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Abstract r )

In the present study, we investigate the conformable space-time fractional cubic-quartic nonlinear Schrédinger
equation with three different laws of nonlinearity namely, parabolic law, quadratic-cubic law, and weak non-local
law. This model governs the propagation of solitons through nonlinear optical fibers. An effective approach
namely, the exp(—®(§))-expansion method is applied to construct some new soliton solutions of the governing
model. Consequently, the dark, singular, rational and periodic solitary wave solutions are successfully revealed.
The comparisons with other results are also presented. In addition, the dynamical structures of obtained solutions
are presented through 3D and 2D plots.
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1. INTRODUCTION

In recent years, many studies have been performed to investigate the non-linear Schrédinger equation (NLS) in
optical fibers to understand the dynamical behavior of optical soliton [17, 19, 28, 32, 44]. For example, consider the
cubic-quartic nonlinear Schrédinger equation (CQ-NLSE) of the form, as follows [27, 31]

where u = u(x,t) is a complex-valued wave profile of time and space. The first term is temporal evolution while
and «y are the coefficients of third order dispersion (30D) and fourth order dispersion (40D) respectively. The source
of nonlinearity F(Ju|?): C — C is a k-times continuously differentiable real-valued algebraic function, so that:

F(luP)e |J ¢((=n,n) x (=m,m) : R?).

m,n=1

Dispersion and nonlinearity are extremely important for the propagation of solitons in nonlinear media. Generally,
group velocity dispersion (GVD) leveling with self-phase modulation in a sensitive way allows such solitons to main-
tain long-distance travel. However, it could occur that GVD is very small and therefore completely ignored, so in
this condition, the dispersion impact is rewarded by 30D and 40D dispersion impacts. This is generally referred to
as solitons that are cubic-quartic (CQ). This model governs the dynamics of pulse transfer through optical fibers and
other forms of waveguides. There are many effective techniques have been applied to study the dynamics of optical
soliton propagation [18, 49-54].
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In recent years, the studies of physical models with fractional derivatives have attracted a great attention since
some materials are well described in fractal media. Consider the space-time fractional CQ-NLSE of the form

iD¢u 4 BD3%u — y D%y + F(|ul*)u = 0, (1.2)

where the operator D of order o € (0, 1] is the conformable fractional derivative. Recently, Eq. (1.2) with parabolic
law nonlinearity was studied in [24] to find the exact soliton solutions and the other solutions.

Finding the exact solutions to nonlinear PDEs play an important role in many phenomena in Mathematical physics.
In recent years, many new approaches for finding these exact and analytical solutions have been proposed, for example,
the sine - cosine method [45, 47], the tanh - coth method [40, 46], the Jacobi elliptic function method [23, 25], the
first integral method [26, 41], the F-expansion method [2, 58], the exp-function method [16, 30], the (G’'/G) expansion
method [4, 7-9, 14], the novel (G'/G) expansion method [5, 10-13, 29], the new mapping method [55, 57], the mod-
ified simple equation method [33, 39, 56], the solitary wave ansatz method [38, 42, 43], the Decomposition method
[3, 36, 37], the exp(—®(&))-expansion method [6, 15, 35, 48], the Lie symmetry analysis [20-22], and so on.

The main objective of this study is to obtain the exact soliton solutions to the Eq. (1.2) having three different
laws of nonlinearity namely, parabolic law, quadratic-cubic law, and weak non-local law by using an effective approach
called, the exp(—®(§))-expansion method. This method is a powerful tool for finding the exact solutions of nonlinear
differential equations, and gained considerable attention in recent years. To our best of knowledge, Eq. (1.2) having
different laws of nonlinearity is not investigated in the literature by using the proposed method.

This manuscript is organized as follows: The Basic definition and properties of the conformable fractional derivative
are presented in the next section. In section 3, we give brief descriptions of the exp(—®(€))-expansion method. In
section 4, we express the mathematical analysis of Eq. (1.2). In sections 5, the proposed method is applied to solve
the Eq. (1.2) for three different laws of nonlinearity. The graphical representations are given in the section 6. Finally,
the conclusion of our study is presented in section 7.

2. CONFORMABLE FRACTIONAL DERIVATIVE

A new form of conformable fractional derivative was introduced by Khalil et al.[34]. This new definition of fractional
calculus is based on a limit operator which is more natural and effective in satisfying some conventional properties
than the existing fractional derivatives. Consider the following basic definition and properties on the conformable
derivatives of order « [34]:

Definition 1. Let f : (0,00) — R, then the conformable fractional derivative of f of order « is defined as

DS f (1) = tim AL = L0 (2.1)

e—0 €

for all t >0, a € (0,1).

Note that if the conformable fractional derivative of f of order « exists, then f is « - differentiable.
The most important properties of the conformable fractional derivative are given as the following theorems:

Theorem 1. Let g and f be a-conformable differentiable at ¢t > 0, then:
(1) D¢ (af +bg) = aDg f +bD2g, for all a,b e R.
(2) Dg (") = pt'—*, for all p € R.
(3) Dy (fg) = fDfg+ gD f.

(=)=
E)NE
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o\ _ 9D f — Dy
@ D (g> a g '
df

Moreover, if f is differentiable, then D (f(t)) = tl_o‘a. The chain rule for conformable fractional derivatives is

reported in [1] as the following theorem.

Theorem 2. Let f : (0,00) — R, be a differentiable function and « is order of the conformable derivative. Let
g be a function defined in the range of f and also differentiable, then

Dg (fg) (1) =t'"g (t)f (9(1)), (2.2)

here ”prime” is the classical derivative for ¢.

3. DESCRIPTION OF THE EXP(—® (£))-EXPANSION METHOD
Consider the nonlinear fractional PDE of the form, as
P (u,Df‘u, DPu, D**u, D**u, DEDPu, - - ) —0,0<a,B<1, (3.1)

where u is unknown function and D{u and D?u are conformable fractional derivatives.

Consider the transformation
B te

u(z,t) = U (€), where £ = % —v—, (3.2)
permits us to reduce the Eq. (3.1) into an ODE of the form, as
H (U7 UI’U”’U///,'..) = O (33)

The proposed method can be summarized in the following three steps [35]:
Step 1: According to the proposed method, the wave solution of Eq. (3.3) can be expressed, as
U&= aiexp (=2 (€)', (3-4)
i=0

where a; (o, # 0) are constants, such that

@ (€) = exp (= (€)) + 1 exp (2 (€)) + A (3.5)
The above Eq. (3.5) has the formal solutions as follows:

Case 1:For A2 —4p >0 and p # 0,

[ /3 — 4y tanh (%JA? (£ + C)) Y
Py (§) =In o (3.6)
Case 2 : For /\2—4/;<Oannd,u7é07
/4 — A tan (;/4”—% (§+0)) —A
P (§) =In 3 (3.7)
1
Case 3:For A2 —4p >0and A #0, u=0,
A
3 () = —In Losh A(E+C))+sinh (A (E+C)) — 1] ' (38)
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Case 4: For A2 —4p =0 and X\ # 0, u # 0,
2(M(E+C))+2

) =In|- .
Case 5: For A2 —4u =0 and A =0, u = 0, the solution of the form:
®5 (§) =In(§+0), (3.10)

here C is constant.

Step 2 : The integer n can be found by considering the homogeneous balance. Substituting Eq. (3.4) into Eq.
(3.3) and setting the coefficient of each power of (—® (£)) to zero provides a system of algebraic equations, which can
be solved by Mathematical software to find the values of v, A, pu, and ay.

Step 3 : By substituting «;, A, 4, and v into Eq. (3.4) various types of exact solutions of Eq. (3.1) can be con-
structed.

4. MATHEMATICAL ANALYSIS OF THE MODEL
Recall the conformable space-time fractional CQ-NLSE of the form
iD&u 4 BD3%y — yDA%u 4 F(Ju*)u = 0. (4.1)
Consider the transformation
z® e o e

i X
u(@,t) = ¢’ £ =— —v—, 0= —h— +w—, (4.2)

where w, k, v are the constants. Inserting Eq. (4.2) into Eq. (4.1) and splitting the real and imaginary parts, we get

(—k°B + k'y — w) ¢ + F(6%)¢ + 3k(8 — 2k7)¢" + 7o =0, (4.3)

(—=3K2B + 4k>y — v) ¢/ + (B — 4kv)p® = 0. (4.4)
From Equation (4.4), we get constraint conditions:

B = 4kvy and v = —8k>~. (4.5)
By inserting Eq. (4.5) into Eq. (4.3) we get

(=3k*y — w) ¢ + F(¢°)¢ + 6k>y¢" + v¢) = 0. (4.6)

Now, our aim is to solve Eq. (4.6) using the above proposed method for three different law of non-linearity.

5. IMPLEMENTATION OF THE PROPOSED METHOD

In the following subsections, we implement the exp(—®(£))-expansion method to solve the space-time fractional
CQ-NLSE for the source of nonlinearity F'(¢) takes the following three different forms:
an
BE



CMDE Vol. 10, No. 3, 2022, pp. 701-715 705

5.1. Parabolic Law non-linearity. First, we consider the parabolic law non-linearity

F(¢) = c19 + 20, (5.1)
where ¢; and ¢y are constants such that co # 0. For the parabolic law non-linearity, the Eq. (4.6) is given by:
(=3k'y —w) ¢+ 16” + 26° + 6540 + 79 (5.2)

Considering the balance of ¢(*) and ¢° in Eq. (5.2), we get N = 1. According to the proposed method the solution of
Eq.(5.2) takes the form:

¢ = ap + arexp(—P(8)), (5.3)

where «g, and a4 (£ 0) are constants.

Adding Eq. (5.3) together with Eq. (3.5) into Eq. (5.2), taking the coefficients of exp(—®(£)) and setting them
equal to zero, we find the equations as follows:

exp(=®(€))° : 24701 + 207 =0,

exp(—®(€))* : 60y ay + Beaapat = 0,

exp(—®(€))%: ay (12k27 + 507A? + 40yp + c1at + 100204(2)04%) =0,

eXp(f<I>(§))2 Do (37)\ (6k2 +5X% + 20#) + 3ciapar + 1002043&1) =0,

exp(—<I>(§))1 D= 3k47a1 + 6k27)\2a1 + 7)\4041 + 12k2'yua1 + 22’y)\zua1 + 167u2a1 —waoq + 30104(2)a1 + 502a§a1 =0,
exp(—®(£))°: — (3k4'y +w)ag + c108 + caa + YA (6k2 + A2+ 8u) iy = 0. (5.4)

Solving the above system by using Mathematica, we find,

1/4 1/4
aozi)\<—?w) ,oq:iz(—?”> :

2¢a 2¢o

c1 = (6k% — 5A% + 20p) ca /—é,

w = (=3 = 3K (2 — 4) + (\* = 4)°) | (5.5)

provided that (v ¢2) < 0. Thus, the exact solutions to the conformable space-time fractional CQ-NLSE with parabolic
law non-linearity can be found as follows:

Case 1. For A2 — 4, > 0 and p # 0, we have the hyperbolic function solution:

1/4
3 4 (et
ui(x,t) ==+ ( 7) A a ik twis), (5.6)

20 _)\—f— VA% — 4p tanh [%\/)\2—4/1 (c+£)]

This is the dark soliton solution. Corresponding 3D and 2D graphics of u;(x,t) are shown in Figs. 1 (a) and 1 (b).

Case 2. For A\ — 4y < 0 and p # 0, we have the trigonometric function solution:

4 ; % t&
us(z,t) = + (—37 a ik Hwis), (5.7)

1/4
A\
262) A — /=A% 4+ 4pu tan [%\/—)\24—4/1 (c+§)}

This is the periodic singular soliton solution. Corresponding 3D and 2D graphics of us(x,t) are shown in Figs. 2 (a)
and 2 (b).

(&)
ENE
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Case 3. For A2 — 4y >0and A #0, u=0,

ws(w, ) = + (—37> A coth [1/\(04— 5)} (k) (5.8)
202 2

which is the singular soliton solution as shown in Figure 3.

Case 4. For A2 — 4 =0and A\ #0, u#0,

ua(z,t) = + (37>1/4 {Hf(iﬂ)] ik twis), (5.9)

which is the rational function solution.
Case 5. For A2 —4u=0and A=0, u =0,

3 1/4 2 ; z® t&

where £ = % — u%.
Note that the obtained solutions are in agreement with the solution obtained in [24, 54] for specific choice of pa-

rameters.

FIGURE 1. (a) Three dimensional plot for dark soliton solution of (5.6) where A = 3,u = 2,y = 1,¢c =
—1,c2 =—-1,a=0.8,vr =1 (b) Two dimensional line plot of (5.6) for ¢ = 1.

pln 1l

FIGURE 2. (a) Three dimensional plot for periodic singular soliton solution of (5.7) where A = 3, 4 = 2.7,y =
l,e=—-1,c2 = -1, =0.8,v =1 (b) two dimensional line plot of (5.7) for ¢ = 1.

(=)=
E)NE
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i) 2

FIGURE 3. (a) Three dimensional plot for singular soliton solution of (5.8) where A = 5,4 = 0,7 = 1,¢ =
—1,c2=—-1,a=0.5,v =1 (b) Two dimensional line plot of (5.8) with ¢t = 1.

5.2. Quadratic-Cubic law non-linearity. Consider the functional,

F(¢) =c1v/¢+c2 6, (5.11)
where ¢; and ¢y are constants. For quadratic-cubic law non-linearity, the Eq. (4.6) is given by:

(=3k'y —w) ¢+ c10” + c20” + 6k>v¢" + oW, (5.12)
Considering the balance of ¢ and ¢ in Eq. (5.12), we get N = 2. The solution of Eq. (5.12) takes the form:

¢ = ap + arexp(—®(€)) + azexp(—2(€))?, (5.13)

where ag, ag and as(# 0) are constants.

Substituting Eq. (5.13) together with Eq. (3.5) into Eq. (5.12), considering the coefficients of exp(—®(§)) and
setting them equal to zero, we find the equations as follows:

exp(—®(£))% : 120yag + ca3 = 0,

exp(—=®(€))° : 1127 s + ay (8y + cra3) =0,

exp(—(I>(£))4 : 60y o + 30201%0@ + g (36k2v + 33072 4 240y + clag) + SCgaoag =0,

exp(—®(£))® : 2y (6K + 2507 + 204) a1 + c2a + 2 (5yA (6k% + 13X + 44p) + (c1 + 3c2a) 1) a2 = 0,
exp(—® (€))% : aq (ByA (6k% +5 (A* +4p)) + (1 + 3eaarg) 1)

+ (—3k* 4+ 24k% (N +2p) + 8 (2A" + 2902 + 174%) )
+ (—w + 2ci1a + 302043) as =0,
exp(—®(€))" : v (=3k* + X' + 22021 + 160> + 6k% (A +241) ) 0y
(—w + 2cia + 3020%) a) + 6y p (6k2 +5 ()\2 + 4u)) agy =0,
exp(—®(€))° : ag (—3/€4'y —w+ap (c1 4 c200)) + YA (6K% + A + 8) g + 2yp® (6k% + TA* + 8p) g = 0. (5.14)

Solving the above system by using Mathematica, we find,

a0 = 22 |- 220y = 220, =200,
Co Co
30y 2 2 3y
=42, /-2 o =2 y =L
Qo ol c1 (6/<: —|—5()\ u))cz T0cy”

w=" (—3k4 + 6k> ()\2 —4p) + ()\2 — 4u)2) , (5.15)
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provided that (v c2) < 0. Thus, the exact solutions to the conformable space-time fractional CQ-NLSE with quadratic-
cubic law non-linearity can be constructed as follows:

Case 1. For A2 — 4 > 0 and i # 0, we have the hyperbolic function solution:

307 [ 2(3% = 20 AW~ tanh [/ (e + ) (

wi(a,t) =+ 20/ — 22 |1 R T)  (5.16)

> (A -+ /A7 = tan [4/X7 ~ du(e + )] )

This is the dark soliton solution. Corresponding 3D and 2D graphics of u;(x,t) are shown in Figs. 4 (a) and 4 (b).

Case 2. For A2 — 4 < 0 and i # 0, we have the trigonometric function solution:

’y 2<—A2+2u+/\ —A2 + 4p tan B\/W(CJré)D

30 e
ug(z,t) =2 py/—— [1+ (k= 4wt

€2 ()\— —A2 + 4p tan B\/mw—ké)})z

(5.17)
This is the periodic singular soliton solution. Corresponding 3D and 2D graphics of us(x,t) are shown in Figs. 5 (a)

and 5 (b).

Case 3. For A2 — 4y >0and A #0, u=0,

1 1 i z< t
uz(x,t) = £24/ f?f—: {u + Z)\Z csch? {2)\(c+ g)” el(*kT“’?)’ (5.18)

which is the singular soliton solution. Corresponding 3D and 2D graphics of us(z,t) are shown in Figs. 6 (a) and 6 (b).
Case 4. For M2 —4pu=0and A #0, pu #0,

30’)/ )\2 )\2 '(—k:“”a—i- f,a)
S i A YA T ———— U ke 1
ug(x,t) o {,u 1 + CES\(ETIIE e , (5.19)

which is the rational function solution.

Case 5. For A2 —4py=0and A =0, u =0,

us(z,t) = izﬁ [(Hléy] ik e iT) (5.20)

«@ [e3
where § = - — 1/%.

Note that the obtained solutions are in agreement with the solution obtained in ref. [54] for specific choice of param-
eters.

5.3. Weak non-local law non-linearity. Consider the non-linearity,

F(¢) = c1+ c20” + ¢3¢z (5.21)
where ¢, co and c3 are constants. Corresponding to the weak non-local law non-linearity, the Eq. (4.6) is given by:
13 + cad® + ¢ (—kSB F kY —w 4t 2C3¢'2) 4 3k(8 — 2k7)d" + 2c3620" + v Y. (5.22)

Taking the balance of *) and ¢° in Eq. (5.22), we get N = 1. The solution of Eq. (5.22) takes formal form:
¢ = ag + arexp(—2(¢)), (5.23)

(=)=
E)NE
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FIGURE 4. (a) Three dimensional plot for dark soliton solution of (5.16) where A = 3, u = 2,7 = 1,¢ =
—1,c2=—-1,a=0.8,v =1 (b) Two dimensional line plot of (5.16) with ¢t = 1.

—=
=]
—

FIGURE 5. (a) Three dimensional plot for periodic singular soliton solution of (5.17) where A = 3,u =
27,v=1,c=—-1,c2=—-1,a=0.8,v =1 (b) Two dimensional line plot of (5.17) with ¢ = 1.

lufx, 2]
40 | |

o4 ||

-5 — . —

) -10 -1 -3 (5

FIGURE 6. (a) Three dimensional plot for singular soliton solution of (5.18) where A = 0.5,u =2,y =1,¢ =
—1,c2=—-1,a=0.5,v =1 (b) Two dimensional line plot of (5.18) with ¢t = 1.

where ag, and «; are constants.

Adding Eq. (5.23) together with Eq. (3.5) into Eq. (5.22), taking the coefficients of exp(—®(§)) and setting them
(&)
ENE
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equal to zero, we find the equations as follows:

exp(—®(€))° : 24vyay + 6esad + el =0,

(
exp(—®(€))* : by (2X (67 + 0304%) + ap (2c301 + CQQ?)) =0,
exp(—®(£))° : 2y (6k* + 2507 + 204) + dezag + 16c3hapan + (4es (A +24) + ¢1 + 10c20) of =0,
exp(—®(£))? : 3yA (6k% + 5 (A% +4p)) + 6csAag + ao (6cs (A + 2u) + 3e1 + 10c20) a1 + 6ezAuat =0,
exp(—®(€))" : v (=3k* + A* + 2202 + 161 + 6k (A + 2p)) — w + Seaa

+ (2c3 ()\2 +2p1) 4 3c1) ol + 8cs gy + 2c3p’ad =0,
exp(—®(€))? : craf + eaad + YA (657 + N2 + 8) a + 2c3 \pagan — ag (3k*y +w — 2e3pad) = 0. (5.24)

Solving the above system by using Mathematica, we find,

= i1)\\/—363 + \/96% — 247027 a = i\/—303 + \/96:2;) — 24’}/627
2 Co C2

1
=15 [903 (2k% + X% — 4p) + (6k% — 5A* +20p) 1/9¢3 — 24702} ,

w =7 (—3k4 — 3k? (/\2 — 4u) + (/\2 — 4u)2) + 86—3 (/\2 — 4u)2 (—363 +4/9c¢2 — 24’}/62) , (5.25)
C2

provided that v < 0 and ¢y > 0. Thus, the exact solutions to the conformable space-time fractional CQ-NLSE for the
weak non-local law non-linearity can be constructed as follows:

Case 1. For A2 — 4y > 0 and u # 0, we have the hyperbolic function solution:
wn(e,t) =y (=3¢ = 387 (A — dp) + (3 — 4p)”). (5.26)
This is the dark soliton solution. Corresponding 3D and 2D graphics of u;(x,t) are shown in Figures 7 (a) and 7 (b).

Case 2. For A2 — 4 < 0 and i # 0, we have the trigonometric function solution:

us(a,t) = 1\/ ZSes+ VOG Z2hes () A (ke sy
2 C2 A — /A2 + 4y tan [% VA2 dp(e + 5)]

(5.27)

This is the periodic singular soliton solution. Corresponding 3D and 2D graphics of us(x,t) are shown in Figures. 8
(a) and 8 (b).

Case 3. For A2 — 4y >0and A #0, =0,

1 -3 \/9c2 — 24 1 (2 o
us(x,t) = :|:§/\ \/ st 0203 72 coth [2)\(c+ 5)] etk +w i) (5.28)

a
)

which is the singular soliton solution. Corresponding 3D and 2D graphics of uz(x,t) are shown in Figures 9 (a) and
9 (b).

Case 4. For M2 —4pu=0and A #0, pu #0,

—3c3 + 90% — 24~ycy A (—ke ot

t) ==+ ’ o T 5.29
ug(w,t) \/ . ST At e , (5.29)
[c[m]
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which is the rational function solution.
Case 5. For M2 —4u=0and A=0, u =0,

—3c3 +1/9¢5 — 24ve2 1 i~k ot
’t -1 z( r “+w = ) 5.30
us(x,t) \/ o c+ D e (5.30)

¢ te
Where { = — —v—.

@ @
Note that the obtained solutions are consists of the solution obtained in [54] for specific choice of parameters. More-
over, on comparing our extracted solutions with the other existing solutions in the literature, it is found that our
results are new and not found in the literature except for the special choice of parameters as mentioned above.

Jufx, )

— 15

FIGURE 7. (a) Three dimensional plot for dark soliton solution of (5.26) where A = 3,y = 2,7 = —1,¢ =
—1,c2 =1,c3 =1, =0.8,v =1 (b) Two dimensional line plot of (5.26) with ¢t = 1.

FIGURE 8. (a) Three dimensional plot for periodic singular soliton solution of (5.27) where A = 3,4 =
2.7,y=-1,c=—-1,ca=1,c3 =1,a =0.8,v =1 (b) Two dimensional line plot of (5.27) with ¢t = 1.

6. GRAPHICAL REPRESENTATION

In this section, we present the graphs of some solutions for Eq. (1.2). Let us now examine Figures 1-9, as it
illustrates the dynamical structures of obtained solutions through 3D and 2D plots. To this aim, we select some
special values of the obtained parameters. From the above figures, one can see that the obtained solutions possess
the dark soliton solution, the singular soliton solution and the periodic wave solution of Eq. (1.2). Also, the exact
solutions and figures obtained in this paper give us a different physical interpretation for the space-time fractional
cubic-quartic nonlinear Schrédinger equation.

G
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FIGURE 9. (a) Three dimensional plot for singular soliton solution of (5.28) where A = 0.5, 4 =0,y = —1,¢ =
—1,c2=1,c3=1,a =0.5,v =1 (b) Two dimensional line plot of (5.28) with ¢t = 1.

7. CONCLUSIONS

In this paper, we have obtained the optical soliton solutions to the space-time fractional cubic-quartic nonlinear
Schrodinger equation with different laws of nonlinearity. By utilizing conformable fractional derivative and wave
transformation, the fractional cubic-quartic nonlinear Schrédinger equation is converted to an ODE. The resulting
ODE is solved by employing the exp(—®(z)) expansion method. Based on the method, explicit solutions such as dark
soliton, singular soliton and periodic wave solutions are obtained. By comparing our solutions to the results obtained
in literature, our obtained solutions are new and different. Moreover, the obtained solutions are plotted graphically
to check the dynamical behaviour of the solutions. It can be observed that the proposed method is an efficient and
reliable technique for finding the soliton solutions of the governing equation that plays a significant role in the field of
nonlinear optics.
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