paper has been arranged in the following manner. In section 2, we explain the proposed method to approximate
the solution of the Sine-Gordon equation and its coupled form in one and two dimensions. Section 3 describes the
modification of splines and the computation of the weight coefficients associated with the quadrature formula. The
proposed method has been tested in numerical examples, and the results are given in section 4. We conclude the
article with section 5 in which the main findings are recorded.

2. Numerical scheme

2.1. One-dimensional Sine-Gordon equation. The one-dimensional nonlinear Sine-Gordon equation has the form

utt(x, t) = uxx(x, t)− sin(u(x, t)), x ∈ Ω := (a, b), t > t0,

IC : u(x, t0) = f1(x), ut(x, t0) = f2(x),
BC : u(a, t) = g1(t), u(b, t) = g2(t).

(2.1)
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By the transformation ũ = ut, the equation can be rewritten as:
ut(x, t) = ũ(x, t),
ũt(x, t) = uxx(x, t)− sin(u(x, t)).

(2.2)

Consider the spatial domain Ω = (a, b). We uniformly discretize it into N subintervals with node points a = x0 < x1 <
. . . < xN = b and a mesh size h = b−a

N . Take ui(t) := u(xi, t) for j = 0, 1, . . . , N . Now, the differential quadrature
approximation to the spatial derivatives will be of the form

uxx(xi, t) ≈
N∑
k=0

a
(2)
ik uk(t), i = 0, 1, . . . , N, (2.3)

where a(2)
ik ’s are the weight coefficients corresponding to second-order derivatives. The computation of these coefficients

will be discussed in a later section. This approximation Eq. (2.3) will discretize our problem Eq. (2.2) and gives us a
system of first-order ordinary differential equations as:

du

dt
(xi, t) = ũi(t),

dũ

dt
(xi, t) =

N∑
k=0

a
(2)
ik ui(t)− sin(u(xi, t)),

for i = 0, 1, . . . , N . The SSP-RK54 scheme then solves this system for the next time level t + ∆t. The convergence
of this numerical method entirely depends on the differential quadrature approximation to spatial derivatives, as
established in [3].

2.2. Coupled form of Sine-Gordon equation in one-dimension. The coupled form of the nonlinear Sine-Gordon
equation is of the form:

utt = uxx − δ2 sin(u− v) + f(x, t),
vtt = c2vxx + sin(u− v) + g(x, t),

x ∈ Ω := (a, b), t > t0,

IC :
u(x, t0) = f1(x), ut(x, t0) = f2(x),
v(x, t0) = f3(x), vt(x, t0) = f4(x),

x ∈ Ω,

BC :
u(a, t) = g1(x), u(b, t) = g2(x),
v(a, t) = g3(x), v(b, t0) = g4(x),

t > t0.

(2.4)

Use the ũ = ut, ṽ = vt to write the coupled equation as
ut = ũ, ũt = uxx − δ2 sin(u− v) + f(x, t),
vt = ṽ, ṽt = c2vxx + sin(u− v) + g(x, t).

(2.5)

Using the same discretization of the spatial domain and approximate the spatial derivatives by the quadrature formula

uxx(xi, t) ≈
N∑
k=0

a
(2)
ik uk(t), vxx(xi, t) ≈

N∑
k=0

a
(2)
ik vk(t), for i = 0, 1, . . . , N,

we could rewrite Eq. (2.5) into system of first-order ODEs as

du

dt
(xi, t) = ũi(t),

dũ

dt
(xi, t) =

N∑
k=0

a
(2)
ik uk(t)− δ2 sin(ui − vi) + f(xi, t),

dv

dt
(xi, t) = ṽi(t),

dṽ

dt
(xi, t) = c2

N∑
k=0

a
(2)
ik vk(t) + sin(ui − vi) + g(xi, t),
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for i = 0, 1, . . . , N . These 4 (N + 1) equations form a system of first-order ODEs, which can be solved for the next
time level using SSP-RK schemes.

2.3. Two-dimensional Sine-Gordon equation. The nonlinear Sine-Gordon equation in two-dimension has the
following form

utt + β ut = α (uxx + uyy)− φ(x, y) sin(u), (x, y) ∈ Ω := (a, b)× (c, d), t > t0,

IC : u(x, y, t0) = f1(x, y), ut(x, y, t0) = f2(x, y), x ∈ Ω,

BC :
u(a, y, t) = g1(y, t), u(b, y, t) = g2(y, t),
u(x, c, t) = g3(x, t), v(x, d, t0) = g4(x, t),

(x, y) ∈ Ω, t > t0.

(2.6)

Use the transformation ũ = ut to rewrite Eq. (2.6) as

ut = ũ,

ũt = β ũ+ α (uxx + uyy)− φ(x, y) sin(u). (2.7)

Now for a fixed N,M ∈ N, consider the uniform discretization of the spatial domain such that a = x0 < x1 < . . . <
xN = b and c = y0 < y1 < . . . < yM = d. The quadrature formula is given by

uxx(xi, t) ≈
N∑
k=0

a
(2)
ik uk(t), uyy(xj , t) ≈

M∑
k=0

b
(2)
jk vk(t), for i = 0, 1, . . . , N, j = 0, 1, . . . ,M.

The discretized form of Eq. (2.7) is given by

du

dt
(xi, yj , t) = ũij(t),

dũ

dt
(xi, yj , t) = βũij + α

(
N∑
k=0

a
(2)
ik ukj(t) +

M∑
l=0

b
(2)
jk uik(t)

)
− ϕ(xi, yj) sin(u(xi, yj , t)),

this gives a system first-order ODEs and is solved by SSP-RK schemes.

2.4. Two-dimensional coupled Sine-Gordon equation. A similar method can be adopted to numerically solve
the nonlinear coupled Sine-Gordon equation in two-dimension. The equation has the dissipative form as follows

utt = (uxx + uyy)− δ2 sin(u− v) + f(x, y, t)
vtt = c2 (vxx + vyy) + sin(u− v) + g(x, y, t)

, (x, y) ∈ Ω := (a, b)× (c, d), t > t0,

IC :
u(x, y, t0) = f1(x, y), ut(x, y, t0) = f2(x, y),
v(x, y, t0) = f3(x, y), vt(x, y, t0) = f4(x, y),

(x, y) ∈ Ω,

BC : u(x, y, t) = g1(x, y, t), v(x, y, t) = g2(x, y, t), (x, y) ∈ ∂Ω, t > t0.

(2.8)

The discretization of the coupled equations can be expressed as

du

dt
(xi, yj , t) = ũij(t),

dũ

dt
(xi, yj , t) =

(
N∑
k=0

a
(2)
ik ukj(t) +

M∑
l=0

b
(2)
jl uil(t)

)
− δ2 sin(uij − vij) + f(xi, yj , t),

dv

dt
(xi, yj , t) = ṽij(t),

dṽ

dt
(xi, yj , t) = c2

(
N∑
k=0

a
(2)
ik vkj(t) +

M∑
l=0

b
(2)
jl vil(t)

)
+ sin(uij − vij) + g(xi, yj , t),
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3. Modified splines and derivation of weight coefficients

3.1. Cubic B-splines and the modification. In this section, we are dealing with the definition of cubic B-splines
and their modification as discussed in [4]. For j ∈ Z, the cubic B-spline symmetric about the node point xj can be
defined to be

Bj(x) := 1
h3



(x− xj−2)3, x ∈ [xj−2, xj−1) ,
(x− xj−2)3 − 4(x− xj−1)3, x ∈ [xj−1, xj) ,
(xj+2 − x)3 − 4(xj+1 − x)3, x ∈ [xj , xj+1) ,
(xj+2 − x)3, x ∈ [xj+1, xj+2) ,
0, otherwise.

(3.1)

Here each Bj is found to be compactly supported in the interval [xj−2, xj+2], which is a twice continuously dif-

Table 1. Derivatives of cubic splines at each node

x xj−2 xj−1 xj xj+1 xj+2

Bj(x) 0 1 4 1 0
B′j(x) 0 3/h 0 −3/h 0
B′′j (x) 0 6/h2 −12/h2 6/h2 0

ferentiable function. Table 1 shows the function values of Bj ’s and its derivatives at each node point. The splines
B−1, B0, B1, . . . , BN , BN+1 are clearly nonzero in our spatial domain Ω. Since these N+3 splines has undefined node
points, we need a modification consisting of N + 1 functions without affecting its polynomial reproduction property
in Ω. An optimally accurate modification has been proposed in [4] and is as follows.

B̃0 := B0 + 4B−1, B̃N := BN + 4BN+1,
B̃1 := B1 − 7

2B−1 + 5
8B0, B̃N−1 := BN−1 − 7

2BN+1 + 5
8BN ,

B̃2 := B2 + 88
37B−1 − 21

37B0 − 4
37B1, B̃N−2 := BN−2 + 88

37BN+1 − 21
37BN −

4
37BN−1,

B̃3 := B3 −B−1 + 1
4B0 − 1

4B2, B̃N−3 := BN−3 −BN+1 + 1
4BN −

1
4BN−2,

B̃j := Bj , for j = 4, 5, . . . , N − 4,

(3.2)

This modification is to maintain the optimal polynomial reproduction property of the standard cubic B-splines. The
limitation of the modification of the splines reported in the literature (see [20, 26–28, 40]) is its inability to produce the
polynomial space P3. The standard cubic B-splines could generate the polynomials 1, x, x2, x3 and it has a tridiagonal
matrix structure. The proposed modification is established by preserving both these necessary requirements.

3.2. Calculation of weight coefficients. In this section, we are calculating the weight coefficients in the expression
of differential quadrature using the modified cubic B-spline basis functions B̃j ’s. We use the differential quadrature
formula for the first-order derivative of each B̃j ’s, and a system of linear equations will be obtained as follows

B̃′j(xi) =
N∑
k=0

a
(1)
ik B̃j(xk); i, j = 0, 1, . . . , N, (3.3)

where a(1)’s are the weight coefficients corresponding to the first-order differentiation. Now using Table 1, we can
write this system as in the matrix form PAT = C with P =

[
B̃i(xj)

]
, C =

[
B̃′i(xj)

]
and A =

[
a

(1)
ij

]
. Explicitly we
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have

P =



8 1
37
8 1

144
37 1

15
4 1
1 4 1

. . . . . . . . .
1 4 1

1 15
4
1 144

37
1 37

8
1 8



, C = 1
h



−12 −3
27
2 − 15

8 −3
− 276

37
174
37

12
37 −3

3 − 3
2 3 3

4 −3
3 0 −3

. . . . . . . . .
3 0 −3

3 − 3
4 −3 3

2 −3
3 − 12

37 −
174
37

276
37

3 15
8 − 27

2
3 12



.

Since P is invertible and thus the weight coefficients correspond to the first-order derivatives that can be obtained
from the matrix equation A =

(
P−1C

)
. Using the recurrence formula described in [36], we could find the weight

coefficients associated with the second-order derivative. The relation is given as follows

a
(2)
ij = 2

[
a

(1)
ij a

(1)
ii −

a
(1)
ij

xi − xj

]
for i 6= j, a

(2)
ii = −

N∑
j=0
j 6=i

a
(2)
ij , for each i, j = 0, 1, . . . , N. (3.4)

3.3. Stability analysis. The stability of the proposed method depends upon two approximation techniques that
we use to compute the solution in this work. The first is the differential quadrature approximation for the spatial
derivatives, and the second is the SSP-RK54 scheme to advance the solution in the time domain. Since the SSP-RK54
procedure is a strong stability-preserving time-stepping method, it is enough to discuss the stability analysis of the
differential quadrature approximation. The following formula gives the approximation.

Du(xi) ≈
N∑
j=0

aiju(xj), (3.5)

where D =
n∑
k=0

ek
dk

dxk
is the differentiation operator and the weight coefficients ai = [ai0, . . . , aiN ] which depends on

the operator D at each node points xi. We intend to find the largest s(≥ 1) ∈ Z such that∣∣∣Du(xi)−
N∑
j=0

aiju(xj)
∣∣∣ ≤ γ(xi)O

(
hsxi
)
‖u‖G, (3.6)

where hxi := max
j=0...N |xi − xj |, γ is a function on xi and G being a preferable function space having a (semi) norm

‖ · ‖G. Here we reach this bound using the general approach studied in [9]. A similar procedure can also be found for
the case of the localized differential quadrature method in [3]. Here, the weight coefficients are calculated using the
system of equations

D B̃j(xi) =
N∑
k=0

aikB̃j(xk), for i, j = 0, 1, . . . , N. (3.7)

Since the modified cubic B-spline could produce all polynomials up to degree three, it is possible to write

Dp(xi) =
N∑
k=0

aikp(xk), for all p ∈ P3 and i = 0, 1, . . . , N, (3.8)

where P3 is the space of all polynomials having degree up to three. This means that the equation Eq. (3.5) is exact of
order four. Consider the spatial domain Ω, which is connected, and choose σ ∈ (0, 1]. We assume that the Holder space
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C3,σ(Ω) as our desired solution space consisting of all functions u, which are three times continuously differentiable
on Ω such that |u|C3,σ(Ω) := | d

3

dx3u|σ,Ω < ∞, where |u|σ,Ω := sup x,y∈Ω
x 6=y

|u(x)−u(y)|
|x−y|σ is a semi-norm on C0,σ(Ω). This

semi-norm |u|C3,σ(Ω) is equivalent to

|u|3,σ,Ω := 1
(σ + 1)(σ + 2)(σ + 3)

∣∣∣∣ d3

dx3u

∣∣∣∣
σ,Ω

∀u ∈ C3+σ(Ω).

For u ∈ Ck−1,σ(Ω) where k ≥ 1, the Taylor polynomial with order r ≥ 1 centered at b ∈ Ω can be written as

Tr,bu(x) :=
r−1∑
l=0

(x− b)l

l!
dl

dxl
u(b) and the remainder term will be of the form

Rr,bu(x) := u(x)− Tr,bu(x) = (x− b)r

(r − 1)!

∫ 1

0
(1− t)r−1 d

r

dxr
u(b+ t(x− b))dt.

If u ∈ C3,σ(Ω), then for any b, x ∈ Ω, we have

|R4,bu(x)| =
∣∣∣∣ (x− b)3

2!

∫ 1

0
(1− t)2

[
d3

dx3u(b+ t(x− b))− u(b)
]
dt

∣∣∣∣
≤ |x− b|

3

2

∫ 1

0
(1− t)2tσ|x− b|σ

∣∣∣∣d3u

dx3

∣∣∣∣
σ,Ω

dt

= |x− b|
3+σ

2

∣∣∣∣d3u

dx3

∣∣∣∣
σ,Ω

∫ 1

0
(1− t)2tσdt

= |x− b|3+σ|u|3,σ,Ω.

Since the equation Eq. (3.5) is exact of order four, we have Du(xi) = DT4,bu(xi) and∣∣∣∣∣∣Du(xi)−
N∑
j=0

aiju(xj)

∣∣∣∣∣∣ =

∣∣∣∣∣∣
N∑
j=0

aijR4,xiu(xj)

∣∣∣∣∣∣ ≤
N∑
j=0
|aij | |xj − xi|3+σ|u|3,σ,Ω ≤ ‖ai‖1(hxi)3+σ|u|3,σ,Ω,

where ‖ai‖1 =
N∑
j=0
|aij |. Hence the bound as in Eq. (3.6) has been obtained, and the convergence of the scheme is

ensured.

3.4. Conservation of Energy. Energy conservation is an essential property of the solitary solution-producing equa-
tions such as the nonlinear Sine-Gordon equation. It is mandatory to assess the nonlinear stability of the system.
With the zero boundary conditions, the total energy for the case of two-dimension is expressed in the integral form
(see [14, 35])∫ ∫

[ututt + βu2
t − ut(uxx + uyy) + ϕ(x, y)ut sin u]dxdy = 0.

If ϕ(x, y) = 1 then the above integral will get reduced to

1
2
∂

∂t

{∫ ∫
[uxx + uyy + utt + 2(1− cosu)]dxdy

}
= −β

∫ ∫
(ut)2dxdy.

The energy E =
∫ ∫

[uxx + uyy + utt + 2(1− cosu)]dxdy will be conserved for β = 0 and not conserved for β > 0.
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4. Results and discussion

In this section, we have implemented the proposed numerical scheme in several test examples. The computational
results are demonstrated and tabulated. The numerical errors are computed and compared with results found in
the literature to show the scheme’s efficiency. If u and u∗ denote the exact and numerical solutions respectively, the
numerical errors such as L2, L∞ and Root Mean Square (RMS) are calculated using the following formulas:

‖u(·, t)− u∗(·, t)‖2 :=
(
h

N∑
i=0
|u(xi, t)− u∗(xi, t)|2

)1/2

,

‖u(·, t)− u∗(·, t)‖∞ := max
0≤i≤N

|u(xi, t)− u∗(xi, t)|,

RMS error :=
(

1
N + 1

N∑
i=0
|u(xi, t)− u∗(xi, t)|2

)1/2

.

The convergence rate is calculated using the formula CR = log2

(
‖un(·, t)−u∗n(·, t)‖∞
‖u2n(·, t)−u∗2n(·, t)‖∞

)
, where un and u∗n denotes

the exact and numerical solutions of the problem for a spatial descretization consisting od n + 1 node points. The
computational time is also calculated and is observed that the scheme is fast.

Example 4.1. Consider the equation Eq. (2.1) with initial conditions u(x, 0) = 0, ut(x, 0) = 4 sech(x). The exact
solution to this problem is given by

u(x, t) = 4 arctan (t sech(x)) .
In the spatial domain Ω = (−1, 1), the numerical solution has been computed, and is plotted up to 10 s with ∆t = 0.001
and the absolute error is found to be in the order 10−7 at t = 100 s (see Figure 1). A comparison of the L2 error
for h = 0.04 is given in Table 2. The absolute error is compared for h = 0.02 in Table 3 with ∆t = 0.001. By
choosing the spatial domain Ω = (−2, 2) and a discretization h = 0.01, the L∞ and RMS errors are computed and
the comparison results are summarized in Table 4. The numerical errors are very small as compared with the results
reported in [10, 17, 24, 25, 28, 29, 40]. The convergence rate of the algorithm has been tested in Table 5 and the order
of convergence is found to be four. The computed solution is found to behave alike the exact solution even for a large
time-bound. The proposed scheme is fast because the total computations completed within 0.5 s.
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Figure 1. Example 4.1. For Ω = (−1, 1), ∆t = 0.01 and h = 0.02, (a) is the numerical solution
drawn up to t = 10s, (b) is the absolute error at t = 100 s.



CMDE Vol. 11, No. 2, 2023, pp. 369-386 377

Table 2. Example 4.1: L2 error comparison for Ω = (−1, 1), h = 0.04 and ∆t = 0.001; total CPU
time = 0.48 s.

t Present [29] [25] [40] [28] [10]
0.25 1.31 × 10−7 2.24 × 10−6 2.39 × 10−6 2.43 × 10−6 1.18 × 10−5 3.91 × 10−5

0.5 3.47 × 10−7 5.31 × 10−6 6.85 × 10−6 5.54 × 10−6 4.19 × 10−5 1.30 × 10−4

0.75 5.07 × 10−7 6.17 × 10−6 6.97 × 10−6 6.45 × 10−6 7.78 × 10−5 2.35 × 10−4

1.0 5.60 × 10−7 7.56 × 10−6 1.07 × 10−6 7.84 × 10−6 1.30 × 10−4 3.27 × 10−4

Table 3. Example 4.1: Absolute errors comparison for Ω = (−1, 1), h = 0.02 and ∆t = 0.001; total
CPU time = 0.27 s.

x Present [28]
t = 0.01 t = 0.1 t = 1 t = 0.01 t = 0.1 t = 1

−0.80 2.63 × 10−12 3.17 × 10−11 2.82 × 10−8 4.19 × 10−11 4.24 × 10−8 1.11 × 10−5

−0.60 2.97 × 10−12 3.60 × 10−11 3.44 × 10−8 1.72 × 10−11 1.94 × 10−8 6.17 × 10−7

−0.40 3.25 × 10−12 3.44 × 10−11 3.03 × 10−8 3.32 × 10−11 3.01 × 10−8 1.47 × 10−5

0.0 3.50 × 10−12 2.38 × 10−11 8.25 × 10−10 1.15 × 10−10 1.09 × 10−7 4.13 × 10−5

0.40 3.25 × 10−12 3.44 × 10−11 3.03 × 10−8 3.32 × 10−11 3.01 × 10−8 1.47 × 10−5

0.60 2.97 × 10−12 3.60 × 10−11 3.44 × 10−8 1.72 × 10−11 1.94 × 10−8 6.17 × 10−7

0.80 2.63 × 10−12 3.17 × 10−11 2.82 × 10−8 4.19 × 10−11 4.24 × 10−8 1.11 × 10−5

Table 4. Example 4.1: L∞ and RMS errors comparison for Ω = (−2, 2), h = 0.01 and ∆t = 0.01;
total CPU time = 0.45 s.

t Error Present [40] [24] [17] [28]
0.2 L∞ 4.21 × 10−10 1.46 × 10−6 9.25 × 10−5 2.50 × 10−5 2.26 × 10−5

RMS 1.99 × 10−10 2.54 × 10−8 1.76 × 10−5 6.55 × 10−7 2.69 × 10−7

0.4 L∞ 5.04 × 10−10 2.97 × 10−6 1.62 × 10−4 4.20 × 10−5 7.52 × 10−5

RMS 3.15 × 10−10 5.67 × 10−8 1.62 × 10−4 1.15 × 10−6 1.19 × 10−6

0.6 L∞ 6.55 × 10−10 4.32 × 10−6 3.73 × 10−4 6.54 × 10−5 1.55 × 10−4

RMS 3.99 × 10−10 9.07 × 10−8 1.65 × 10−4 1.55 × 10−6 2.96 × 10−6

0.8 L∞ 8.99 × 10−10 5.46 × 10−6 6.24 × 10−4 4.01 × 10−4 2.59 × 10−4

RMS 5.14 × 10−10 1.25 × 10−7 2.98 × 10−4 3.92 × 10−6 5.72 × 10−6

1.0 L∞ 1.20 × 10−09 6.33 × 10−6 8.49 × 10−4 1.53 × 10−3 3.84 × 10−4

RMS 6.81 × 10−10 1.58 × 10−7 4.37 × 10−4 1.56 × 10−5 9.56 × 10−6

Table 5. Example 4.1: Convergence rate of the problem with ∆t = 0.001 at t = 1 s on the domain
Ω = (−1, 1).

N L∞ error CR
24 4.4420 × 10−5 −
25 3.0983 × 10−6 3.84
26 2.0231 × 10−7 3.93
27 1.3063 × 10−8 3.95
28 1.0179 × 10−9 3.68
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Example 4.2. Consider the equation Eq. (2.1) on the spatial domain Ω = (−3, 3) with initial conditions u(x, 0) =
4 arctan (exp(ωx)) , ut(x, 0) = −4cω exp(ωx)

1+exp(2ωx) where ω = 1√
1−c2 . The exact solution to this problem is given by

u(x, t) = 4 arctan (exp (ω(x− ct))) .

In this problem, we choose the velocity of the solitary wave as c = 0.5. We choose ∆t = 0.001 for the entire computation
in this problem. The numerical solution is plotted up to t = 10 s (see Figure 2). Comparison of L2 and absolute
errors are tabulated for different time in Tables 6, and 7. By choosing different discretizations, the convergence of
the numerical solution is discussed in Table 8. It is observed that with a spatial discretization h = 0.01 the proposed
scheme approximates the solution with numerical errors in the order 10−10. The convergence analysis shows that the
algorithm has fourth-order convergence (see Table 9). The computational result shows that the method efficiently
approximates the solution in a short time.
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Figure 2. Example 4.2. For ∆t = 0.001, h = 0.02, progress of the numerical solution up to t = 10s.

Table 6. Example 4.2: L2 error comparison for h = 0.04 and ∆t = 0.001; total CPU time = 0.92 s.

t Present [29] [40] [28] [10]
0.25 2.85 × 10−8 5.62 × 10−6 5.67 × 10−6 1.76 × 10−5 3.66 × 10−5

0.5 4.63 × 10−8 7.41 × 10−6 8.39 × 10−6 4.31 × 10−5 9.00 × 10−5

0.75 6.19 × 10−8 9.93 × 10−6 1.05 × 10−5 8.25 × 10−5 1.60 × 10−4

1.0 7.52 × 10−8 1.01 × 10−5 1.24 × 10−5 1.27 × 10−4 2.27 × 10−4

Example 4.3. Consider the equation Eq. (2.1) with initial conditions u(x, 0) = 0, ut(x, 0) = 4ω sech (ωx) where
ω = 1√

1+c2 . The exact solution to this problem is given by

u(x, t) = 4 arctan
(
c−1 sech (ωx) sin (ωct)

)
.

Here the computation domain is Ω = (−10, 10), the velocity parameter c = 0.5 and time step ∆t = 0.001. A comparison
of the L∞ errors with the results reported in [6, 25, 28, 40, 42] are done for different time levels (see Table 10) and
the numerical solution is drawn up to t = 20 s (see Figure 3). The L2 and L∞ errors are tabulated in Table 11 for
various discretizations at the time t = 20 s. The convergence analysis of the problem has been studied in Table 12.
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Table 7. Example 4.2: Absolute errors comparison for h = 0.02 and ∆t = 0.001; total CPU time
= 0.77 s.

x Present [28]
t = 0.01 t = 0.1 t = 1 t = 0.01 t = 0.1 t = 1

−2.5 1.17 × 10−13 9.13 × 10−13 1.69 × 10−9 6.05 × 10−10 5.96 × 10−8 5.28 × 10−6

−2.0 2.27 × 10−13 3.45 × 10−12 1.24 × 10−9 8.76 × 10−10 8.69 × 10−8 1.21 × 10−6

−1.5 4.67 × 10−13 1.30 × 10−11 5.95 × 10−10 5.64 × 10−10 5.89 × 10−8 9.16 × 10−8

−1.0 8.02 × 10−13 2.49 × 10−11 2.40 × 10−11 2.68 × 10−9 2.53 × 10−7 2.02 × 10−5

0.0 1.00 × 10−13 2.06 × 10−12 1.71 × 10−9 5.80 × 10−11 5.64 × 10−8 2.51 × 10−5

1.0 3.60 × 10−13 1.22 × 10−11 2.33 × 10−9 2.72 × 10−9 2.92 × 10−7 4.82 × 10−5

1.5 2.26 × 10−13 6.99 × 10−12 8.05 × 10−10 5.57 × 10−10 5.08 × 10−8 1.27 × 10−5

2.0 1.72 × 10−13 2.87 × 10−13 1.55 × 10−9 8.78 × 10−10 8.81 × 10−8 2.21 × 10−6

2.5 1.07 × 10−13 1.30 × 10−12 3.06 × 10−9 6.07 × 10−10 6.15 × 10−8 3.41 × 10−6

Table 8. Example 4.2: Absolute errors comparison for ∆t = 0.001 at t = 1.

h Present [28] [40]
L2 L∞ L2 L∞ L2 L∞

0.04 7.52 × 10−8 6.54 × 10−8 2.27 × 10−4 2.10 × 10−4 1.23 × 10−5 1.43 × 10−5

0.02 4.67 × 10−9 4.13 × 10−9 5.66 × 10−5 5.25 × 10−5 3.20 × 10−6 3.82 × 10−6

0.01 3.26 × 10−10 3.14 × 10−10 1.40 × 10−5 1.31 × 10−5 8.16 × 10−7 9.83 × 10−7

0.005 2.27 × 10−10 1.64 × 10−10 3.65 × 10−6 3.28 × 10−6 2.05 × 10−7 2.49 × 10−7

Table 9. Example 4.2: Convergence rate of the problem with ∆t = 0.001 at t = 1 s.

N L∞ error CR
24 5.7770 × 10−4 −
25 3.1342 × 10−5 4.20
26 1.9753 × 10−6 3.98
27 1.2313 × 10−7 4.00
28 7.7952 × 10−9 3.98

Table 10. Example 4.3: L∞ error comparison for h = 0.01 and ∆t = 0.001.

t Present [40] [25] [28] [6] [42]
1 2.15 × 10−10 2.31 × 10−9 2.32 × 10−6 1.81 × 10−5 9.88 × 10−4 1.47 × 10−3

10 4.23 × 10−10 5.23 × 10−9 4.00 × 10−6 5.22 × 10−5 1.62 × 10−3 9.21 × 10−3

20 1.71 × 10−10 5.47 × 10−9 1.35 × 10−5 9.43 × 10−5 1.03 × 10−3 3.03 × 10−1

Table 11. Example 4.3: L2 and L∞ errors comparison for ∆t = 0.001 at t = 20.

h Present [28]
L2 L∞ L2 L∞

0.08 7.22 × 10−6 4.01 × 10−6 4.17 × 10−2 2.30 × 10−2

0.04 4.44 × 10−7 2.46 × 10−7 1.03 × 10−2 5.72 × 10−3

0.02 2.21 × 10−8 1.22 × 10−8 2.59 × 10−3 1.43 × 10−3

0.01 3.64 × 10−10 1.71 × 10−10 6.46 × 10−4 3.56 × 10−3
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Figure 3. Example 4.3. For ∆t = 0.001 and h = 0.08, progress of the numerical solution up to
t = 20s.

Table 12. Example 4.3: Convergence rate of the problem with ∆t = 0.001 at t = 1 s.

N L∞ error CR
26 7.4648 × 10−5 −
27 4.4935 × 10−6 4.05
28 2.7798 × 10−7 4.01
29 1.7151 × 10−8 4.01
210 9.7394 × 10−10 4.13

Example 4.4. Consider the equation Eq. (2.1) with initial conditions u(x, 0) = 4 arctan (c sinh (ωx)), ut(x, 0) = 0
where ω = 1√

1−c2 . The exact solution to this problem is given by

u(x, t) = 4 arctan (c sech (ωct) sinh (ωx)) .
Here the computation domain is Ω = (−20, 20), the velocity parameter c = 0.5 and time step ∆t = 0.01. The
numerical solution is plotted up to 10 s for a discretization h = 0.02 and the absolute error is found to be in the order
10−8 at t = 10 s (see Figure 4). The numerical errors are compared with the works [6, 28, 42] (see Tables 13 and 14).
The convergence rate is also studied and is shown in Table 15. The computational results show the efficiency of the
proposed scheme.

Table 13. Example 4.4: L∞ error comparison for h = ∆t = 0.01.

t Present [28] [6] [42]
2 4.30 × 10−10 1.81 × 10−5 1.27 × 10−4 1.56 × 10−3

10 4.06 × 10−9 5.22 × 10−5 1.91 × 10−4 3.15 × 10−3

20 1.29 × 10−8 9.43 × 10−5 2.51 × 10−4 1.82 × 10−2

Example 4.5. Consider the coupled equation Eq. (2.4) with δ = c = 1 in the domain Ω = [−2, 2], where{
f(x, t) = 2 sin(x) + t2 sin(x)− δ2 sin

(
t2 cos(x)− t2 sin(x)

)
g(x, t) = 2 cos(x) + c2t2 cos(x) + sin

(
t2 cos(x)− t2 sin(x)

)
.
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Figure 4. Example 4.4. For ∆t = 0.01 and h = 0.02, (a) is the progress of numerical solution up to
t = 10 s and (b) is the plot of absolute error at t = 10 s.

Table 14. Example 4.4: L2 and L∞ errors comparison for ∆t = 0.01 at t = 20.

h Present [28]
L2 L∞ L2 L∞

0.08 5.78 × 10−6 3.39 × 10−6 1.09 × 10−2 6.02 × 10−3

0.04 3.72 × 10−7 2.18 × 10−7 2.74 × 10−3 1.50 × 10−3

0.02 3.72 × 10−8 2.10 × 10−8 6.85 × 10−4 3.77 × 10−4

0.01 2.39 × 10−8 1.29 × 10−8 1.71 × 10−4 9.43 × 10−5

Table 15. Example 4.4: Convergence rate of the problem with ∆t = 0.001 at t = 1 s.

N L∞ error CR
26 3.0703 × 10−3 −
27 1.7372 × 10−4 4.14
28 1.0771 × 10−5 4.01
29 6.6166 × 10−7 4.02
210 4.1380 × 10−8 3.99
211 2.6250 × 10−9 3.97

The initial conditions are u(x, 0) = ut(x, 0) = 0, v(x, 0) = vt(x, 0) = 0. The exact solutions is the pair found in [16]
given by

u(x, t) = t2 sin(x), v(x, t) = t2 cos(x).

Here we choose the spatial discretization N = 200 and the coupled numerical solutions have been drawn up to 10 s in
Figure 5 for a time step ∆t = 0.01. By choosing various time steps, we compared the L∞ errors at the instant t = 1 s
in Table 16. The tabulated data shows excellent agreement with the exact solution and better when compared with
the work [16].
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Figure 5. Example 4.5. For ∆t = 0.01 and h = 0.02, plots of the numerical solutions (a) u(x, t) (b)
v(x, t) up to t = 10 s.

Table 16. Example 4.5: L∞ errors comparison of u and v for N = 200 at t = 1 s; total CPU time
= 6.92 s.

∆t Present [16]
Eu Ev Eu Ev

1/40 1.57 × 10−8 9.78 × 10−9 7.74 × 10−3 1.16 × 10−2

1/80 9.39 × 10−9 4.30 × 10−9 5.16 × 10−3 8.07 × 10−3

1/160 9.74 × 10−9 4.28 × 10−9 3.60 × 10−3 4.47 × 10−3

1/320 9.76 × 10−9 4.28 × 10−9 1.54 × 10−3 1.48 × 10−3

1/640 9.76 × 10−9 4.28 × 10−9 7.39 × 10−4 7.42 × 10−4

1/1280 9.76 × 10−9 4.28 × 10−9 3.69 × 10−4 3.71 × 10−4

1/2560 9.76 × 10−9 4.28 × 10−9 1.85 × 10−4 1.85 × 10−4

1/5120 9.76 × 10−9 4.28 × 10−9 9.23 × 10−5 9.26 × 10−5

Example 4.6. Consider the two-dimensional form of the nonlinear Sine-Gordon equation Eq. (2.6) on the spatial
domain Ω = [−7, 7]× [−7, 7] with β = 0, α = 1 and φ(x, y) = 1. The initial conditions are given by

u(x, y, 0) = 4 arctan (exp(x+ y)) , ut(x, y, 0) = − 4 exp(x+ y)
1 + exp(2x+ 2y) , for (x, y) ∈ Ω, t > 0.

The exact solution found in [11] is of the form
u(x, y, t) = 4 arctan (exp(x+ y − t)) .

With a time step ∆t = 0.01 and a spatial discretization N = M = 200, the solution is numerically approximated
and is depicted for different time levels (see Figure 6). The L2 and L∞ errors are calculated for various time and are
compared with the results found in [11]. The numerical solution seems to agree with the exact solution even for larger
time-bound.

Example 4.7. Consider the two dimensional equation Eq. (2.8) with δ = c = 1 in the spatial domain Ω = [0, 2]×[0, 2],
where {

f(x, y, t) = 2 sin(x) sin(y) + 2t2 sin(x) sin(y)− δ2 sin
(
t2 cos(x+ y)− t2 sin(x) sin(y)

)
g(x, y, t) = 2 cos(x+ y) + 2c2t2 cos(x+ y)− sin

(
t2 cos(x+ y)− t2 sin(x) sin(y)

)
.
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Figure 6. Example 4.6. For ∆t = 0.01 and N = M = 200, plots of the numerical solutions at (a)
t = 1 s (b) t = 7 s.

Table 17. Example 4.6: L2 and L∞ errors comparison for N = M = 200 and ∆t = 0.01 s; total
CPU time = 6.92 s.

t Present [11]
L2 L∞ L2 L∞

1 3.97 × 10−7 5.13 × 10−6 0.7221 0.0350
3 5.83 × 10−7 5.26 × 10−6 0.7877 0.0431
5 7.04 × 10−7 5.54 × 10−6 0.5167 0.0404
7 7.88 × 10−7 6.08 × 10−6 0.6531 0.0353

The initial conditions are u(x, y, 0) = ut(x, y, 0) = 0, v(x, y, 0) = vt(x, y, 0) = 0. The exact solution to this two-
dimensional problem is found in [16] of the form

u(x, y, t) = t2 sin(x) sin(y), v(x, y, t) = t2 cos(x+ y).

Computations are done with N = M = 100 and the results are plotted at t = 10 s with a time step ∆t = 0.01 (see
Figure 7). The L∞ errors are calculated at t = 1 s for various ∆t (see Table 18). The errors are compared with the
results in [16] and the computed solution is closer to the exact one.

Table 18. Example 4.7: L∞ errors comparison of u and v for N = M = 100 at t = 1 s.

∆t Present [16]
Eu Ev Eu Ev

1/80 9.46 × 10−9 1.07 × 10−8 6.77 × 10−3 6.48 × 10−3

1/160 9.89 × 10−9 1.13 × 10−8 3.58 × 10−3 3.40 × 10−3

1/320 9.92 × 10−9 1.13 × 10−8 1.78 × 10−3 1.97 × 10−3

1/640 9.93 × 10−9 1.13 × 10−8 8.94 × 10−4 8.44 × 10−4

1/1280 9.93 × 10−9 1.13 × 10−8 4.38 × 10−4 4.59 × 10−4

1/2560 9.93 × 10−9 1.13 × 10−8 2.18 × 10−4 2.08 × 10−4
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Figure 7. Example 4.7. For ∆t = 0.01 and N = M = 100, plots of the numerical solutions at (a)
u(x, y, t) (b) v(x, y, t) at t = 10 s.

5. Conclusion

This article computes the numerical solution of the nonlinear Sine-Gordon equation and its coupled form in one
and two dimensions. We have used a modified cubic B-spline-based differential quadrature method in the computation
procedure. The spatial derivatives of the solution are approximated by the differential quadrature algorithm, where
the weight coefficients are determined using cubic B-splines. Since we are using a set of modified cubic splines with
optimal polynomial reproduction properties, we can ensure an excellent approximation of the solution in the domain.
The proposed scheme has been tested in several examples, and the modification of splines seems to give more precise
results in comparison with the works [6, 10, 11, 16, 17, 24, 25, 28, 29, 40, 42]. The numerical solution is computed
for large time bounds in a fast way. The convergence analysis has been done, and the numerical results show that
the algorithm possesses fourth-order convergence. The computational results show that the proposed scheme affirms
efficient computation of the numerical solution even for significant time steps and sparse spatial discretization.
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