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Abstract

In this paper, new analytical solutions for a class of conformable fractional differential equations (CFDEs) and
some more results about Laplace transform introduced by Abdeljawad are investigated. The Laplace transform
method is developed to get the exact solution of CFDEs. The aim of this paper is to convert the CFDEs into
ordinary differential equations (ODEs), this is done by using the fractional Laplace transform of (o + 8) order.
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1. INTRODUCTION

Fractional differential equations sometimes called as extraordinary differential equations because of their nature and
easily find in various fields of applied sciences [11, 18]. For example, fractional-order differential equations have been
established for modeling of real phenomena in various fields such as physics, engineering, mechanics, control theory,
economics, medical science, finance and etc, [1, 3, 5-8, 11, 14, 18, 20]. Modeling of spring pendulum in fractional
sense and it’s numerical solution proposed in [5]. Study of the motion of a capacitor microphone in fractional calculus
proposed in [6]. So the scientific and engineering problems which involve fractional calculus are very large and still very
effective. In recent years, scientists have proposed many efficient and powerful methods to obtain exact or numerical
solutions of fractional differential equations [8, 14]. In addition, many researchers have been trying to form a new
definition of fractional derivative. Most of these definitions include integral form for fractional derivatives. There are
many types of differential derivatives in fractional calculus e.g. Grunwald-Letnikov, Riemann-Liouville, Caputo [20],
Caputo-Fabrizio [7], Atangana-Baleanu [3] and more recently one, the conformable fractional derivative (CFD) [14].
The chain rule which is an applicable and useful rule in the calculus, is hold only for conformable fractional derivatives.
Recently, some authors introduced the concept of non-local derivative. In [14], Khalil presented a new definition of
derivative prominently compatible with the classical derivative, this operator is called "conformable derivative”. This
derivative satisfied some conventional properties, for instance, the chain rule. This operator can be used to solve
conformable differential equations. The Conformable fractional derivative has some advantages in properties. Thus
now it is widely used in many research fields. However, Ortigueira [19], figured out that the CFD, is not a real
fractional definition. Since,

1) The zero order derivative of a function does not return the function. In fact
t+et) —u(t t(1 —u(t 1
(TYu)(t) = lim ult+et) —ult) = lim u(tl+e)) = ul ).lim + ‘.
e—0 € e—0 1+e e—0 €
2) The index law does not hold, that is To (Tpu(t)) # Tatpu(t), for any a and 5. See Theorem 4.2.
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3) In special case we have, (;T3fg)(t) = g(t)Tf)(t) + f(t)(:T5g)(t), but the generalized Leibniz rule is not
valid .

In [8], the author showed the exact solutions of time heat differential equations by using the conformable derivative.
Atangana in [4], investigated some properties of this derivative, related theorems and new definitions were introduced.
Interesting works related with operator are given by [9, 13].

The rest of this study is organized as follows. In section 2, we give some important theorems based on conformable
fractional derivative. In section 3, we present some conformable fractional Laplace transform theorems. In section 4,
new methods for solving a class of CFDEs by fractional Laplace transforms of (« + 8) order are investigated.

2. BASIC DEFINITIONS AND TOOLS ABOUT CFD

The CFD with a limit operator which was first introduced Khalil et al. [14]. After then Abdeljawad [1], has
also presented fractional versions of the chain rule, exponential functions, Gronwalls inequality, Taylor power series
expansions and Laplace transform for the CFD. Khalil et al. [14], introduced a new kind of fractional derivatives as
follows:

Definition 2.1. The left conformable fractional derivative of order 0 < a < 1 starting from a € R of function
u: [a,+00) = R, is defined by

u e u(t+e(t—a)™) —u(t)
(T2a)(®) = limy :

When a = 0, we have:

: (2.1)

w (t+ et' =) — u(t)

0 S 1
(T2u)(t) = lim 6

If (TSu)(t) exists on (a,+00), then (T2u)(a) = limy_ o+ (T2u)(t). If (T2u)(to) exists and is finite, then we say that u
is left a—differentiable at tg.

The right conformable fractional derivative of order 0 < a < 1 terminating at b € R of function u : (—o0,b] — R, is
defined by

L u(t+elb—t)' =) —u(t)
(Tou)(t) = — lim :

Ty If (*T,u)(t) exists on (—oo,b), then (bTau)(a) = limy_,,— (*Tou)(t). If (*Tou)(to) exists and is finite, then we say
that u is right a—differentiable at to. See [16].

: (2.2)

Definition 2.2. Let a € (n,n + 1], and u be an n-differentiable at t, where t > 0, then the conformable derivative of
u of order « is defined by
(le]=D) (¢ 4 etlal=a)y _ 4 (la]l=1) (¢
(Tou)(t) = tp LT Z W) (23)

e—0 €

where [« is the smallest integer greater than or equal to .
Remark 2.3. Let a € (n,n+ 1], and u is (n+1)-differentiable at t > 0. Then
(:Tqu)(t) =t oD @), (2.4)

Theorem 2.4. Let 0 < a < 1, and f, g be left(right) a— differentiable functions. Then,

1) Ver, e € R, (Tg(eaf + e2g)) (8) = e1 (Tg f) (1) + c2 (Tag) (1),

2) Ver,ca € R, ("Talerf + c2g)) (t) = 1 (*Tuf) () + c2 ("Tag) (1),

3) VAER, TS ((t—a)*) = At —a)*, T, ((b—1t)*) = A(b—t)*2,

4) T¢(C) =0, *T,(C)=0, where C is a constant.
5) (Product rule for left and right CF derivative)
(T5(f9)) (1) = f(t) (Tgg) () + 9(t) (TG f) (1),
("Tu(fg)) (1) = f(t) (*Tag) (t) + g(t) (*Taf) (1),
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6) (Quotient rule for left and right CF derivative)
(Ta(i)) (t) = g(t)(Taf)(t)(*)f(t)(Tag)(t) g(t) #0,

("Tath) () = LLBANCTOCLIO g1y 20,

) (Taf) (1) = (t—a) = f'(t), (*Taf)(t)=—(b-1)'"f(1),
where f'(t) = lim._,o (M)

Proof. See [16]. O

Theorem 2.5. If a function u : [0,+00) = R, is a—differentiable at xg, o € (0,1]. Then, u s continuous at xo.
The chain rule is valid for conformable fractional derivatives.

Theorem 2.6. (CF-chain rull). Let oo € (0,1] and f, g : [0,00) — R be a—differentiable functions and h(t) = (fog)(t).
Then, h(t) is left a—differentiable and for all t (t# a and g(t)# a), we have

D) 17 9(t) > a, then (T2)(1) = (TN o) (T20)(D)(9(t) —a) .
2) If g(t) < a, then (T2h)() = —(“Tuf)g()(T29)(t) (a —g(5)"

Analogously, let f,g : (—oo,b] — R be a—differentiable functions and h(t)=(fog)(t). Then, h(t) is right a— differentiable
and for all t (t# b and g(t)#b), we have

1) If 9() < b, then (Tuh)(1) = (Tu HaO)(Tag) () (- 90) .
) 1f glt) > b, then (Tah)(t) = (TN (o) (Tag)() (o) ~ )"
If (Tgh) (1), (bTah) (t) exist on (a,+00) and (—o0,b), respectively, then

(Tgh) (a) = lim (Tgh) (1), (bTah) (a) = lim (bTah)(t).

t—at

Proof. See [16]. O

3. THE CONFORMABLE FRACTIONAL LAPLACE TRANSFORM

The conformable fractional Laplace transform introduced by Abdeljawad [1] help us to solve some of the CFDEs.
In this section we will investigate basic definitions and some useful Theorems about conformable fractional Laplace
transform. Over the following set of functions [2].

A= {u(t) 23M, T, > 0, |u(t)] < Me%,if t € (—=1)7[0,00),j = 1,2}. (3.1)

The conformable fractional Laplace transform is defined as follows:

Definition 3.1. The conformable fractional Laplace transform (CFLT) of function u : [0,00) = R fort > 0, of order
0 < a <1, starting from a of u is defined by

Lo {u(t)} = / S0 — @) TdE = U (). (3.2)
If a=0, we have
Lo {u(t)} = / Ot tdt = U2(s) = Ua(s). (3.3)

(=)
[E)NE
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In particular, if « = 1, then Eq. (3.8) is reduced to the definition of the Laplace transform
[ee]
L{u(t)} = / e *tu(t)dt = Ul(s). (3.4)
0

Theorem 3.2. Let u : [a,00) — R be differentiable real valued function and 0 < oo < 1. Then

Lo {eTa(u)(t)} = sUL(s) — u(a). (3.5)
Proof. See [1]. O
Theorem 3.3. Let u is piecewise continuous on [0,00) and L&{u(t)} = UL(s), then

dn
LO {t"u(t)} = (=1)"a™ — [Uo(s)] , neN

dsm - ¢

Proof. See [12]. O

Theorem 3.4. If u is piecewise continuous on [0, +00) with LS {u(t)} = Us(s) and lim,_,q+ % < oo exist, then

u(t) 1 [~
Proof. See [12]. O

Theorem 3.5. (Translation Theorem) If u is piecewise continuous on [0,+00) and L% {u(t)} = US(s), then
Le {eb“if” u(t)} —U%(s—b), s>b.

Proof. See [12]. O

4. SOLUTION OF CERTAIN ORDINARY CFDESs

In this section, we develop the fractional Laplace transformations for solving a class of CFDEs. The next theorems,
play an important role to convert the CFDEs into ordinary differential equations.

Proposition 4.1. the conformable type problem If 0 < o < 1, s > 0 and k is constant, then the conformable type
problem

k((Tqu(t) = f(1), (4.1)
has its solution given by
1 t
u(t) = z / (z — a)* 1 f(2)dz + u(a). (4.2)
Proof. By using fractional Laplace transform, we have
kLg {iTau®)} = LE{f (1)}
From Theorem 3.2, we obtain

va(s) = £als) | ul@)

ks S
Now, taking inverse Laplace transform, we have
ay-1 [y7a ay—1 [ F&(s) ay-1 [ ula)
utt) = (2 e = () { By gy {19
S S
which completes the proof. |

For example, by substituting k = 1, f(t) = bt'=*cos(bt) and uw(0) = 0, we have (Tu(t) = bt!=cos(bt), hence
u(t) = fg bcos(bz)dz = sin(bt).
an
BB
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Theorem 4.2. Let u : [a,00) = R be twice differentiable on (a,00) and a, 8 > 0 such that « + 5 < 1, then
T8 ((Tou(t) = (1 — a)(t — a) =T/ (t) + (t — @)~ T/ ().
Proof. From Theorem 2.4, we have
T ((Tou(t) = (T ((t —a)' /(1))
—(t—a)"P ((t—a)ou' (1)
= (1 —a)(t —a)' =Y (1) + (t — a)>~ @Dy (1).

([l
In particular, for a = 0, one has
Tp ((Tau(t) = (L—a)t "7 (1) + 2D (1), (4.3)
Theorem 4.3. Let u : [a,00) — R be twice differentiable on (a,00) and a, 8 > 0 such that « + 5 < 1, then
0 rotpB 0 at+p
/ e 7 aFF (tu” (t)) dt = u(0) + s/ totPe™ " awm o/ (t)dt — sU(a15)(8),
0 0
e tat+p
/ (1—a+ st”““B) e aF ! (t)dt = (o — Du(0) + (1 — (2a + 3)) sU(asp)(s) — (o + B)SQU(’a+ﬁ)(s).
0
Proof. By using integration by parts, we obtain
o0 to+B o0 rots o0 o t+B
/ e " eTF (tu”(t)) dt = u(0) + S/ toTPe™ s arm / (t)dt — S/ toTP=le™ 5 a55 y(t)dt.
0 0 0
Therefore, from Definition 3.1, we arrive at the first formula. Next, Theorem 3.3 and integration by parts yields
oo pat8 oo ot+B
/ (1—a+st*F) e ammu/(t)dt = (a — 1)u(0) + (1 — (2o + B)) s/ e S arm oty (1) dt
0 0
2 > 757J‘a+[a -1
+5 / e~ awm (tTPu(t)) TPt
0
Thus, the second formula Theorem 4.3 holds. O

Theorem 4.4. Let u : [a,00) — R be twice differentiable on (a,00) and a, 8 > 0 such that « + 5 < 1, then
L) 11T Tau(t)} = au(0) — 2o+ B)sUiarp)(s) = s*(a+ B)U{q4 5)(5)-
Proof. From Eq. (4.3) and using fractional Laplace transformation, we get

Liayp) (T (:Tau(t)} = L(()a+ﬁ){(1 — a)t' () + t27(a+5)u”(t)},

0 totpB
=(1- a)/ e % a¥B (tl_(o‘+’8)u’(t)) tleth=1qy
0

- / e T (t2_("+5)u”(t)> te+A=1qs,
0
Therefore, by simple calculations and Theorem 4.3, we have

0 > 18y st
19,4 o) LT3 Tau(t))} = / (1= o+ st°8) e 5574/ (£)dt + u(0) — sUgas ) (3),
0

= au(0) — 2a + B)sU(a+p)(s) — s%(a + B)U('a+ﬂ)(s),
and the theorem is thus proved. O
an
BE
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Lemma 4.5. Let s >0 and o, 8 > 0 be such that o+ < 1, then

0 « _(a+ﬁ)%+ﬁ «
LaJrﬁ{t}_MF(l—i_aqLﬂ) (44)

Proof. By change of variable z = %, we have

oo o o N Z
LY {th} = / ¢S T Pt dt = / e % (a?za) dz = %1—‘ (1 + B) .
0 0 st «

By setting p = a, & = a + f3, the desired result for L, 5 {t*} can be concluded, i.e. (4.4) is valid. O

Proposition 4.6. Suppose that u(t) be twice differentiable on (0,00) and o, > 0 be such that « + 5 < 1, p is
constant. Then, the following CFDE

Ts (Toult) = plp — a)t?~+D u(0) = 0,

has its solution given by

u(t) =P + e, (4.5)

C
(a+ BT (14 355)
where C' is constant.

Proof. Applying Lg+5 and Theorem 4.4 with Eq. (4.4) gives

au(0) = (2a + B)sUa+5(5)—s*(a + B)Upi5(s) = p(p — ) = Jrsi)i:w_ g <a —Z; 5) .

Since u(0) = 0, the above differential equation can be written as

/ (20 + ) _ plp—a)(at ) p
b+ o gy Uns(s) = PP (B ).

By solving the above ODE of first order, we have

U, — gats! P b (R e == e
A R Fe o +Cs

Since QLJ;BF (o%ﬂ) =T (1 + 5%,6)7 we can write

P >(a+6)“iﬁ C

+ .
e + B 51+aiﬂ 51+a$ﬂ

Unsp(s) =T <1 +

-1
By applying (L‘;Jrﬁ) , we obtain

ult) = (Lsp) " (Uass()} = (L) {F (1 tay B) ot } + (L545) " {O} :

and the solution (4.5) follows from Eq. (4.4). O

In particular, if « = 3, then function u(t) = t* + Cy/ %to‘ is the solution to the following CFDE

T (:Tou(t)) = p(p — a)t?~2*,  u(0) = 0.
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Proposition 4.7. Suppose that u(t) be twice differentiable on (0,00) and «,f > 0 be such that « + f < 1, k is
constant. Then, the following CFDE

1T ((Tou(t) + ku(t) = f(1),
has its solution given by

u(t) = (ng)_l 5T eTaros / )= Fa?(s)e(aff)sds +C |,
(a+ B)s=im

where C' is constant.
Proof. Applying LY , ; and Theorem 4.4, we have
2(0) — (204 B)3Uns5(5) — 52( 4 By p(5) + KU 5(5) = For(5).

Hence, we have

, 20 +p3— % _ au(0) = Fais(s)
atp(s) + W@wﬁ(s) = 2t p)

By solving the above ODE, we have
Uasp(s) = s~ 5 crhe / ou(0) — Fazﬁ(s)e(a%—ikﬁ)sds +C.
(a+f)s7H

Thus, solution u(t) results from the CF inverse transform. O

In particular, when a = 8 = %, the solution to the CFDE

Ty (tT%u(t)> +u(t) = Vi u(0) =0,

is given by
r(3) es C
_ -1 2 -1 _ Lo
u(t)=1L { . }+CL { . }—\/i—i— ﬁ31n<2ﬂ>.
Theorem 4.8. Let s >0 and a, 8 > 0 be such that a4+ 8 < 1, then
L0 5 (i Tasu(t)} = sUns(s) — u(0). (4.6)

Proof. From the equality ;T pu(t) = t=# (;Tou(t)), we calculate

rotB

Lo {eTaspu(t)y =Lgys {77 ((Tau(t))} = Lo {t77 (87 (1)) } = /000 e eTmul(t)dt.

Now, by using integration by parts, we obtain

o o+ o0 toth 1
/ e T (t)dt = —u(0) + s/ e~ S amm oty (t)dt = sUqy5(s) — u(0),
0 0
and this completes the proof O

Proposition 4.9. Assume u(t) be twice differentiable on (0,00) and a, 8 > 0 be such that o+ 8 < 1, k is constant.
Then, the solution to the CFDE

¢T3 (:Tou(t)) + k ((Tatpu(t)) = q(t),

is given by
ut) = (0,5)"" { ( [l Gt C> } ,

where C is constant.

(=)
[E)NE
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Proof. Applying Lg +p and using Theorems 4.4, 4.8, we have

Loy s {eTp (Tou(®)} + kLo y g {eTorpu(t)} = Loy g {a(t)}
or, equivalently,
au(0) = (2a + B)sU(ay5(5) = 5 (@ + B) a1 (5) + k (sUaxrp(s) = u(0)) = Qarp(s)-
Therefore, we can write

, 20+ B~k _ (a=k)u(0) — Qatp(s)
atp(s) + WUQW(S) = (a+ B)s2 :

By solving the above ODE of first order, we have
e — - k 0 e}
Upip(s) = s ats / (o = BJu(©) = Qoes(s) 4 | ) |
(a+ B)s s
So, by taking (Lg X 5)*1 with respect to s, we obtain the explicit solution. O

In particular, fora = 8=k = %, the solution to the CFDE

1.

is given by

u(t):L_l{_Sl}-i-L_l{ i3}+L {§}=—1+e—3t+a

Since u(0) =1, s0 C =1 and u(t) = e~ 3.

k\J\»—l

( T%u(t)) — 3¢ L ote 3, w(0)=1,

Proposition 4.10. Let u(t) be twice differentiable on (0,00) and «, 8 > 0 be such that a + 8 < 1, k is constant.
Then, the following CFDE

T ((Tau(t)) + Kt Pu(t) = (1), (4.7)
has its solution given by

u(t) = (£945)"" {<s2 + Ry ( / : ) = Qatal) C) } ,

0+ B)(s? + k)T

where C' is constant.
Proof. Applying the CF Laplace transform to the both sides of equation (4.7) yields
Lawwp 1T (Tau(®)} + kLo p {t Pu(®)} = Lo {a(t)}

and from Theorems 4.4, 3.3, we get

au(0) = 20+ 8)sUars(s) = 5* (@ + B)Unyp(s) = k(a+ B)Unsp(s) = Qarp(s)-

So, we can write

, 20+ _au(0) — Qayp(s)
a+ﬁ(3) + WSUaJrﬁ(S) = (a+ B)(s2 + k) :

By solving the above ODE of first order, we have
_ 2048 0) —
Unssls) = (52 + K)o ( [0 usal) C) |
(a+ B)(s% + k) T@vm
by taking (Lg+5)’1 with respect to s, we obtain the explicit solution wu(t). a
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For example, if « = 8 = %, then the conformable type problem

Ty (tT%u(t)) Ftu(t) =t5, w(0) =0,

has the solution given by

Theorem 4.11. Let o, > 0 be such that a + 5 < 1, s > 0, then the following relation is valid:

L0+ﬂ {ta+l3 Tatpu(t))} = —(a+ ) (Uarp(s) + SUéHrﬁ(S)) .
Proof. From Theorem 4.8 and 3.3, it is clear that

[\eI[9N}

r') } + L {(20} = V7 + 1.216280215C%3 J, (D .

524 1)4

w\w

d
16 {77 (Taspu(®) } = (=1) (@ + B) 7 (sUass(s) — u(0)),
and this completes the proof. O
Remark 4.12. Since tu'(t) = t*tP (;Toy gu(t)), then we have

Loys {tu/ ()} = —(a + B) (Ua+s(s) + sUqyp(s)) - (4.8)

Proposition 4.13. Assume u(t) be twice differentiable on (0,00) and «, 8 > 0 be such that o + 8 < 1, k is constant.
Then, the solution to the CFDE

T ((Tou(t)) + kt* 7 (Taspu(t) = q(t), (4.9)

is given by
st [ ([ =t )
(6)= (0.5) {S(ka </<a+g>(s+k>aiﬁ +

Proof. Similarly, taking L?X +p to the both sides of equation (4.9) and using Theorems 4.4 and 4.11, we have

/ o 1 _ au(0) — Qa+s(s)
a+6(3) + (M(S‘*‘k) + 8) Ua+p(s) = (a+B)(s2 + ks) "

The above is an ODE, so we obtain

where C' is constant.

i CIESNEC A
Uyip(s) = = s(s+k)etpds+C ).
5= g ([ G me i e+
Thus, solution u(t) results from the CF inverse transform. O

Proposition 4.14. Assume u(t) be twice differentiable on (0,00) and «, 8 > 0 be such that o + 8 < 1, k is constant.
Then, the solution to the CFDE

T (:Tou(t)) + ktu'(t) = q(t), (4.10)
is given by
) = (18.5) " e [ 2O etl g o) 1
s(s +R)=7 \J (a+B)(s+ k)=
where C' is constant.
Proof. From Remark 4.12, the proof is clear. |
an
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In particular, for a = &, = 2

=
I

1, the solution to the CFDE

T (tT%u(t)) /() = sef 42t u(0) =1,

is given by

=+ C <1+ \/(i(;’) (QF(— ;t)t% —3e_t>> .

On the other hand, since u(0) = 1, then C' = 0 and u(t) = €.

Proposition 4.15. Assume u(t) be twice differentiable on (0,00) and o, > 0 be such that « + 8 < 1, k,m are
constants. Then, the following CFDE

T (1Tou(t)) + ktu'(t) + mu(t) = q(t). (4.11)
has its solution given by

m—k(a+8)

_ I CE)) _ —

() = (28,5) " S ([ 2SRl a0 |
(5 + k) FeTm §FEFD (o + )

where C' is constant.

Proof. Applying the CF Laplace transform to the both sides of equation (4.11) and from Theorems 4.4 and Remark
4.12, we calculate

au(0) = (20 + B)sUar(s) = 8*( + B)UL () — k(@ + B)Uasp(s)
— k(o + B)sUq5(5) + mUa+p(s) = Qats(s).
Therefore, we can write

’ o 1 m _ au(0) — Qa+s(s)
o+ (rpern s i) P - e

By solving the above ordinary differential equation, we have

m—k(a+8

)
Uas(s) = { s e (/ ou(0) = Quip(s) k)%dﬁ@*) } .

(5 + k) Fiat® s¥@P (a + f)

Thus, solution u(t) results from the CF inverse transform. O
For example, if a = = %, k =m =1, then the conformable type problem
1
T (tT%u(t)) 1 (8) +u(t) = 5 +2t, u(0) =0,

has the solution given by
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5. CONCLUSION

The conformable fractional derivative is a new kind of fractional derivatives which needs to investigate more. We
discussed about the fractional Laplace transform which is compatible with type of fractional derivatives. Some new
results are reported which is useful in the theory of conformable fractional differential equations. Our representations
of analytical solutions of CFDEs, explicitly reveal the complete reliability and efficiency of the presented method.
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