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Abstract

In this paper, we apply the approximate symmetry transformation group to obtain the approximate symmetry
group of the perturbed mKdV-KS equation which is a modified Korteweg-de Vries (mKdV) equation with a
higher singularity perturbed term as the Kuramoto-Sivashinsky (KS) equation. Also, an optimal system of one-
dimensional subalgebras of symmetry algebra is constructed and the corresponding differential invariants and
some approximately invariant solutions of the equation are computed.
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1. INTRODUCTION

Some differential equations which appear in mathematics, physics, mechanics, and etc., have terms that involve a
small parameter which is called perturbed term. An essential step in these studies is to compute the symmetries and
invariant solutions of these equations. There are several methods to analyze these perturbed equations [1, 2, 15]. One
of these methods is the approximate symmetry method, that is firstly introduced by Baikov, Gazizov, and Ibragimov
in the 1980s [1, 2]. In fact, this method is based on the Lie symmetry method and the theory of perturbations. The
Lie symmetry method is a very practical and important method that can be used to obtain and classify invariant
group solutions for a differential equation. It is also widely used in calculating the conservation laws of a differential
equation [7, 8]. To determine approximate symmetries, Fushehich and Shtelen [4] create a new method which was
followed by Euler et al. [3]. We refer to [6, 12, 13, 16] to compare these methods.

In this study, by using the approximate symmetry method, we obtain the approximate symmetries of the perturbed
mKdV-KS equation,

ur + 6uuy + Upps + e(Ugy + Ugzzz) = 0, (1.1)

where ¢ is a small parameter. A general form of this equation has appeared some where like study of shallow water
on tilted planes [14]. There have been many studies on the invariant group solutions and the conservation laws of
different types of this equation [5, 9].

The outline of this paper is as follows. Section 2 is devoted to some definitions and basic concepts of the approximate
symmetry method. In section 3, we analyze the approximate symmetry group of perturbed mKdV-KS equation by
Baikov, Gazizov and Ibragimov method. An optimal system of one-dimensional subalgebras of the Lie symmetry
algebra is obtained in section 4. Finally, in section 5 we construct the approximate differential invariants corresponding
to the generators in the optimal system and obtain some similarity reductions of (1.1).
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2. NOTATIONS AND DEFINITIONS

Some definitions and related results which we use through of this work are presented in this section. These concepts
and results are brought from the reference [6].

Suppose g(z,¢) are functions of n variables z = (x!,...,2") and a parameter ¢ which are locally considered in a
neighborhood of e = 0. If the function g(z,¢) satisfies the condition,
lim 455) _
e—0 gP

it is written g(x,e) = o(¢P) and we say that g is of order less than €P. The functions g and h are called approximately
equal and denoted by g ~ h, whenever

g(x,€) = h(z,e) + o(eP).
An equivalence relation is defined on such functions by this approximate equality. Suppose,
go(x) +eg1(w) + -+ - + el gp(z),

be the approximating polynomial of degree p in ¢ that results from the Taylor series expansion of a given function
g(x,€) in powers of £ about e = 0. Then, any function h & ¢ has the form,

h(z,e) = go(z) +egi(x) + - - +ePgp(x) + o(eP).
Consider the ordered sets of smooth vector functions,
go(z,a),g1(x,a),...,gp(z,a),

which depend on 2’s and a as the parameter of group, with coordinates:

gé(x,a),g’i(x,a),...,g;;(x,a), i1=1,...,n.

The one-parameter family of approximate transformations,
i~ gh(x,a) +egi(z,a) + -+ Epg;(a:,a), 1=1,...,n,

is the class of invertible transformations & = g(x, a,e) with vector function g = (g',...,¢") such that:
g (x,a,¢) ~ gi(x,a) +egi(x,a) + -+ 6pg;(a:,a), i=1,...,n,

and verify the conditions g(z,0,¢) ~ = and g(g(z,a,¢),b,e) = g(x,a+ b, ).
Definition 2.1. Let G be a one-parameter group of approximate transformation:
Fxg(z,a,¢) = gh(2,a) +egi (2, a), i=1,...,n.
The approximate equation,
H(z,e) = Hy(z) +eH1(z) = 0, (2.1)
is called an approximately invariant with respect to G (or admits G) if
H(Z,e) =~ H(g(z,a,¢),e) = o(e),

whenever z = (2!,...,2") satisfies (2.1).

If 2 = (z,u,uq),. .., uw)), then according to the above definition, G is called an approximate symmetry group of
the approximate k-order differential equation.

Theorem 2.2. If (2.1) is an approzimate invariant which admits G, then

o . 9
9z + 551(2)@a

is the generator of G if and only if,
XM H =
XV HE)| = o),

X = Xo+eX; =€(2)

(=)=
E)NE
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or

X Ho(2) + e(XF Hy () + Xé“Hl(z))} oy =00 (2.3)

where X®) is the k' order prolongation of X [6].
If operator (2.2) satisfies the condition (2.3), we call it, an infinitesimal approximate symmetry admitted by (2.1).

Theorem 2.3. ([6]) If X = Xo+eX; be a generator of the approximate transformation group for (2.1), where Xy # 0,
then the operator,
0

X — i hy—
0 EO(Z) 627’ )
is an exact symmetry generator for the equation,
Hy(z) =0. (2.4)

Equations (2.1) and (2.4) are called the perturbed equation and unperturbed equation, respectively. By assumptions
of the Theorem 2.3, the operator Xy is called a stable symmetry of Eq. (2.4). The approximate symmetry generator
corresponding to Xy is X = X + €X;, which is called Xy deformation arising from perturbation e H(z). When all
generators of the symmetry Lie algebra (2.4) are stable, the perturbed Eq. (2.1) is called to inherits the symmetries
of the unperturbed equation.

3. APPROXIMATE SYMMETRY ANALYZING OF THE PERTURBED MKDV-KS EQUATION

In this section, we obtain the approximate symmetries of the Eq. (1.1). To this end, we first obtain the exact
symmetries of the equation. The generator of the approximate transformation group admitted by (1.1) has the form,

X = Xo-+ Xy = (10 em) g + (60 + ) o + (90 +<61) 5 (3.1)

where 7;, & and ¢; are unknown functions of ¢, x and u, for ¢ = 0,1. For obtaining the exact symmetry X of the
unperturbed equation, we must solve the determining equation,

= 0. (3.2)

Ut +6UUg+Ug g =0

X(SB) (Ut + 6U2Uz + ummr)

Solving (3.2), by direct calculations we obtain,

To = —3c1t + ca, & = —c1x + s, ¢o = c1u,
where c¢1, co and c3 are arbitrary constants, so the infinitesimal symmetry generator X is:

Xo = (3c1t + )0 + (—c1x + ¢3)0p + c1udy. (3.3)
Therefore, (1.1) admits the three-dimensional Lie algebra which is generated by vector fields:

X3 =0y, X2 =0, X3 = —3t0; — 20, + udy. (3.4)

Now, we obtain the approximate symmetries of (1.1). At first, the auxiliary function I must be determined due to
(2.3) by the equation,
1

r= 1 X ) +et(a)

€ Ho(z)+sH1(z)=0:| '

By substituting the generator Xy from (3.3) in the above equation, the auxiliary function is obtained as:
I= —C1 (ua::z: - uxa:wz)

For calculating the operator Xi, we must solve the following inhomogenous determining equation:

XM Ho(2) +I1=0.

HO(Z
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Rewriting the above equation for (1.1) yields,

Xl(g) (’Ut + 6u’u, + U;mw) — 1 (Uzz — Uzzzz) = 0,

U +H6u? Uy +ugre=0

and by solving this equation we have:
T = =341t + A, §1 = —Ajz + As, 1 = Aju,

where A, A, and Az are arbitrary constants. Therefore, the approximate symmetries of perturbed mKdV-KS
equation are:

Vi =0, Vi = eV,
Vo = 0, Vs =eVa, (3.5)
V3 = =3t0; — 0y + udy, Ve = eVi.

Considering the first order of precision, the commutator Table 1 shows that the operators in (3.5) generate a 6-
dimensional approximate symmetry Lie algebra. We denote this Lie algebra by g.

Table 1: The commutator table of approximate symmetry of (1.1).

Vi Va Vs Vi Vs Ve
%1 0 0 0 0 0 —Va
Vo 0 0 -3V, 0 0 —3Vs
Vs 0 3Vs 0 Vi 3Vs 0
Vi 0 0 ez 0 0 0
Vs 0 0 —3V;s 0 0 0
Ve Vi 3Vs 0 0 0 0

It is clear that the perturbed equation inherits the symmetry of the unperturbed equation since all of the generators
in (3.4) are stable. Also, g is solvable and the finite sequence of ideals for g is as follows:

0 - <‘/4> - <‘/47Vv5> - <‘/4a‘/5av6> C <‘/1’V4;‘/57‘/6> - <V1,V27‘/4,V5,V6> C g.

4. OPTIMAL SYSTEM OF PERTURBED MKDV-KS EQUATION

In this section, we construct the one-dimensional optimal system of Lie subalgebras for g.

Definition 4.1. Suppose G is a Lie group. An optimal system of s-parameter subgroups is a list of conjugacy
inequivalent s-parameter subgroups with the property that each other subgroup is conjugated exactly to one subgroup
of this list. Also, a list of s-dimensional subalgebras forms an optimal system if every s-dimensional subalgebra of g
is equivalent to a unique member of the list under some element of the adjoint representation: 6 = Adg(h) [11].

The reason for importance of the optimal system is that it gives a classification on the infinite group invariant
solutions of the equation. This classification gives us the assurance that if two solutions are placed in two different
classes, they will not be transformed to each other by any group action.In fact, this classification is the classification
of orbits for the adjoint representation, which is done in a simple method [10, 11]. In this method, a general element
of Lie algebra is considered and then we try to simplify it by applying the different adjoint transformations on it as
far as possible. The optimal system of subalgebras is obtained by selecting one representative from every equivalence
class. The adjoint representation is constructed by Lie series:

€2

Ad(exp(e.Vi).V;) = V; —e[Vi, Vi] + 5. [Vi, [Vi, Vill = -+, (4.1)

where [V;, V;] is the commutator of g (mentioned in Table 1) and € is a parameter (¢,j = 1,...,6). Therefore, Table 2
is deduced, where its (7, j)-th entry imply Ad(exp(e.V;).V;).

an

Ba
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Table 2: Adjoint representation of g.

Ad Vi Vo V3 Vi Vs Ve
W1 Vi Va V3 Vi Vs Ve +€Vy
V2 V1 ‘/2 V3 + 36V2 VZ; ‘/:5 ‘/6 + 36‘/:5
V3 W1 e 3V, V3 eV, e 3V Vs
Vi Vi Vo Va4 €Vy | Vs Ve
Vs Vi Va V3 + 3eVs V4 Vs Ve
Ve Vi —€Vy Vo — 3eVs V3 Vi Vs Ve

Theorem 4.2. An optimal system for one-dimensional subalgebras of the approximate Lie symmetry algebra of per-
turbed mKdV-KS equation is produced by:

1) aVi + Vit Vs, 5) aVi+ Vo £ Vs,

2) +Vo + Vy, 6) aVi+ Vo + bV, (4.2)
3) VitVs, ) aVi+ Vi, :
4) Vi, 8) aVy + bVs + ¢V,

where a, b and ¢ are arbitrary constants.

Proof. Suppose Ff : g — g be the adjoint transformation V' — Ad(exp(e.V;).V). The matrices of Ff with respect to
the basis V;, ¢ = 1,...,6 are as following:

1 00 0 0 O 1 0 0 0 0 0
01 0 0 00 001 0 0 00
001 0 00 0 01 e 00

€1 __ €4 __

Mi="o 00 1 0 0 | M=o 00 1 0 0 |
000 0 1 0 000 0 1 0
00 0 & 0 1 000 0 01
1 0 00 0 0 1 0 00 0 O
01 00 0 O 01 00 0 O

. 0 3 1 0 0 0 . 0 01 0 36 0

2 __ 5

MP=o 0 01 o0 o | M=o 001 0 o |
0 0 00 1 o0 0000 1 0
0 0 0 0 3e 1 00 00 0 1
1 0 0 0 0 0 1 0 0 —e 0 O
0 e33 0 0 0 0 01 0 0 -3¢ O
0O 0 1 o0 0 0 001 0 0 0

€3 __ €6

M= g g g e o o | M= o 0 0 1 0 0
0 0 0 0 e33 0 00 0 O 1 0
0O 0 0 o0 0 1 000 O 0 1

Let V = Z?:1 a;V; be the general form of an element of g. We should simplify the coefficients of V' as much as
possible, by affecting the suitable F on it.
e Suppose first that ay # 0, az # 0 and a5 # 0, we can assume that ay = 1 by scaling V if necessary. Also, we

can make the coefficients of Vg, V3 and Vs vanish using Fy*, Fy? and Fg®, by setting €; = —Z—i, € = —3% and

€6 = ;T"’S respectively. Moreover, the coefficient of V5 can be £1 using F5®, by setting e3 = %ln|a5|. So, V is
reduced to the case (1).

o If ay # 0, az # 0 and a5 = 0, then we can make the coefficients of Vi, V3 and V; vanish using F7*, F3? and

€6 . _ a _ a _ : s 1 . €3
Fg°, by setting e; = —£%, €2 = —3 and € = a; respectively. Also, by setting e3 = glnfas| in F5*, we can

make the coefficient of V5, £1. So by scaling if necessary, V' is reduced to the case (2).
o If ay # 0, as # 0 and ay = 0, then we can make the coefficients of Vi, V3 and V; vanish using F7*, F5® and
Fg®, by setting €1 = —%8, 6 = 73“(135 and €5 = a; respectively. Also, by setting e3 = %ln\aﬂ in F5*, we can

make the coefficient of V5, £1. So by scaling if necessary, V' is reduced to the case (3).

(&)
ENE
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o If a4 # 0 and a2 = as = 0 then we can make the coefficients of Vg, V3 and Vi vanish by Fy*', F;* and Fg°, by

setting €; = —Z—j, €4 = —ag and €5 = a; respectively. So by scaling if necessary, V' is reduced to the case (4).
az

e If ap # 0, a5 # 0 and a4 = 0, one can vanish the coefficients of V3 and Vs using Fs?, by setting ea = — 2%

3(12
and ez = — % respectively. Also by setting e3 = %ln|a5| in F5* we can make the coefficient of V5, £1. So by
scaling if necessary, V reduces to the case (5).

e If as # 0 and a5 = a4 = 0, then we can make the coefficient of V3 vanish by setting e; = —3% in F5?. So by

scaling if necessary, V is reduced to the case (6).

e If a5 # 0 and as = a4 = 0, one can vanish the coefficients of Vi and V3 by setting e5 = —;TGS and €5 = —% in
F3? and F5® respectively. So by scaling if necessary, V reduces to the case (7).

o If as = a4y = a5 =0, then V is reduces to the case (8).

More cases do not exist for study, so the proof is complete. ([l

5. APPROXIMATE INVARIANT SOLUTIONS FOR THE PERTURBED MKDV-KS EQUATION

In this section, the approximately differential invariants and some approximate invariant solutions of (1.1) are
computed. At first, consider the operator X = aVj + V4 + V5. The approximate invariants of X are differential
functions such as J = Jy + €J; that satisfy the equation X (J) = o(g). So we have,

X(‘]) = (aaac + 6895 + €at)(J0 + EJl) = O(QS)
Equivalently
adyJo = 0, €0, Jo + €0y Joy + acdyJ; = 0.

We can obtain two functionally independent solutions, Jy =t and Jy = u from the first equation. Substituting Jy =t
in the second equation we obtain

1
1+ad,J1 =0 = 8IJ1:_E = Jl:_g'

So the first invariant is ¢t — £x. In a similar way, by substituting Jo = u in the second equation we have 0+agd,.J; = 0.
So the simplest solution is J; = 0. Therefore, the second invariant is v +¢(0). Then {t — £z, u} is a set of independent
invariants for X. Consider the new coordinates with the variable z = ¢t — £2 and f(z) = u. Substituting the new
variables in the perturbed mKdV-KS equation and using the chain rule and considering the first order of precision,
the reduced equation is obtained as,

=P ),

After simplifying this equation, a trivial approximate invariant solution is obtained for (1.1) as follows,

[ —az* — 6e
=t ——.
6ez?
In a similar manner, we construct approximate differential invariants and reduced equations with respect to the
operators in optimal system and list them in Table 3.

(=)=
E)NE
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Table 3: Approximate differential invariants and similarity reduction of (1.1).

Operator Approximate invariants Similarity reduction
aVi +Vy = Vs {t+eZ, u} =202 +7).
Vo +Vu {x—st,u} f/E:6f2f/+f//’+€f”+€f/m
_V2 + V4 {1. + 5t’u} —f’&‘ — 6f2f/ + f/// + e’:‘f// 4 gf////
Vi+ Vs {x—t,u} f/:6f2f/+f/”+5f//+5f//”
V47‘/5 {z+t,u} *f,:6f2f,+fm+5f”+5f””
Vi {tu) =0
aVi+ Va4 Vs {z —at + ex,u} fla=6f%f"(e+1)+
f/l/(3€+ 1) _ E(f'// + fl/l)

aVi + Vo = Vs {z —at —ex,u} fla=6f2f(—c+1)+

f///(73€+ 1) +€(f”+f/”,)
aVi + Vo + bVs {z —at+ 6(% — 3btx), f! = 2a"bet(1 — bet) f"

u — ebtu}

aVi + Vs {t —ef,u} fr=2512+f)
aVi +bVs +cVg {7((17;“)3 + *, tud} brad f! = —36a%In(—a + bx) f' f3+

ab?cet "' + abetzt f F2 "

In the Table 3, * is considered as

—3c 2
* = W(a —bzx)” (2(a — bx)In (—a + bz) + 3a).

6. CONCLUSIONS

In the present work, we studied the approximate symmetry group of the perturbed modified Korteweg-de Vries
Kuramoto-Sivashinsky (mKdV-KS) equation and analyzed its Lie algebra. Moreover, the optimal system of one-
dimensional Lie algebras of this equation were computed. Also, approximately differential invariants and approximate
invariant solutions of perturbed mKdV-KS equation were obtained.
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