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Abstract Fractional integral operators play an important role in generalizations and extensions
of various subjects of sciences and engineering. This research is the study of bounds
of Riemann-Liouville fractional integrals via (h — m)-convex functions. The author
succeeded to find upper bounds of the sum of left and right fractional integrals for
(h —m)-convex function as well as for functions which are deducible from aforemen-
tioned function (as comprise in Remark 1.2). By using (h — m)-convexity of |f/| a
modulus inequality is established for bounds of Riemann-Liouville fractional inte-
grals. Moreover, a Hadamard type inequality is obtained by imposing an additional
condition. Several special cases of the results of this research are identified.
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1. INTRODUCTION

The convexity of functions is a basic concept in mathematics, its extensions and
generalizations have been analyzed in various directions. For example the (h — m)-
convexity is the generalization of convexity that contains h-convexity, m-convexity,
s-convexity defined on the right half of real line including zero (see, [14, 19] and
references therein).

Definition 1.1. Let J C R be an interval containing (0,1) and let A : J — R be a
non-negative function. We say that f : [0,b] — R is a (h — m)-convex function, if f
is non-negative and for all z,y € [0,b],m € [0,1] and « € (0, 1), one has

flaz +m(1 = a)y) < h(a) f(z) +mh(l —a)f(y). (1.1)
The following Remark 1.2, elaborates all possible outcomes of Definition 1.1.

Remark 1.2. (i) By setting m =1 in (1.1), it reduces to the definition of h-convex
function.

(ii) By setting h(a) = a in (1.1), it reduces to the definition of m-convex function.
(iii) By setting h(a) = @« and m = 1 in (1.1), it reduces to the definition of convex
function.
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(iv) By setting h(a) =1 and m = 1 in (1.1), it reduces to the definition of p-function.
(v) By setting h(a) = a®, 0 < s <1and m =1 in (1.1), it reduces to the definition
of s-convex function of second sense.

(vi) By setting h(a) = = and m = 1 in (1.1), it reduces to the definition of Godunova-
Levin function.

(vii) By setting h(a) = -5 and m = 1 in (1.1), it reduces to the definition of s-
Godunova-Levin function of second kind.

Therefore, the results which will be established in this research, are applicable for
all functions described in an aforementioned remark.

Inequalities always have been proved important in almost all branches of pure and
applied sciences; inequalities are used in establishing the mathematical models of real
world problems, and finding their solutions. Convex functions are considered much
valuable in enhancement of theory of inequalities, the convexity takes place a very
important role in the optimization theory, graph theory, mathematical statistics etc.
We suggested the readers to [7, 8, 13, 15, 17].

Fractional calculus, is the study of fractional order derivatives and integrals. For-
mulation of fractional differentiation and fractional integration operators have gen-
eralized the theory of ordinary and partial differential equations. Applications of
fractional calculus are present in almost all modern disciplines of science and engineer-
ing; for example in rheology, viscoelasticity, acoustics, optics, chemical and statistical
physics, robotics, control theory, electrical and mechanical engineering, bioengineer-
ing, ete. [10, 11, 12, 16].

Fractional integral and differential inequalities are very useful in the study of
uniqueness and boundedness of the solutions of fractional differential equations and
fractional boundary value problems. The aim of this paper is to establish fractional
inequalities for the Riemann-Liouville fractional integral operators via (h—m)-convex
functions. The results of this research are much generalized, and contain various frac-
tional inequalities for functions which are; convex, h-convex, m-convex, s-convex of
second kind, Godunova-Levin, s-Gounova-Levin of second kind, p-function. For some
recent studies on fractional inequalities readers are suggested to [2, 3, 4, 5, 9, 18].

In the following Riemann-Liouville fractional integrals are defined:

Definition 1.3. Let f € Lq[a,b]. Then the Riemann-Liouville fractional integrals of
f of order o > 0 with a > 0 are defined by

Jif(@) = s [ o= 0" 0 2> a
and
b
T 1@ = gy [ (=0 v <,

where I'(.) is the notation of gamma function.

(<)
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Remark 1.4. Using Riemann-Liouville fractional integrals, Riesz fractional integral
(BoJ2 f)(z) is defined by [6]

(FuTg F)w) = 5 (3 f ) + TG (). (12)

The rest of the paper is organized as follows:

In the upcoming section, an upper bound for the sum of left and right Riemann-
Liouville fractional integrals has been established by using the definition of (h — m)-
convex function. Furthermore, a modulus inequality is proved by applying (h — m)-
convexity of | f’|, then by proving an inequality for (h—m)-convex function f with the
condition f(z) = f (%), Hadamard type inequality is obtained. All results of this
research can be proved independently for the functions deducible from (h—m)-convex
function. In the last section, applications are discussed at the boundary as well as
midpoints of a closed interval of the real line.

ozt

In the whole paper, the notation M (z) := (o) has been frequently utilized.

2. MAIN RESULTS

Firstly, an upper bound for the sum of left and right Riemann-Liouville fractional
integrals, by using the definition of (h — m)-convex function is established.

Theorem 2.1. Let f :[0,00) — R be a positive (h —m)-convex function, m € (0, 1].
Also, let h € L1[0,1]. Then for 0 < a < mb and o, 8 > 1, the following inequality for
the Riemann-Liouville fractional integrals holds:

Jo f(x) + T} f(x) (2.1)
< (Mg @) (@) + M@ 0) +mf (=) (M) @)+ Me@))) Il
Proof. Using definition of (h — m)-convex function, we have

sy <n(Z20) s mn (E22) £(2). (2:2)

r—a a m
Also for a > 1 and t € [a, x], we have
(x—t)*' < (z—a)* " (2.3)

Multiplying (2.2) with (2.3), then integrating over [a, x], the following inequality can
be obtained:

[ =0t (2.4)

< (z —a)? (f(a) /:h <§_2> dt +mf (%) /:h (;Z) dt) .

Now by using definition of Riemann-Liouville fractional integral on left hand side and
by change of variables on right hand side, (2.4) takes the form as follows:

o f(@) < M2 (@) (F@)+mf (=) 1kl (2:5)
oo
BE
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Similarly, using (t — )% < (x — b)?, t € [x,b] and B > 1, and definition of (h — m)-
convexity for identity

7tfxb+m(b7t)£

t =
b—=z b—z m’

one can have the following inequality:
x
I f@) < 0 (@) () +mf (=) I, (2:6)
From inequalities (2.5) and (2.6), the required inequality (2.1) can be obtained. O

Particularly, the following corollaries and remarks, emphasize the importance of
aforementioned result:

Corollary 2.2. By taking o = 3 in (2.1), we get the following inequality for Riemann-
Liouwille fractional integrals:

Je (@) + Ji f(x)
< (Mg (@) fla) + M (@) F®) +mf () (Mg () + Me(@))) A

x
m
Corollary 2.3. By taking « = 8 in (2.1) and using Remark 1.4, we get the following
inequality involving Riesz fractional integral:
1 T
(R D@) < 5 (M2 @) F(a) + Mg (@) £(0) +mf () (Mg (@) + Mg (@)) [13]
Following results can be observed for particular definitions of function A in Theorem
2.1.

Corollary 2.4. Under the assumptions of Theorem 2.1 , the following results hold:
(i) For h(z) =1, the following bound is valid:

Je (@) + T} f(@) (2.7)
< M (@)f(a) + My (@) ) +mf () (M (@) + M (@)

(i1) For h(z) = 2P, the following bound is valid:
Jo f (@) + T} f() (2.8)
< 7 (M @@ + M @)50) 4 mf () (M @) + Mg (2))) .

It is interesting to see, bound in (2.7) can be refined by selecting convenient values of
p in (2.8).

Remark 2.5. (i) If we take m =1 and p = s in (2.8), then bound of (RL) fractional
integrals for s-convex function of second kind is obtained.

(ii) If we take m = 1 and p = —s in (2.8), then bound of (RL) fractional integrals for
s-Godunova-Levin function of second kind is obtained.

(iii) If we take m = 1 and p = —1 in (2.8), then bound of (RL) fractional integrals
for Godunova-Levin function is obtained.

(iv) If we take m = 1 and p = 0 in (2.8), then bound of (RL) fractional integrals for
(<)
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p-function is obtained.
(v) If we take m =1 and p =1 in (2.8), then [2, Theorem 1] is obtained.

The following result provides the fractional integral inequality that elaborates the
bounds of Riemann-Liouville fractional integrals in modulus form:

Theorem 2.6. Let f : [0,00) — R be a differentiable function. If |f'| is (h — m)-
convex, m € (0,1] and h € L1]0,1], then for 0 < a < mb and «, 8 > 0, the following
inequality for the Riemann-Liouville fractional integrals holds:

g2 @)+ I 1) - (@) + ) )| (29)

< (M @IF @)+ M @)1 )
()] (Mt @)+ a7 @) il

Proof. Since |f’| is (h — m)-convex, therefore for ¢ € [a, ], we have

rol<n(ZZ0) i@l mn (S22 ] (£)
from which we can write

- (r(E2L) ir@remn (222 | (;)\) (2.10)

< s =n(ZD) i@+ (20 |1 (

We consider the second inequality of inequality (2.10), that is

ro < i (=)@l (52 [ (2)]. (2.11)

m
Now for o > 0, we have the following inequality:
(x—t)*<(x—a)* tE€]a,x] (2.12)

Multiplying the last two inequalities and integrating with respect to ¢ over [a, x], the
following inequality can be obtained:

/$(x — ) f'(t)dt (2.13)

oo [ (=)l G2 (22) )

The left hand side is calculated as follows:
/ (x—t)*f'(t)dt = —f(a)(x — a)® + T(a +1)J% f(x),

while using change of variables in the right hand side the resulting inequality takes

the form as follows:
T8 @) = 2ME@) f(a) < M @) (I @l m £ (D)) 0y 2a4)
[<]v]

+m

)
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If we consider from (2.10) the first inequality and proceed as we did for the second,
the following inequality is obtained:

M@ (@)~ T f@) < M @) (7@ m | (S)|) Ikl @15)
From (2.14) and (2.15), the following modulus inequality holds:
T (@) = M) f(a) ) ml 216

On the other hand for ¢ € [z, b] using (h — m)-convexity of |f’|, we have

< M (@) (I (@) +m

, t—x , b—t (T
o< e (=) ol mn (=0 (5] (2.17)
Also for ¢ € [z,b] and 8 > 0, we have
(t —z)? < (b—x)°. (2.18)

By adopting the same treatment as we did for (2.10) and (2.12), one can obtain from
(2.17) and (2.18), the following inequality:

T} f@) = M) ) F(E) )1kl @19)

By combining the inequalities (2.16) and (2.19), via triangular inequality, we get the
required inequality (2.9). O

< M7 @) (17 0] +m

Special cases of above-proved result, are highlighted in the following corollaries and
remark.

Corollary 2.7. By taking « = B in (2.9), we get the following fractional integral
imequality:

(T )+ ) = & (1200 + M3 (011 0)

< [MeF @) @) + M @)1 )]

()] (e (@) + M5 @) [ 1l

Corollary 2.8. By taking a = 8 in (2.9) and using Remark 1.4, we get the following
inequality for Riesz fractional integral:

1

(a3 1)) = 5 (2@ @)+ M3 0) £0) (2.20)

1
«

+m

< % [M;““(x)lf’(an + Myt ()| (b))

()| (gt @) + ag = @) ]l

Remark 2.9. (i) Axioms (i)-(iv) of Remark 2.5 about Theorem 2.1, are also valid
for Theorem 2.6.
(ii) If we take m =1 and h(z) = z in (2.9), then [2, Theorem 2] is obtained.

+m

(<)
EE
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The upcoming result is useful to establish the Hadamard type estimates of Riemann-
Liouville fractional integrals.

Lemma 2.10. Let f : [0,00) — R be a (h — m)-convex function where m € (0,1],
and a,b € [0,00). If f(x) = f (M), then the following inequality holds:

m

f<a;b>§(m+1m<;)f@) z € [a,b]. (2.21)

Proof. Since f is (h — m)-convex, therefore the following inequality is valid:

(50 <n(3) [ (oo bz o (BT o
=1 (3) (o m (2372)),

a+b—x
m

Using given condition f(z) = f ( ) in above inequality, the inequality in (2.21)
holds. O

Theorem 2.11. Let f : [0,00) — R be a positive (h —m)-convex function, m € (0, 1]
and h € L1[0,1]. If 0 < a < mb and f(z) = f(%), then for a,B8 > 0, the
following inequality for the Riemann-Liouville fractional integrals holds:

1 1 1 a+b
2(m+1)h (3) (a+1+ﬁ+1>f< 9 ) (2.23)
DB+ DL fla) | T(a+1)J5 f(b)
— 2(b—a)ft! 2(b— a)o 1

< (r@+ms (2)) vl

Proof. For x € [a,b], we have

(x—a) <(b—a)’, B>0. (2.24)
Also f is (h — m)-convex function, therefore we have
b— - b
f@)gh(b_z>fm)+mh<i_2)f<m>. (2.25)

Multiplying (2.24) and (2.25) and then integrating with respect to = over [a,b], the
following inequality is obtained:

/a (e - ) fla)da

S@—aﬁ(fm%[%(Z_Z)dm+mf<;>[fh(i_s)m>.

From which we get

r(ﬁ(: i)jﬁ’ﬂ,;if(“) . ( fa) +mf < u )) 1Al (2.26)
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On the other hand for = € [a, b], we have
b—x)*<(b-0a)* «a>0. (2.27)

Multiplying (2.25) and (2.27) and then integrating with respect to x over [a, b], the
following inequality is obtained:

/ (b ) ()

< (b—a)® <f(a)/abh<z_z) dz +mf <::1) /bh@_Z) dx).

From which we get
P(a+ 1) £(b) b
v < — : 2.2
(b — a)otT < | fla) +mf m 172l (2.28)
Adding (2.26) and (2.28), the following inequality is established:

B+1 a o oz++1
U DD (e (2) .

Using Lemma 2.10 and multiplying (2.21) with (x — a)?, then integrating over [a, b],
the following inequality is obtained:

f <“;b> /ab(x — a)Pdz < (m+ Db (;) /ab(x — )P f(2)dx

f(‘””)( =™ g1t )

> ) G
a+b 1 T3+ 1)J° f(a)
/ < 2 > 2m+1)h (3) (B+1) = 2(b — ab>5+1 (2.30)

Using Lemma 2.10 and multiplying (2.21) with (b — z)®, then integrating over [a, b],
the following inequality is obtained:

Lo+ 1)J5 f(b
f<a+b> ]-1 S (a+ ) at 1f()' (2'31)
2 ) 2(m+1)h(3)(a+1) 2(b — a)ot
Adding (2.30) and (2.31), the following inequality is established:
a+b 1 1 1
2.32
f( 2 )z(mH)h(;) <a+1+6+1) (2:32)
L@+ fa) | Tla+ D) f(o)
— 2(b—a)ft! 2(b—a)>t!
Hence (2.29) and (2.32), establish the required inequality (2.23). O

Furthermore, some interesting facts of above result are elaborated in the following
corollaries and remarks:
oa
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Corollary 2.12. By taking a = 8 in (2.23), we get the following fractional integral
inequality:

f<a+b

> IMNa+1)
2 (m+1)h(3) (a+1)

2(b—a)tt

< (r@+ms () 1nl,

Corollary 2.13. If we take h(z) = 2P in (2.33), then the following inequality holds:
a+b 2° Ma+1)
< Jott JOT (b 2.34
f< 2 >(m+1)(a+1)_2(b—a)“+1[b HOREMI0) (2:34)
_ f@)+mf ()
- p+1 '
Note that the axioms (i)-(iv) of Remark 2.5 are valid for (2.34).

<

(J+ f(a) + T ()
(2.33)

Corollary 2.14. If we take m =1 in (2.34), then the following inequality holds:

f(““’) 27 Tt D) et g 4 et gy < L@+ /0

2 a+17 2(b—a)xtl 707 p+1

(2.35)
Corollary 2.15. If we take p =1 in (2.35), then the following inequality holds:

a+b MNa+1 ) " . )
f< : ) T S ey @)+ ) < KO0,

Remark 2.16. If we take m = 1 and h(z) = z in (2.23), then we get [2, Theorem 3].

Firstly, by apply Theorem 2.1 at end points of the interval [a,b], the following
result is obtained:

Theorem 2.17. Under the assumptions of Theorem 2.1, the following fractional
inequality holds:

IS f(b) + ) f(a) (2.36)
a b
< (M@ + 2w+ m (a20)f (2) 4 Mzos (2 )) )
m m
Proof. If we take = a in (2.1), then the following inequality is obtained:
s )P —afr (L
L(B)J, f(@) < (0= ) f0) + m(b— @) £ () ) Inl]. (2.37)
If we take x = b in (2.1), then the following inequality is obtained:
b
(@5 f0) < (0= s+ mlo - a7 (1) ) il (2.39)
From inequalities (2.37) and (2.38), the required inequality (2.36) can be obtained. O
(el
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Corollary 2.18. By taking o = 8 in (2.36), the following fractional integral inequal-
ity holds:

T2 F(6) + 5 (a) (2.39)

< M2 (b) (f(a) + f(b) +m <f (%) +f (i)) ) 2]l -

Corollary 2.19. By taking a = 8 in (2.36) and using Remark 1.4, we get the fol-
lowing inequality for Riesz fractional integral:

(ot () < M2 (f(a) cro+m(r(2)+1 (1)) ) Il (240

Corollary 2.20. If we take « = m =1 and h(z) = z in (2.39), then the following
inequality for convex function is obtained:

/f dt< ) 1) (2.41)

By applying Theorem 2.6 at mid point ‘%b of [a, b], the upcoming result is obtained.

b—a

Theorem 2.21. Under the assumptions of Theorem 2.6, the following fractional
integral inequality holds:

st (0) + o (50) - (s + M) )

a2¢
a+1 B+1
< (MzaH( M0 @)+ Mo B

(kB[ (MePe) | MY Y,
m 2a+1 + 2ﬁ+1 || ||1

Proof. If we take x = “£ in (2.9), then the required inequality (2.42) can be obtained.
U

+m

Corollary 2.22. By taking o = 8 in (2.42), the following fractional integral inequal-
ity holds:

szt (52) 401 (U57) - Mo Gy + ) (2.43)
< M0 (@i 1o+ 2mlr (SE0)])

(<)
EE



CMDE Vol. 9, No. 2, 2021, pp. 637-648 647

Corollary 2.23. By taking o = 8 in (2.42) and using Remark 1.4, we get the fol-
lowing inequality for Riesz fractional integral:

R 1a a+b M2 (b)

(usif) (“57) = 2 (7(a) + ) (2.44)

< XD (1@ o2 (SE0)]) i

Corollary 2.24. [2] If we take « = m =1 and h(z) = z in (2.43), then we get

s [ o 110 < (““’)H

2.45
)

[|f< W 170 +2r

5)
Remark 2.25. If f/ (%“+2) = 0, then from (2.45), we get [1, Theorem 2.2]. If f’ ( <

0, then (2.45) gives the refinement of [1, Theorem 2.2].

By applying Theorem 2.11, similar results can be established; these are left for the
readers.

CONCLUDING REMARKS

This paper investigates Riemann-Liouville fractional integral inequalities via a
class of real valued functions which are (h — m)-convex. It is remarkable to elab-
orate that, the presented results contain fractional inequalities for h-convex func-
tions, m~convex functions, convex functions, Godunova-Levin functions, p-functions
and s-convex functions in the second sense, on the closed interval of non-negative real
numbers.
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