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Abstract In this work, we consider a logarithmic nonlinear viscoelastic wave equation with a
delay term in a bounded domain. We obtain the local existence of the solution by
using the Faedo-Galerkin approximation. Then, under suitable conditions, we prove
the blow up of solutions in finite time.
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1. INTRODUCTION

In this paper, we are concerned with the following the logarithmic nonlinear vis-
coelastic wave equation with delay term
ugy — Au + fotg (t —s)Au(s)ds + prus (x,t) + pous (x,t —7)
:u|u|p_21n|u|k, z e, t>0,

u(z,t) =0, x € 01, (1.1)
ug (x, t —7) = fo(z,t —7), in (0,7),
u(z,0) =up (x), w (x,0) =u (z), x €,

where Q is a bounded domain of R", with a smooth boundary 0. p > 2, k, u
are positive constants, po is a real number, 7 > 0 represents the time delay and
the functions ug, u1, and fy are the initial data to be specified later. This type of
source term (u |ul|” 2ln |u|k) appears naturally in nuclear physics, optics, geophysics,
supersymmetric and inflation cosmology (see [1, 3]).

In the absence of the source term (u |u’?In|u|*), the equation (1.1) reduces to
the following viscoelastic wave equation

t
ug — Au+ / g (t—s)Au(s)ds+ prue (x,t) + pou (x,t —7) = 0. (1.2)
0
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Kirane and Houari [5] studied the equation (1.2) with suitable initial-boundary value
conditions. They obtained the well-posedness and the energy decay of solutions for
the concerned problem, under the restriction 0 < po < pp. Later, Dai and Yang [2]
improved the result of [5] under weaker conditions.

In the absence of the viscoelastic term (g = 0), the equation (1.1) reduces to the
following logarithmic nonlinear wave equation

U — A A+ pyug (2, 1) + poug (2,6 — 7) = w P> In ful* . (1.3)

In [4], Kafini and Messaoudi studied the local existence and the blow up result of the
equation (1.3). In [7], Nicaise and Pignotti considered the following wave equation
with a linear damping and delay term inside the domain

ugr — Au+ pyug (x,t) + pouyg (x,6 —7) = 0.

They obtained some stability results in the case 0 < ps < 1.
Yang et al. [10] introduced the following equation

utt—Au—l—/O gt —s)Au(z,s)ds + prus (x,t) + pous (2, — 7 (1)) = h(z),
(1.4)

to prove the global well-posedness and stability which generates a gradient system.
Moreover, they presented the effect and balance between damping and time-varying
delay.

The main purpose of this paper is to establish the local existence of solution by
using the Faedo-Galerkin method and the sufficient conditions for the blow up to the
logarithmic nonlinear viscoelastic wave equation with delay term.

This paper is organized as follows: In section 2, we recall some notations and
hypotheses. In sections 3 and 4, we state and prove our main result.

2. PRELIMINARIES

In this section, we present some material for the proof of our result. As usual,
(-,.) and ||.[, show the inner product in the space L?(Q) and the norm of the space
LP (), respectively. For brevity, we denote |||, by ||.||-

The memory kernel g (¢) : [0,00) — [0,00) is a nonincreasing and differentiable C*
function satisfying

17/ g(s)ds=1>0, (2.1)
0
and that pq and po satisfy

Tl <& <7 (2u1 — |p2l),  |p2l < pur. (2.2)
We make the following extra assumptions on g

Clus2|® _ p(l—a)—2

t
95209 (<0, [ gls)ds< B2 (2.3
4n

(<)
EE
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Let B, > 0 be the constant satisfying
[vll, < By Vo], for v e Hy (). (2.4)

By using the direct calculations, we have

¢
/ g (t—s) (Vu(s), Vug (£)) ds
0
1 s 1,
= Lo IVu I+ (o'oVe) (1)
1d ¢ 5
=57 |(oVu) (@) = | [ g(s)ds | [Vu(®)"], (2.5)
2dt 0
where
! 2
(goVu) (t) = / g9t =s)[Vu(t) = Vu(s)|]" ds.
0
As in [8], let us introduce the function
z(@,pt) =ue (z,t —7p), €Q, pe(0,1), > 0.
So, we have
Tz (x,p,t) + 2, (x,p, 1) =0, 2 €Q, pe(0,1), t > 0.
Then, the problem (1.1) can be transformed as follows
gt (2, 1) — Au (z,t) + fgg (t —s8) Au(z,s)ds

+:u’1ut (:Evt) + Haz ($7 17t)
= u(z,t) |u(z, )P 2 Infu(z, 1), in Q x (0,00)

72 (2, p,1) + 2 (€, p,1) =0, in Q@ x (0,1) x (0,00) (2.6)
Z(x7p70):f0(xa_p7-)a IHQX(O71)
u(z,t) =0, on 082 x [0,1)

w(2,0) = ug (), ug (2,0) = ur (a), in Q.

For any regular solution of (2.6), we define the energy as
1 k 1 1 !
B0 = gl + S+ 3 0oV 0+ 3 (1- [ g ds) vul?

1
1
+§// \z(m,p,t)|2dpda:—f/ lulP In |u|® dz, (2.7)
2 JaJo P Ja

where

(gov) () = / g(t—7)llo(t) — v ()|2dr
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We also set

H({t) = —-E(t / |u|pln|u| der — = ||ut||

1 /t ) 2
—— (1= g(s Vu P
2( (5)ds ) IVl = 2l
1
—§(g0Vu // |z (z,p,t | dpdzx
to prove our main result.

The following lemma shows that the associated energy of the problem under the
condition p; > |usg| is decreasing.

Lemma 2.1. Let u be the solution of (2.6). Then, for some Cy > 0,

B0 < ~Co | [ (Il + 12 (o L0) do = (/0 0) () +.9 () [Vl | <0
(2.8)

Proof. Multiplying the first equation in (2.6) by u; and integrating over Q and mul-
tiplying the second equation in (2.6) by (£/7) z and integrating over (0,1) x Q with
respect to p and & summing up, we get

d( Ll ® + 5 (1= Jy 9 (s)ds) [ Vuf? )

dt (goVU)( )+ 2 ullh = 2 fo lul” nful da

+§£// |2 (z, p, )| dpdw

1
= [l da 5 (5% ) () - 590 |Vl
Q

1
fg// 22 (x,p,t)dpdxfug/utz(x,l,t)dx. (2.9)
T JaJo Q

Now, we estimate the last two terms of the right-hand side in (2.9) as follows:

1
—§// 2z, (z,p,t) dpde = // — 2% (x, p,t) dpdx
T JaJo

= 27 ( (2,0,t) — 2% (2,1,1)) dx

§ (/ 2 2
= = lue|"de — | 2°(x,1,t)dx
21 \Ja ' Q
i [werae < B2 ([Pt [ | 1ofa).
Q Q Q

and

(<)
EE
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Hence, we get

dE (t) 13 | 2] / 2
< = - ==
dt - (/'Ll 27' 2 Q |Ut| dx

(5 -1 [E@rofa

+(g'oVu) (t) — g (1) [|Vul*. (2.10)
By (2.2), for some Cy > 0, we have

Jo (el + 12 (2,1, ) da) da ] <0

£ (t) < —Cy 9
= (g'oVu) (t) + g (t) [ Vull

O

Lemma 2.2. [4].There exists a positive constant C > 0 depending on Q only such

that
s/p
(/ |u|pln|ukd:c> ch |u|pln|u|kdx+||Vu||§],
Q Q

for any w e LPT1(Q) and 2 < s < p, provided that [, |u[’ In lu|" dz > 0.

Lemma 2.3. [4].There exists a positive constant C > 0 depending on Q only such

that
k 2/ 4
(/Q |ul? In |ul dx) + Va3, (2.11)

provided that [, [ul” In |u|* dz > 0.

2
lully <€

Lemma 2.4. [4].There exists a positive constant C > 0 depending on Q only such
that

2
ey < € Il + I 70l3] . (2.12)
for any u € LP (Q) and 2 < s < p.
3. LOCAL EXISTENCE

In this section, we show the following local existence of solution for the problem
(2.6).
Theorem 3.1. Assume that
pa > |p2l,ug € H* (Q)NW,u0 € W and fo € L* (2 x (0,1)),

then there exists a unique solution (u,z) of problem (2.6) defined on Q x (0,T) for
some constant T > 0 satisfying

we L>® (0, T;H> () NW), u€L®(0,T;W)
where (u,v) = [ u(z)v(x)da is the scalar product in L? () and
W ={ueH*(Q);u(0)=u (0)=0}
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is the closed subspace of H? (Q) endowed with the norm equivalent to the usual norm
in H? (). The Poincare inequality; there exists some positive constant B such that,
[ull, < Bluell, p > 2, holds in W.

Proof. We prove this theorem by Faedo-Galerkin’s method. We will give sufficient
conditions that guarantee the local existence of the problem (2.6) by using Faedo-
Galerkin procedure. In the next step, we obtain an approximate solution to the
problem (2.6).

The first estimate: Let {%}Zczl be a complete orthogonal system of W and
Wy = span{¢1,--- ,dn}, for each m € N.
Moreover, we define V,,, = span {11, ¥}, m € N and we can find a set of bases
{¢y (x, p)}"_,, which is a subset of L? (Q x (0,1)) such that

wr(x,O):ng(x),lSrgm.

Choosing {uom } and {vom} in W, and {zom} in V,,, such that ug,, — ug strongly in
W, vom — vo strongly in W, and zp, — fo strongly in L? (2 x (0,1)). We will seek
approximates solution in the form

Z¢r grm )

xpv Zwk xp rm )

We say that (u,, (t), zm (t)) are solutions of the following problem,

Jo tumerdrdr — [ Auporde + [, fot g (t — s) Auy, (z,s) prdsdz
+fQu1umt (J? t) ¢7dx+fgﬂ2zm m,l,t) ¢rdx
= Jo tm |um|”™ 21 |up|* ¢pdz, in Q x (0,T)
Jo [72me (2, 0,) + 2mp (2, p,t)] $rda = 0, in (0,1) x (0,7) (3-1)
Zm ((E Ps ) me (.’t, _pT) ) in O x (0’ 1)
m (2,t) = on 90 x [0,1)
m (, )—u0m( )y Umt (2,0) = upp (), in Q.

We obtain (3.1) has a unique solution (grm (t), hrm (), defined on (0,T) by using
the theories of ordinary differential equations. In the next step, we obtain a priori
estimates for the solution of the problem (2.6).

The second estimate: Taking into consideration the initial boundary value con-
ditions and multiplying the first equation of (3.1) by g..,. (t), integrating over (0,t)

(<)
EE
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and using integration by parts, we get
1 1
- / |umt|2 de + = / (goVun,) (t) dx
2 Ja 2 Ja
1 ¢ 2
+= 1— [ g(s)ds | |Vun| dz
2 Ja 0
k 1 i
+— umpdx—f/ U |P I |10y, |© d
e lumlly , Q| " I [uy, |
t ) t
+p1 / [|wme||” ds + ug/ / Zm (2,1, 8) Uy (z, 8) dsdx
0 aJo
1t 1 [t 9
—— (¢'oVum) (s)ds+ = | g(s)||[Vuml|” ds
2 Jo 2 Jo
1 k 1
= 5 ol + o5 el + 5 (90¥aan) 0

1 ¢ 1
—|—§ (1 —/ g(s) ds) ||Vu1m||2 — f/ |1 |” ln|u1m|kdx. (3.2)
0 PJa

For more details about logarithmic source terms, please see the work of Nadia et al
[6] We suppose that the constant £ > 0, multiplying the second equation of (3.1) by
(&/7) hym (t) and integrating over (0,t) x (0, 1), we obtain

£ 1 é— t 1
S / / 2 (2, p, ) |* dpdz + > / / / Zmpzm (2, p, 8) dpdads
2 Ja Jo T Jo JaJo

€ 2
Y ||20m||L2(Qx(o,1)) (33)

Using the second term in the left-hand side of (3.3), we have

¢ 1
/ / / ZmpZm (T, p, 8) dpdxds
o JaJo
1t 1
= f/ / / ngn (z, p, s) dpdxds

_ // (2,1,8) — 22, (2,0, )] duds. (3.4)

Adding (3.2) and (3.3) and using (3.4), we get

t t
En(0) = Em(t)—l—ul/o Humt||2ds+u2/g/0 Zm (2,1, 8) ums (2, 8) dsdx

1/t 1/t
5/ (g'oVun,) (s )ds+§/0 g (s) ||VumH2ds

/ / (z,1,5) — 22, (2,0, )] dzds, (3.5)

(el
BE
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1 1
En(t) = §/Q|umt|2dx+§(gOVum)(t)

+%/Q <1/0t9(8)d8> |V, |* da

k " p k 3 2
o el = 5 [ o+ ol ooy - (36)

Application the Young inequality and Sobolev Poincare inequality, we get

t
E, (t)+ (ul — % — |M22> /0 e | ds

§ _ lpal /t/ 2
+<2T 5 ; Q|Zm($7175)| dxds

1 [ L[t
_7/ (9'0Vun) (s)ds + f/ 9(5) [ Vum(s)])* ds
2 Jo 2Jo
< En(0).
Moreover by choosing 7 |us| < & < 7 (2u1 — |p2]), we obtain

£ |u2 £ |us2
Do=puy——=——-——7—>0, Dj=—=—— >0;
0=# 2T 2 =5 ! 2T 2 >

by this way, we get
t t
Em(t)—l—Do/ |umt|2ds+D1/ /|zm (2,1, )| duds
0 0 JQ

,%/0 (g'0Vun) () ds+%/0 9(8) [[Veum(s)|2 ds 57
< B (0).

Because the sequence {uom}, {vom}, and {zom} are convergent, we can get some
positive constant K, independent of m such that

E,, (t) < K.. (3.8)
By combining (3.6) and (3.8), we find
{um} is bounded in L*° (0,T; W),
{umt} is bounded in L (0,T; W),
{zm} is bounded in L> (0,73 L (Q) x (0,1)).
For this reason, we finalize that
{um} — v weak star in L> (0,T; W),
{ume} — uy weak star in L= (0, T; W),
{zm} — 2 weak star in L™ (0,T; L* () x (0,1)).
(c]m)]
ga
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We know that the embeddings H? () < H! () < L? (Q) are compact, from Aubin-
Lions theorem (see [9]), we arrive that there exists a subsequence {u;} of {u,,} such
that

{u;} = u strongly in L? (0,75 H' (€)) .
So, we get
{u;} = u strongly and a.e. on Q x (0,7).
Thus, the proof is completed. (For more details see [11]) O

4. BLow UP

In this section, we investigate the blow up of the solutions in a finite time for the
problem (2.6). For the blow up of solutions, we modified the method of [4].

Theorem 4.1. Assume that (2.2) and (2.3) hold. Let
{ 2<p< 2=l ir >3

n—2 7

p>2, if n=1,2,

< i 1 pl=a) - Suppose further that

50 = 5 (1 [ 96 Ivual? +  fual?

k 1
o ||u0||p—f/ o In [uo|* dar

and n

—|—; (goVug) ( 5 / / 13 (x, —p7) dpdx
< 0. (4.1)
Then the solution of (2.6) blows up in finite time.
Proof. Recalling (2.8), we obtain
E(#)<E(0)<O0

Therefore,
H () = —E{#)>C Jo (Iutl + 2 (2,1,8)| )dx
—(g'oVu) (t) + g (1) |Vl
> Cy /1 2% (x,1,t)dx > 0, (4.2)
and ’
0< H(0) / |u|pln|u| da. W
We set

L(t)=H">(t)+ E/ uurdx + %16 ulde, t >0,
Q Q
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where € > 0 to be specified later and
2(p—2) p—2
p2 <a< %
A direct differentiation of L (t) gives
L) = (L—a)H @) H (1) + ¢ |lul* — < | Vul*

—Efto / uz (z,1,t) dx
Q

e (/Q/Otg(t—s)Vu(s)Vu(t)dsdac)

+5/ |’ In|u|* dz.
Q

<1

Using Vd > 0

1
76#2/ uz (x,1,t) dx < eus| <§/ wide + — | 22 (x,1,t) dz) ,

and for some number 7 > 0,
/0 gt — ) (Vu(s), Vu(t) ds
= /0g(tfs)(Vu(s)—Vu(t),Vu(t))ds
t — ) ||[Vu (t)||* ds
+ [ att=9|Vut)a

Y

(-4 g (s) ds [Vu (0] — n (g0Vu) (1),

by (4.5), we get

I R e LU R

(1= (1= 1) [[aras) ival?

—en (goVu) (1) + 6/ lul” In |u\k dx — &6 | s ||uH2 )
Q

(4.8)

By taking 0 so that |us| /40Cy = kH~*(t), for large k to be specified later and

substituting in (4.8), we obtain

L'(t) = [(1—a)—ek]H (&) H'(t) +¢ Judl

(-8 (9 5] vl

2
—en (goVu) (t) — elpa]” pra (t) ||u|\2+8/ﬂ|u|pln\u|kda:.

4kCy

=
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For 0 <a <1, we get
L'(t) > [1—a)—ek]H (@) H (t) +€a/ [ul? 1n|u|kdx
Q

1—a)+2
p P02, )

+e (27(1_2‘1)_2 (14177])(12_G)> /Otg(S)dS) [Vul®

L)y Bl e g p -y )

) »~ 1kC,
( n+p(1)) (goVu) (1)
+5 ed-a) pﬁ// (x, p,t) dpdz. (4.9)

Using (2.11), (4.3) and Young’s inequality, we obtain

HY (1) Jull2 < (/ |u|p1n|u\’“d:c) a2
a+2/p
</ luf? In [u]* dac) (/ luf” In ul* dac) V|
(pa+2)/p ap/(p—2)
(/ |ul? ln\u|kd:r> + | V|2 + (/ [ul? ln\u|kd:r> .
Q Q

2

2<ap+2<pand?2< ap2§p.
p—

A\

C

IN

IN

By (4.4), we get

Therefore, Lemma 2.2 provides
H* (t) [lull3 < C (/ Jul” 1o ful* dz + |w|§) (4.10)
Q

Combining (4.9) and (4.10), we get

L@ > [(1—a)—sk]H‘°‘(t)H’(t)+e< 4|:é0>/|upln|u| dx

pl—a)—2 Clpf 1 p(-a /t 2
+€< 5 Co +(1 I 5 Og(s)ds (IVull

+5<—n+p(12“>) (g09u) (0 + L=
A Ty
e(l—a) p§// (2, p, t) dpdz. (4.11)

(el
BE
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Here, we choose a > 0 so small that

1l—a)—2 1-—
PU=a)=2  ndy<20=9
2 2
and k so large that
(1—a)—=2  C|u2|?
£ 2 2_ 41562‘0 >0,
a— Sy >0,

Clugl? _p(i—a)-2

t ikC 2
fO g (S) ds < l_oi_p(lfa)
in 2
Once k and a are fixed, we choose £ so small so that

(1-—a)—ck>0,

H (0) —|—5/ upurdx > 0.
Q
Hence, for some A > 0, the estimate (4.11) becomes

L) = M@+ ful? + 1Vul* + Jull} + (907u) ()]
1
+A [// 22 (x,p,t)dpdx+/ u|pln|u|kda:}
QJo Q

L(t)>L(0)>0,t>0.

and

Next, using Holder’s inequality and the embedding [|ul[, < C [|ul|, , we get

/ uusdx
Q

and exploiting Young’s inequality, we get

Ve /(1=a) 6/(1—a)
[z <0l O ).
Q

IN

[l [[uell

IN

Clull, [lutll;

(4.12)

(4.13)

(4.14)

for 1/pu41/6 = 1. To be able to use Lemma 2.4, we take = 2 (1 — «) which satisfies

p/ (1—a)=2/(1-2a) <p. Thus, for s =2/ (1 — 2«), estimate (4.14) yields

1/(1—«) )
[z < 0 (lully + )
Q

Therefore, Lemma 2.4 gives

1/(1-a) , ,
[ s < € [Iull? + 3+ ul]
1]
oo

(4.15)
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Hence,
e 1/(1-a)
LY=oy = (Hl_"‘ (t) +5/ uurde + —/ u2dx)
Q 2 Ja
1/(1-a)
< C|H(@t)+ /uutdx + ||u||g/(1_a)]
Q
1/(1—a) /1
< CI|H(@) + /uutda: + ||u||p/( —)
Q
< CHO+Vull} + w3 + lul?] , ¢ > 0. (4.16)
Combining (4.12) and (4.16), we obtain
L' (t) > ALY =) (1) ¢t >0, (4.17)

where A is a positive constant depending only on A and C.
A simple integration of (4.17) over (0,t) yields

1
Lo/ 0=2) () > .
1) 2 7= (0) — Aat/ (1= o)

Hence, L (t) blows up in time

l-«a
TET = e
Consequently, the solution of problem (1.1) blows up in finite time 7% and T* <
Wﬁuw. O
5. CONCLUSIONS

In recent years, there has been published much work concerning the wave equation
with constant delay or time-varying delay. However, to the best of our knowledge,
there was no blow-up result for the logarithmic nonlinear viscoelastic wave equation
with delay term. Firstly, we have been obtained the local existence result by using the
Faedo-Galerkin approximation. Later, we have been proved that blow-up of solutions
for the problem (1.1) under the sufficient conditions in a bounded domain.
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