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Abstract In this paper, we consider the iterative system of singular Rimean-Liouville fractional-
order boundary value problems with Riemann-Stieltjes integral boundary conditions
involving increasing homeomorphism and positive homomorphism operator(IHPHO).
By using Krasnoselskiis cone fixed point theorem in a Banach space, we derive suf-
ficient conditions for the existence of an infinite number of nonnegative solutions.
The sufficient conditions are also derived for the existence of a unique nonnegative
solution to the addressed problem by fixed point theorem in complete metric space.
As an application, we present an example to illustrate the main results.
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1. INTRODUCTION

In recent times, the application of fractional calculus become an essential part of
the mathematical background needed for researchers and scientists. fractional differ-
ential equations have gained its popularity and significance due to its distinguished
applications in different areas of applied different areas such as fluid flows, electrical
networks, rheology, biology chemical physics, [2,12,14,24,28,29]. In 1983, Leiben-
son [15] introduced the p-Laplacian equation,

%(%(w/)) =g(t,w, @),

in order to study the turbulent flow through porous media. For p > 1, the operator
¢p(@) = |w[P~2w is invertible and its inverse is ¢4, where q = p/(p — 1).
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The recent works on the existence of positive solutions for fractional order bound-
ary value problems involving p-Laplacian operator, see [9,16-18,20,30,32]. However,
in this paper we use new operator ¢ called increasing homeomorphism and positive ho-
momorphism operator(IHPHO), which improves and generates classical p-Laplacian
operator ¢, for some p > 1. For recent works on fractional order boundary value
problems with THPHO, see [8,21,27,33].

On the other hand, in the papers of Heymans and Podlubny [11], Agarwal et al. [1],
Baleanu et al. [3], it was shown that RiemannLiouville fractional differential equations
are useful in physics to model viscoelasticity and have different properties from the
Caputo derivative. As the RiemannLiouville fractional derivative has a singularity at
zero, the mathematical analysis to RiemannLiouville fractional differential equations
is more complicated [13]. In [23], Padhi, Graef and Pati considered the following
fractional order boundary value problem with Riemann-Stieltjes integral boundary
conditions,

DS, w(t) + q(t)E(t, w(t) =0, 0 <t <1,
w(0) =@’ (0) = - =2 (0) =0,

1
DS w(1) = /O h(t, w(t))dA(T),

where n > 2,n —1 < ¢ < n,o € [1,¢ — 1], D§; is a Riemann-Liouville fractional
derivative of order x € {¢, 0} and established existence of positive solutions by various
fixed point theorems on a Banach space. In [25], Prasad, Krushna and Wesen studied
the solvability of iterative system of fractional order boundary value problem

DI wi(t)) + Api(t)gi(wita(t) =0,0<t<1,i=1,2,--- ,m,
wit1(t) = wi(t), 0 <t <1,
3(0) = D 04(0) = 0, (1) — Cl(6) = IL(Ea), i = 1,20+ 1,

where 2 < q; <3,0<q; <1,0< & <& <1, (,9 are positive constants and Dfj; is a
Riemann-Liouville fractional derivative of order x € {q1, g2}, by Krasnoselskii’s cone
fixed point theorem on a Banach space. Recently, Prasad, Khuddush and Rashmita
[26] established denumerably many positive solutions for the following problem,

w1 (t) =wi(t), 0<t <1,

satisfying integral boundary conditions

@;(0) — aw}(0) = Iy wy(1),

@3(1) + b} (1) = ZF, 3 (1),

where CDg+ denote Caputo fractional derivatives with 1 < o < 2, ¢, Iori denote
Riemann-Liouville fractional integrals, a,b € R, «, 3 > 0,
ao
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Motivated by the aforementioned works, in this paper we consider the following
singular Rimean-Liouville fractional order boundary value problem with Riemann-
Stieltjes integral boundary conditions involving ITHPHO,

{ @ (D5 () + T(1)f;(w41(t)) =0, t€(0,1), (1)

w1 (t) = wi(t), j=1,2,---.4,
w;r)(O):O,r:0,1727--.7 m—2,j:1,2737--~,£, (12)
Dg, (1) = [y w;(T)dx(T), G=1,2,3,-- 1,

where £ € N, m > 2,m -1 < ¢ < m,o € [1,¢) and Dj, is a Riemann-Liouville
fractional derivative of order x € {g, o}, fol w,;(T)dx(T) denotes Riemann-Stieltjes
integral, T = [[;", T(t) and each Y; : [0,1] — [0,00) has a singularity in (0, 1).
£;(t) : [0,1] — [0,40c0) are continuous functions and ¢~ (T) € L,[0,1] for some
p>1and ¢ : R — R is an IHPHO satisfying ¢(0) = 0.

The following assumptions hold throughout the paper:

(Hy) £;:]0,400) — [0, +00) are continuous,
(Hs) there is a sequence {tx}72, such that

1 . I
O<tk+1<tk<§,kll)n;otk_t <§,tli>r&Tz(t)—+oo,keN,

i =1,2,---,n and Y,(¢) does not vanish identically on any subinterval of
[0, 1]. Moreover, thereexists A; > 0 such that

A <@ HYi(t) <oo for 0<t<1,i=1,2,---,n.
(H3) x be nondecreasing and of bounded variation function such that 0 <1 < 1

where
_ F(§ — G) ! c—1
i e

The rest of the paper is organized in the following fashion. In section 2, we construct
the kernel for the homogeneous problem corresponding to (1.1)-(1.2), estimate bounds
for the kernel, and some lemmas which are needed in establishing our main results are
provided. In section 3, we establish a criteria for the existence of infinite number of
nonnegative solutions for the boundary value problem (1.1)-(1.2) by applying Holder’s
inequality and Krasnoselskiis cone fixed point theorem in a Banch space. Also we
derive sufficient conditions for the existence of unique nonnegative solution to the
problem by an application of fixed point theorem in a complete metric space. Finally,
we provide an example to illustrate the main results of the paper.

2. PRELIMINARIES, KERNEL AND ITS BOUNDS

In this section, we list some definitions and lemmas which are useful for our later
discussions. Next, we constructed kernel to the homogeneous BVP corresponding to
(1.1)-(1.2), and established certain lemmas for the bounds of the kernel.

c[v)
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Definition 2.1. [1/] The Riemann-Liouville fractional integral of order v > 0 for a
function f: (0,00) = R is defined as

1

00 = g5 [ =9 (s

provided that the right side is pointwise defined on (0, 00).

Definition 2.2. [1/] The Riemann-Liouville fractional derivative of order v > 0 for
a continuous function f: (0,00) = R is defined as

o010~ i (@) [

where m = [y] + 1, provided that the right side is pointwise defined on (0, 00).

Lemma 2.1. [1/] The general solution to D), y(t) = 0 with v € (m — 1,m] and
m > 1 is the function

y(t) =it P F et P et G ER i =1,2,--- .
Lemma 2.2. [1/] Let v > 0. Then the following equality holds for y(t) :
D(;-:/Dg+y(t) = y(t) + Clt‘Yil + CZt’Y72 + -+ Cmt’y*mv c; € Rv 1= 17 27 e, M
and m is the smallest integer greater than or equal to 7.

Lemma 2.3. Let Q € C[0,1]. Then the unique solution of FBVP

@D w1 (t)) +Q(t) =0, 0 <t <1, (2.1)
{w§r><0):o, r=0,1,2,m—2, 22)
D§, w1(1) = fy wi(1)dx(v), '
18 given by
=)= [ Mo @) (2.3
where
N(t’T) = No(t,’f) + Im g71gX(T>7
1 i1l —1)s o -t -1, 1<t
M =g { RN t<m,
and

g (1) = / Ro (1, T)dx (T1).
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Proof. From Lemmas 2.1 and 2.2, the equation (2.1) reduces to the fractional integral
equation

t t— c—1
@i(t) = et et 24 et — /0 (FE[;))QO_l(Q(T))dT.

By using boundary conditions (2.2), we determined ¢c2 = ¢3 =+ =¢, = 0 and

_L ' _\s—o—1 ~—1 M 1w
o= [ = ) s [ e @axo.

So, we get

wl(t):/o No(t, 7)o (T ))dT+ Ll — o) 1/ w1 (T)dx (T (2.4)

After certain computations, we receive

/wl T)dx(T 7/ gx (D' (Q(1))dr.

Substituting into (2.4), we get (2.3). This completes the proof. O

Lemma 2.4. The function Rqo(t,T) satisfies below properties:
(i) Ro(t,T) is nonnegative and continuous on [0, 1] x [0, 1],
(i) Ro(t,1) < Ro(1,7) for £, € [0, 1],
(iii) there is some & € (0, 3) such that 5 Ro(1,7T) < No(t,7T) fort € [5,1-8],T €
[0,1].

Proof. It is easy to establish the results (i) and (ii). We prove (iii).
Let V(t, 1) =t"}(1— 1) ! — (t—1)*" ! for 0 <t <t <1 Then for 5 € (0,1), we
have

vit,T) =t (1 -1 = (=)t

A [C (1 _ ;)H]

> tgfl[(l _ T)C*O‘*l _ (1 _ T)C*l]
>8R (1,71).

Other case is trivial and hence proof of the theorem completes. O

Lemma 2.5. Let g (1) = No(1,7) + %gx(’r) The kernel X(t,T) has the fol-
lowing properties:
(i) R(t,71) is nonnegative and continuous on [0,1] x [0,1],
(i) N(t,7) < g;(’t) fort,T€[0,1],
(ili) there exists & € (0, 3) such that 5~ 'g}(t) < R(t,7) fort € [5,1-5],7 € [0,1].
(c]m)]
ga
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Proof. (i) and (ii) are obvious. To prove (iii), let & € (0,3) and T € [0, 1]. Then from
Lemma 2.4, we have

R(07) =Ro(t,D) + s g (o

>8R (1,1) + F(Fc()g(l_(?w)ég_lgx(ﬂ =5"gy(n).
O

We note that an /—tuple (w1 (t), wa(t), ws(t), -, we(t)) is a solution of the iterative
system (1.1)—(1.2) if

1
(1) = / R(t, )L X (D) (511(0) ] de, 1< 5 <1,
w1 (t) = wi(t), 0 <t <1,

ie.,

Y(m)fy (/01 N(T1,To)pp |:T(7'2)f2(/(;1 N(T2, T3)

x ! |:T(T3)f3</01 N(T3,T4) - -

w1 (t) :/0 R(t, 1)t

X fi 1 ( /0 (Tt [T(Tg)fg(wl(n))]du) o d’tg] d@] dr.

Let % denotes the Banach space C([0,1],R) with the norm |w]| = m[gui | (t)].
te(o,

For & € (0, 1), define the cone Ps C 2 by

= : > i > 551 )
Ps {w € () >0and min () >3 ||w(t)||}

For w; € Ps, define an operator € : Ps — B by

Y (11)f1 (/01 N(T1,T2)t |:T(T2)f2(/01 N(T2,T3)

x ! [T(Tg)f3</01 R(Ts, ) - -

Q1) () = / R(t, 7))

X foq (/0 N(Te—1,Te)p ! [T(Tz)fe(fm(ﬁ))]dw) = 'de]del dr,.

Lemma 2.6. Suppose (H1),(H2) and (Hs) hold. Then Q(Ps) C Ps and Q : Ps — Ps

is completely continuous for each & € (0, %)

Proof. Fix 8 € (0, 3). It is clear that £;(cw(t)) > 0 for all t € [0,1], and @ € Ps.
B
BE
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Now, by Lemma 2.5, we have

Y(r1)f1 (/01 R(T1,T2)p |:T(T2)f2</01 N(T2,T3)

<ot Ympsa [ Nt -

() (1) = / R(t, ) !

X le(/o N(Tgfl,"fg)(p_l [T(Tg)fg(wl(w))] dT[) B -dT3:| dT2‘| dTy

T(Tl)fl(/ol R(T1,To)p ! [T(Tz)b(/ol (T2, T3)

x 7! [T(T3)f3(/01 R(Ts,T4) -

1
< / g (1)

1
X fy_q (A N(’[’g,h Tz)gﬁ71 [T(Tg)fg(’wl (Tz)):l d’fg) e d’f3:| dT2‘| d’[’l

and

Y (1)1 </01 N(Ty,7T2)

te[5,1-3] te(d,1-8

min (Qc)(t) = min ]{/0 N(t, 1)

Y (m)E, (/01 N(Tl,Tg)go_l {T(Tg)fg(/ol N(T2,T3)

> 51 Qw)(1),

for all t € [0, 1]. Thus Q(Ps) C Ps. Furthermore, by an application of the ArzelaAscoli
theorem, the operator €2 is completely continuous. O

3. MAIN RESULTS

By utilizing following theorems, in this section we establish the existence of infinite
number of nonnegative solutions for the iterative system (1.1)—(1.2).

(<)
EE
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Theorem 3.1 (Krasnosellski). Let P be a cone in % and let A1, A2 be open open
sgbsets of B with Oﬁe A1, A1 C As. Then the operator Q2 has a fized point in P N
(A\AL). If Q2 : PN (A2\A1) — P be a completely continuous operator such that either

1) ||| < [|w|, @ € P NIAL, and |Qw| > |||, @ € PN OAs, or
2) ||| > ||=|, @ € P NoAL, and |Qw| < |=|, @ € PN oAs,.

Theorem 3.2 (Holder’s Inequahty) Let £ € L£Pi]0,1] withp; > 1, fori=1,2,--- ,n
and Z = 1. Then Hfi € £'0,1] and [T, £, < ITi-

i=1
fe [31[07 1] and g € £L>2[0,1]. Then fg € £1[0,1] and
1£gllr < [I£[l1/lglloo-
Consider the following three possible cases for w € £P[0,1] :

Z*<1 Z =1, Z*>1

21 lez

pi- Further, if

n

Firstly, we seek denumerably many positive solutions for the case Z — < 1

N Pq,

=1
Theorem 3.3. Suppose (H1), (Hz) and (H3) hold and let {51,}52 , be such that tr41 <
dp < ti, k = 1,2,3,---. Let {Rg}2, and {Sk}2, be two sequences satisfies the
relation

Ry < 52715]@ < 0S5, < Ry, k€N,

where

-1
1—-01
0 = max [ég 1H7\/ (T de] , 1

Further, assume that £; satisfies
(A1) £j(w(t)) < (M Ry) for allt € [0,1], 0 < w < Ry,

n —1
where Ny < Mg;HqH ng‘l(Ti)

Pi
i=1

(A2) £;(w(t)) > @(0Sk) for all t € [8x, 1 —8x], 8, 'Sp < @ < Sy.

Then the iterative system (1.1)~(1.2) has infinite number of solutions {(w1 ,wgc],- .

wl[zk])},;“;l such that wj[»k} (t)>00n(0,1),j=1,2,---,£ and k € N.
Proof. Let {A1,}72, and {Ag 5172, be any two sequences in B such that
Mpy={weZB:|w| <Rk}, NMojy={weAB:|w| < Sk}

Then {A;1 5132, and {Ag ;}32, are open. Let {51@}? 1 be a sequence as mentioned in
the hypothesis. Then t* < tp11 < & < tg < , for all k& € N. Define a cone Ps, by

Ps, = {w € % :w(t)>0and tE[éI:}iln;ék]W(t) > 52—1||w(t)||}
B
BE
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, for each k € N. Let @y € Ps, N IA1 k. Then, wi (1) < Ry = ||| for all T € [0, 1].
By (A1) and 0 < ty—1 < 1, we have

1 1
/0 R(te1, T [X(m0)Ee (@1 ()] dee < / £ (1) [T ()£ (70))]
1 n
S‘ﬁle/ g (Te)y 1[HT1 g ]dw

n

< M1Rk /; g;(TZ) H (p_l(Ti(T())dT[.

i=1

1
There exists a 9 > 1 such that — + Z = 1. So,
bi
i=1
1 n
| 8w Xt r)]de < kg | [ [Te7 (o
0 li=1

Pi

< ‘ﬂle’ 8y

Tl e

It follows in similar manner (for 0 < Ty_ < 1) that

< g;(TZ—l)Wil [T(Tl—l)fé—l(Rk)}dTg_l
/ g (te—1)p™ [ (7—1) ] dTes
0

n
/ gy (Te-1)p 1{HT1 To— 1]dTe 1
0 i=1

1
S%Rk/ g;(Tffl)H‘P_l(ﬁri(nfl»dwfl
0 .

N IA
5 B

< Rellglllq [T Il (70

=1

I,

< Ry.

=
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Proceeding with this bootstrapping argument, we get

T(Tl)fl(/ol N(Tl,Tg)QD_l [T(Tz)fg(/ol N(T2,T3)

x @1 |:T(T3)f3</01 N(T3,Ty) - -

1
() (1) = / R(t, 1)

1
< f0 ( JRECREAT [rm)fe(wl(m)]du) - dm} d@] a1,

< Ry.
Since Ry, = ||w1|| for @y € Ps, N OAy 1, we get
19 [| < [l - (3.1)
Let ¢ € [6k,1 — 8%]. Then,

= > t) > i 1) > 651 > 85y,
n=lmlz @) > | min @02 57 @] > 57

By (As2) and for ty_1 € [6), 1 — &1, we have

/0 N(Te—1, Tg)(pil [T(Tg)fg(wl (Tg))] dty

1—3
> 5! /6 g (te)g~ [T () 2e(mn ()]

1—0k
> 57105 / g% (1) (Y (r2)) e
k

1—0
=s7es, [ gm0 [[ o (Xinan

Ok i=1
n 1-61
> 857108, [[ A /5 g, (te)d
i=1 1

> Sk.

Proceeding with bootstrapping argument, we get

T(n)fl(/ol N(Tl,Tg)QD_l [T(Tz)fg(/ol N(T2,T3)

x ! |:T(T3)f3</01 N(T3,7Tq) - -

1
() (1) = / R(t, 1)

1
< f0 ( JRECREA [rm)fz(wl(n))]du) - dm} de] a1,

> Sk.
Thus, if @y € Ps, N OAs k, then
Qw1 || = [l |- (3:2)
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It is evident that 0 € Ag g, C sz C Ay . It follows from (3.1), (3.2) and Theorem 3.1
that the operator 2 has a fixed point wgk] € Ps, N (A1,5\Az2x) such that wgk] (t)>0
on (0,1), and k € N. Next setting wyy; = @, we obtain an infinite number of

nonnegative solutions {(wgk],w[zk],~ ey wék])}zozl of (1.1)-(1.2) given iteratively by

wj(t>=/0 R(t, 1) [T()f; (@55 (T)]dr, tE (0,1), j=£,0—1,-- 1.

The proof is completed. O
For Z — =1, we have the following theorem.
— Di
i=1
Theorem 3.4. Suppose (Hi), (H2) and (Hs) hold and let {85 }7° | be such that tp1 <
dp < tw, k = 1,2,3,---. Let {Ri}%2, and {Sk}2, be two sequences satisfies the
relation

Riy1 < 8,718, <08y < Ry, keN.

where 0 is defined in Theorem 8.8. Further, assume that £; satisfies (Az) and
(As) £(w(t)) < @(M2Ry) for allt €[0,1], 0 < w < Ry,
n -1
lexll.c ITle~ Crall,,
i=1

where Ny < ,0

Then the iterative system (1.1)-(1.2) has an infinite number of solutions {(wgk] , wgk], -

-,wék])}iozl such that w][-k](t) >0o0n(0,1),j=1,2,---,£ and k € N.

Proof. For a fixed k, let A1 be as in the proof of Theorem 3.3 and let w; € Ps, N
OAz . Then, we have wy(t) < R = ||wy]], for all T € (0,1). By (As) and for
To—1 € (0,1), we have

1 1
/0N(Te_l,w)sfl[T(Te)fz(wl(ﬁ))}dwS/O go (1) [ Y (70) £ (w1 (7)) dee

Sngk/O g;(’t@)@_l[r(ﬁ)]d’tg

1
<o [ g;m)so-l[ mm]dw
0 .

n
1=

1
n

< MR /0 g2 () [[ ¢ (Yi(ro)d,

i=1

< My g HH e~!(T)
=1

Pi

Pi

<oy e TT e~ (T
i=1

< Ry.

=
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It follows in similar manner (for 0 < Ty—_o < 1) that
/01 N(Tp o, Te_1)p " {T(Tgl)le(Al N(To_1, 7o)t [T(Tg)fg(ﬂl(n))]dwﬂ dto_;
< /01 N(Te—2, Te—1)@ [ Y (Te1)E0—1(Ry)]dTes
< /Olg;(”fz—ﬁw1[T(Tz—1)fe—1(Rk)}de—1
S‘ﬁsz/ ge(te—1)e [ (re—1)]dTey
S‘ﬁsz/ gy (Te—1)p 1{ﬁTz (Te-1) ]d’fe 1
i=1

1
ga@Rk/‘gxuﬂ4>IIw*%Txnfnyhﬂ4
0 i=1

<Ry lgilla [T e (ra)l,,
=1
<R,.

Continuing with this bootstrapping argument, we get

T(Tl)fl(/ol N(Tl,'tz)go_l [T(Tz)fg(/ol R(T2,T3)

x ! |:T(T3)f3</01 N(T3,Ty) - -

1
X fp_q (/0 N(Tgfl,’l‘g)(pil [T(Tg)fz(wl(’rg))] dT[) < dT3:| dTg] dT,

< Ry.

mwmwaAanw*

Since Ry = ||w1]| for wy € Ps, N OA1 1, we get
191 || < [l ]]. (3.3)
Rest of the proof is similar to the proof of Theorem 3.3. Hence, the theorem. O

1
Lastly, the case Z — > 1.

= Pi
Theorem 3.5. Assume that (H1) — (Hs) hold and let {5;}72, be such that tp41 <
dp < ti, k = 1,2,3,---. Let {Rg}?2, and {Sk}2, be two sequences satisfies the
relation

Riy1 < 8,718, <08y < Ry, keN.
where © is defined in Theorem 3.3. Further, assume that £; satisfies (Az) and

(el
BE
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(A1) £;(w(t)) < @(M3Ry) for allt € [0,1], 0 < w < Ry,

-1

n
where N3 < ||g;||OOH||<P71(Ti)H1 0
i=1

Then the iterative system (1.1)—(1.2) has an infinite number of solutions {(wgk],

wgc],- . -,wék])}i"zl such that wj[.k](t) >00n(0,1),j=1,2,---,£ and k € N.

Proof. The proof of the present theorem is similar to the proofs of Theorem 3.3 and
Theorem 3.4. So, we omit details here. O

4. UNIQUENESS OF POSITIVE SOLUTION

In this section, we establish the existence of a unique positive solution of the
problem (1.1)—(1.2) by using fixed point theorem. In this regard, by Q we denote the
class of functions © : (0,00) — R satisfying the following conditions:

(i) © is strictly increasing;
(#9) For each sequence {t,} C (0, +00),

lim ¢, =0 < lim O(¢,) = —oc;

n— 00 n—oo

(#43) There exists « € (0, 1) such that
lim ¢*O(t) = 0.

t—0+

Examples of such functions are ©(t) = —%, O(t) =Int, O(t) = Int + 1, etc.

Theorem 4.1. [31] Let (X,d) be a complete metric space and T : X — X a mapping
such that there exist A > 0 and © € Q satisfying for any w, ¥ € X with d(Tw, TY) > 0,

A+ O(d(Tw, TY)) < O(d(w,v)).
Then T has a unique fixed point.

In the next theorem, we establish the existence of unique positive solution of the
problem (1.1)—(1.2). For this purpose, let us take g;(¢,@) = Y(¢)f;(w) such that

li i(t,) = oc.
lim_g;(t,) = oo
Theorem 4.2. Let 0 < a < 1, g; : (0,1] x [0,00) be continuous and t*g;(t,w) be

continuous function on [0,1] x [0, 00). Assume that there exists a constant A > 0 such
that for w, ¥ € [0,+00) and t € [0, 1],

(Hy) o7 (0) = o7 (@) < |0 — ],

[0 — |
cli+ayio—=l|
Then Problem (1.1)~(1.2) has a unique positive solution.

(<)
EE

(Hs) t%g;(t,9) — g;(t,@)| < 5, where C' = fol g (t)T~dr.
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Proof. Consider the cone X = {¢ € C[0,1] : ¥ > 0}. Notice that X is a closed subset
of C[0, 1] and therefore, (X,d) is a complete metric space where

d(w, V) = sup {|@(t) — I(t)| : t € [0,1]} for @, € X.

Now, for w; € X we define the operator T by

(T ) (8) = / N e [gl ( / N e [gg ( / N(roa)

1
X SD_l |:g3 <7—37/ N(T37T4) ce
0
1
X gr—1 (Tg_l,/ N(Tg_l,’fg)tp_l [fg(Tg, wl(Tg))] dTg) e d’t3:| dTg] dTy.
0

Since Y (t)£,(w1(T)) > 0 for all T € [0,1], ¥1 € X and R(¢,T) > 0 for all ¢, € [0,1], it
follows that (Twy)(¢) > 0 for all ¢ € [0,1], w; € X. Therefore, T applies X into itself.
For 7, € [0,1], we have

1
/ Te 1,’54
0

1
¢ (T¢, w1 (T0) ]d’fe*/ N(Te—lv’fz)sfl[gz(Teﬁl(TZ))]dW
0

/ (o1, 7Ty T e (1 (7)) — o7 01 (7)) e
C

|1 — V4|

+A\/|’ZD1 ’191

d(w1, 191)

[1 + ?\\/d(wl,ﬁl)P

IN

and note that

[1+AVd(@1,01)]> > [T+ 02 =

Similarly, for t,—; € [0, 1], we have
1 1
‘/ N(Te—27Te—1)sfl[ge—1(Te—1,/ N(tp—1,T0) " [ge(Te, @1(7e)) | de)]dto—1
0 0

1 1
—/ N(Tp—2, To1 )" [gz—1(7'e—1,/ N(te—1,70)0 " [ge(Te, V1 (7e))] dre)|dTe—s
0 0

g/o N(Tp—2, Te—1)T, 1[1+;% }/[ (1+7\~0)2]dT5_1

< /1 g* (Tg 1)T7“dTg 1 d(WI7191)
“Jo T O 4 AA(m, 0h))?
d(wl,ﬂl)

T+ AA(w, 02
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Continuing in this way, finally we get
d(Twy, TY1) = max |(Twy)(t) — (To)(2)]
te[0,1]

)

< d(w17191)

N []. + A\/d(wl,’ﬁl)P
That is

1 1

_ < _

\/d(Twl,Tﬂl) - d(wl,ﬂl)
and the contractivity condition of the Theorem 4.1 is satisfied with the function
o) = —% which belongs to the class Q. Consequently, by Theorem 4.1, the operator

T has a unique fixed point in X. This means that Problem (1.1)—(1.2) has a unique
positive solution in C[0, 1]. O

5. EXAMPLES
Example 5.1. Consider the following fractional order boundary value problem,
(DY 2 (1) + T(1)E (w1 (1) =0, 0<t <1, j=1,2,

wip1(t) =wi(t), 0 <t <1, (5.1)

;(0) = @(0) = 0, D e, (1) = / w;(7) dx(7),
0

where
.
T+ T
p(w) =
w?, w >0,
and
T(t) = Ti(t) - Ta2(?),
in which 1
Ti(t) = and Yo(t) =
11 T
[t — 72 It — 52
0.09 x 10716, w € (1071, +00),
15400><1100:((121’1;8;:1%.9?&10*16’“ (w— 10—16k) 40.09 x 1016k,
w e |:10—(16k+8)7 10—16k:| ’
fj(w) =
15400 x 10~ (16k+8) w € (5;/2 x 107 (16k+8) 1o—<16k+8>>,
—(16k+8) _ —(16k+16) _ _
o o terrter— (@ — 107005 19) 4 0.09 x 10710819,
53/2 x10 10
we (10*“6’““6’, 375 X 10*(16“8)],

=
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(5.2)
for j=1,2, and
t, te[0,1/2)U[2/3,5/6),
xt) =1 3 te[1/2,2/3),
g, t € [5/6,1].
Let ‘
31 < 1 1
b= =y 8= =(t; + 1 i =1,2,3,---
7 64 ;4(7‘—&—1)4’ J 2(J+ 1) J 12,3,
then
s 1 1 15
"T32 648 32
and )
tj+1 < 6j < tj, 5j > 5
Therefore,
) 1
-1 .
6; >W7]_172’3"“
It is easy to see
15 1 1
th=—<-,ti—tix1=——-—,7=12,3,---.
1 32 < 2’ J Jj+1 4(]+2)43 J 9 737
Since i L m and i ! il it follows that
i — = —=—,i W
L5190 L2 g
Jj=1 j=1
31« 1 47 w1
= limty = =y = =
i = 6 ;4(2'“)4 64360 5
1
Ty,To € LP[0,1] for all 0 < p < 2, SO Ay = Ay = .
1, Lo [0, 1] p 1 2 73
F(§ B U) /1 s—1
n=—x——"[ T dx(7)
I'(<) 0
4
=—— x 0.2698528306 ~ 0.203
3/
n 1-5; 3/2 1-1s4 L
15 1 1 327 648
s—1 . * — = _ _—_ _
85 H?\/B g, (te)d (32 648) x 3 /g_i 1.786 x Ro(1,T)dT
-1 1 327 648
~0.0080582873.
1
So, 8 = ——— 1, = 124.0958
© max{0.0080582873’ }
1 a
lgxlle = U Ig;("c)|qd"c} < 1.198085222 for ¢ = 2.
0
a0
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Next, let 0 < ¢ < 1 be fixed. Then Y1, Ty € £1+£[0,1]. It follows that

]_ 3—e 1+e

1
_ =
||8071(T1)||1+5 = |:3_E (3 4+ ].) 272 :|

o (Tl = [ (25 +1) /7|
So, for 0 < e < 1, we have
-1
< 0.3441810494.

0.3024442806 < b gx

—1
qH HSD (Ti)”pi
i=1
Taking M; = 0.302. In addition if we take
Ry = 107%, ry, = 104+,

then

1
Rpy1 = 107Gk < =373 % 107G < 551y

<rp =107 < Ry = 107%,

Ory = 124.0958 x 10~ B+ < 0.302x 107%% = My Ry, k= 1,2,3,--- ,and £;(j = 1,2)
satisfies the following growth conditions:

£;(w) <p(K1Rg) = MER? = 0.091204 x 1071%% | ¢ {0, 1016’<}
£(w) > p(0r) = 927"%

=15399.56902 x 10~ 1k+8) " o ¢ {31/2 x 107 (16k+8) 10<16k+8>]

) 5 ) *
Thus, all conditions of Theorem 3.3 are satisfied. Therefore, by Theorem 3.3, the
boundary value problem (5.1) has denumerably many positive solutions {wﬁk]}z‘;l

such that 105+ < ||| <1078 for j = 1,2, and k =1,2,3,--- .

6. CONCLUSION

The research of fractional order differential equations with integral boundary con-
ditions has become a new area of investigation. Moreover, our problem may have
singularities. By the use of cone fixed point theorem in a Banach space, we deived
the sufficient conditions for the existence of infinite number of nonnegative solutions
and by fixed point theorem in a complete metric spaces, uniqueness of nonnegative
solutions for the problem are acquired. An example is presented to illustrate the main
results. The conclusion obtained in this paper will be useful in the application point
of view. Also, we expect to find some applications in more nonlinear problems.

(<)
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