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Abstract

In the current study, we consider the generalized Pochhammer-Chree equation with a term of order n. Based on the
1/ Gl)—expansion method and with the aid of symbolic computation, we construct some distinct exact solutions
for this nonlinear model. Various exact solutions are produced to the studied equation including singular solutions
and periodic wave solutions. In addition, 2D, 3D, and contour plots are graphed for all obtaining solutions via
choosing the suitable values for the involved parameters. All gained solutions verify the governing equation.
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1. INTRODUCTION

Many scientists around the world are interested in studying nonlinear partial differential equations (NPDEs).
NPDEs have been used in the modeling of complex nonlinear aspects that define some of our real-life problems in
distinct nonlinear sciences, including modeling of relationships between atmospheric and oceanic impacts, optical fiber,
hydrodynamics, fluid mechanics, medical imaging, and plasma physics. Because of their importance in our everyday
lives, it is important to investigate the behavior of these models. Different numerical and computational methods have
been used to study the NPDEs like the simplified Hirota’s method [15, 16, 20], homotopy method [28], 1/G’-expansion
method [1],sinh-Gordon function method [31] the sine-Gordon method [2, 13], sub-equation analytical method [7], the
Bernoulli approximation method [23], the ansatz-based methods in a novel way [24], and the symbolic computation
method [5, 8-10, 29].

The Pochhammer-Chree equation represents the propagation of longitudinal deformation waves in the elastic rod
was introduced in 1986 by Clarkson et al. as follows [6]

D1t — Pttza — %(éﬁn)m =0, (1.1)

where ¢ (z,t) stands for the longitudinal displacement at time t, of a material point originally lying at the point z.
Clarkson et al. [6] considered n = 3 or 5 which reflected two probable constitutive options for the material. Bogolubsky
[4] acquired the solution of the soliton-type of Eq. (1.1) by taking n = 2,3,5. Zhang et al. [33] investigated Eq. (1.1)
by using n = 5. Triki et al. [26] have been used n = 6 to investigate the exact solutions of Eq. (1.1). Mohebbi [21]
used the discrete Fourier transform to study the Pochhammer—Chree equation.

This paper aims to use the (1/G’)-expansion method to obtain different exact solutions to the generalized Pochhammer-
Chree equation of order n, which is given by [14, 22].

¢tt - ¢ttacz - (Oﬂb + ﬂ¢n+1 + 7¢2n+1)m§: 07 n Z 1a (12)
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where «, 8, and 7 are constants, Eq. (1.2) is a nonlinear model of longitudinal wave propagation of elastic rods.
Many authors have been investigated Eq. (1.2) by using different methods by giving some specific values of n, «,
and =, such as in [22] Parand and Rad used the Exp-function method, some hyperbolic and periodic singular solutions
were obtained. In [14], El-Ganaini used the first integral method and constructed some complex exponential function
solutions, complex traveling solitary wave solutions, complex periodic wave solutions, and complex rational function
solutions. In [27], Wazwaz used the tanh-coth and sine-cosine to obtain some exact solutions including bell-shaped
solitons, kink-shaped solitons, and periodic solutions. The extended-tanh method utilized to investigate Eq. (1.2)
and some traveling wave solutions, including kink-shaped solitons, bell-shaped solitons, periodic solutions, rational
solutions, and singular solitons were obtained [17]. Some traveling wave solutions of distinct structures, namely bell-

shaped solitons, kink-shaped solitons, and periodic solutions offered in [34] by using the extended (G/ / G) -expansion
method. The bifurcation theory of planar dynamical systems was used in [18], as a result, numbers of solitary waves
and kink waves solutions were given. The (G, / G) -expansion method was applied on the mentioned equation when

n = 1, and some hyperbolic traveling wave solutions, and kink wave solutions were derived [19]. The Adomian
decomposition method to study the suggested equation was used in [25].

2. FUNDAMENTAL CONCEPTS OF THE PROPOSED METHOD

In this portion, the main concepts of the proposed method are presented [3, 11, 30, 32].
Consider a NPDE

P(b, b1, Ozs Py Bty Pty o) = 0. (2.1)
Step 1. Let us consider the traveling wave transformation as

¢ (z,t) = (&), & =k(z—ct), (2.2)
where k and c are real constants. After some procedure, Eq. (2.1) reduces to

Q(P', 9", 0" ..)=0. (2.3)

Step 2. Let the solution of Eq. (2.3) has the following form

m

1\
&)= a (G,> : (2.4)
i=0
where ag, a1, as, ..., a,, are constants to be determine later, and m is a balance term, as well as G = G(§) satisfy the
following second order linear ordinary differential equation

G + NG +p=0, (2.5)

where A and p are constants to be determined later. Substituting Eq. (2.4) into Eq. (2.3), we get a set of algebraic
equations by setting the coefficients of (%) that have likely order equating to zero. We reduce these algebraic equations
to find a;,7 > 0 and k, ¢ scalars and after that substituting a; and the general solutions of Eq. (2.4) into Eq. (2.3),
one can get the solutions of Eq. (2.1).
Furthermore, we can take the solution of Eq. (2.5) as follows
Ep e S

ale) = - -

where, ¢; and ¢y are constants. If the derivative of the solution function that given by Eq. (2.6) according to the &
variable is taken for once and necessary arrangements are made, we get

S S (2.7)

G —K e
Bo
BB

+ c2, (26)
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When we transform the algebraic expression given by Eq. (2.7) to trigonometric function, where ¢; = A, it can be
rewritten as follows
1 A

G~ i+ M(Cosh(M) — Sinh(M))” (28)

3. MATHEMATICAL ANALYSIS

In this section, we applied the (1/ G/)-expansion method to fine some distinct exact solutions to the generalized
Pochhammer-Chree equation.

Consider
¢ (x,t) =2 (§), £=k(z—ct), (3.1)
Plugging Eq. (3.1) into Eq. (1.2), and integrating twice, then Eq. (1.2) reduces to
k(¢ — o) @ — K'P®" — BE*O™ ! — yk* 92 = 0, (3.2)

where ' = d%, also the constants of integration are set to zero.

Now we are using the transformation

" = H, (3.3)
then
1—n 1_ 2 1 1_
" = H»*H') +-H~'H". 3.4
"R HA (Y 4 (3.4)
Substituting the transformations Eq. (3.3) and Eq. (3.4) into Eq. (3.2), which gives
n2k> (62 —a) H? —k*¢?nHH" — K*¢? (1 —n) H"” — Bk*n?H® — yk*n?H* = 0. (3.5)

Balancing HH" with H* in Eq. (3.5), yields m = 1. With m = 1, Eq. (2.4) becomes
1
®(§) =ao+a (G,) : (3.6)
inserting Eq. (3.6) and its derivatives into Eq. (3.5) yields a polynomial in powers of (& ). Collecting the coefficients
of (é) with the likely order and setting each summation to zero, we get a set of algebraic equations. Solving these
equations, the following solutions can be constructed.
Set 1. When

_ (2+n)(c2—a) (2+n)(c2—a)p

ap = B y a1 = gy
= nVPoa o (14np (3.7)
o (24+n)%(c2—a)’

substituting Eq. (3.7) into Egs. (3.5) and (3.2) consequently, we get a singular solution

1

n

C1e™Ve (24 n) (2 —a) A
1 (x,t) = e : (3.8)
B (Cle”tm)\ _ et QM)

Set 2. When
o W@ | w/TE/Ea
0 Nai , U1 VD) 5 (3 9)
k= _ nV/c—a B= i(24n)vVe2—ay/y .
- cA P Vitn )

where 7 = /—1. Plugging Eq. (3.9) into with Egs. (3.5) and (3.2) subsequently, a singular solution can be obtained

WIFawE—a iVI+nve®—ap
Nai \ﬁ)\<_ % + Cycosh (B) — C4 sinh(B))

1

n

oo (x,t) = , (3.10)

(=)=
E)NE
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where B = ”tvj\z_o‘ — oz VCC;_D“) A

Set 3. When
o UEMB ()i yTERs (L) 8 (e R (3.11)
(2+n)y’ 7

@H+n)9A" " Jrza 1nytae F2(2 +n) A2

putting Eq. (3.11) into Eqgs. (3.5) and (3.2), we get
(1+n)p (1+n)Bu

P @0 = "Gy, ~ (2 + 1) YA ( - % + O cosh (M) — C, sinh (M)) ’ (312)

= _ _iknVitntB
where M = )\ <kx m) .

Set 4. When
_ (1+n)p _ (1+n)p
ao = — (24n)vy> ar = — (2+n)'y§7
_ iny/1+np o= 2 + (14n)B2 (313)

(2+n)*y”

substituting Eq. (3.13) into Egs. (3.5) and (3.2), we get the periodic wave solution

1

n

Ci(1+n)BA

¢4 (x7 t) = - _ in\/m(ct—z)ﬁ)\ (3.14)
(2+n)’y<C’1)\e Wﬂ)
Set 5. When

an = inv—c2+aay 6 _ ick(24n)V—c2+ap
A 3.15
_ K (4n)p? A= inv—c2+a ( . )

Y== nZa? y N ck )
putting Eq. (3.15) into Egs. (3.5) and (3.2) consequently, a periodic wave solution can produced
)

s (2,4) = ny—c* + aay i ay 7 (3.16)

ckp icku

m“FClCOS(N)—iClSiH(N)

_ n(—=ckt+kz)V—-c?+a
where N = o .

4. CONCLUSION

In this study, the generalized Pochhammer—Chree equation with a term of order n dispersion is investigated by
using the (1/G)-expansion method. It is worth noting that the strong (1/G’)-expansion method can be applied to a
wide range of high order NPDEs. As a result, we have obtained some exact solutions to the studied equation, including
singular and periodic wave solutions. We conclude that our results are new and different in comparison with reported
solutions in Refs. [14, 17-19, 22, 25, 27, 34], which are presented in the introduction section. We believe that our
solutions can be useful in many of research areas, including fluid dynamics and physics. Besides, 2D, 3D, and contour
plots are graphed for all obtaining solutions by choosing the suitable values of the involved parameters and setting
n=1n=2n=3n=>5and n =7 This method is a strong method of obtaining traveling wave solutions for full
NPDEs.
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5. FIGURES

Re (¢,(xt))

FiGure 1. 2D, 3D and contour plots of Eq. (3.8), for p = 0.3, c =2, a = 0.5, A = 3, 8 =
2.1, ¢y =03,and n=1T1.

Im (6,(x)

Re (¢,(xt)

FIGURE 2. 3D, 2D and contour plots of Eq. (3.10), using p = 0.3, c=2, «a =05, A =3, n=
2, C1 =0.3,and v=2.
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Re (6,(x)

Im (8,(x)

FIGURE 3. 3D, 2D and contour plots of Eq.(3.12) where p =3, A=3, =5 n=5, C1 =3, k=
0.5,and v=0.3.
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FIGURE 4. 3D, 2D and contour surfaces of Eq. (3.14) for p = 0.3, c =2, A =3, 8 =21, n=
1, ¢7 =0.3,andy = 0.2.
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FIGURE 5. 3D, 2D and contour plots of Eq. (3.16) using 4 =3, ¢ =02, a =3, n =3, C; =
3, k=2.1,anda; =2
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