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Abstract This paper is concerned with the time-fractional Fornberg-Whitham equation using
Lie symmetry analysis. This equation is used to describe the physical processes of

models possessing memory. By employing the classical and nonclassical Lie sym-
metry analysis, the invariance properties of this equation are investigated. The

similarity reductions and new exact solutions are obtained.

Keywords. Lie symmetry analysis, Time-fractional Fornberg-Whitham equation, Group-invariant solu-

tion.

2010 Mathematics Subject Classification. 76M60, 35R11, 58J70.

1. Introduction

Over the past few years, significant attention has been devoted to the study of the
ordinary and partial differential equations with fractional order and their numerous
applications in various fields of science [4, 12, 13]. The fractional derivatives are
nonlocal operators arising in mathematical modeling of many systems in physics,
chemistry and biochemistry, control, medicine, finance, and other sciences. Fractional
differential equations provide an excellent instrument for the description of memory
and hereditary properties of a variety of materials and physical processes. This is the
main advantage of models involving fractional operators in comparison to integer order
models. The Fornberg-Whitham equation was originally introduced by Whitham [20]
to study the qualitative behavior of wave breaking. The time-fractional Fornberg-
Whitham equation have been widely studied by means of numerical methods [7, 17,
18].

Lie symmetry analysis can be efficiently used to obtain the analytical and exact
solutions of the differential equations [2, 6, 8, 11, 15]. One of the possible extensions
of Lie symmetry method is nonclassical method that is more general than classical
ones. Recently, analytical solutions for Fornberg-Whitham equation with integer
order have been obtained by the classical Lie symmetry analysis [3, 10]. Because of
the nonlocal nature of fractional differential operators, the extension of existing Lie
symmetry analysis method for differential equations with integer order to fractional
differential equations is not a straightforward task. Analytical and exact solutions
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for differential equations with fractional order have been obtained by the classical Lie
symmetry method [5, 9, 16, 19]. The authors in [1, 14] developed the nonclassical Lie
symmetry analysis for differential equations involving fractional derivatives and this
method applied to the time-fractional diffusion, Burger’s, Airy’s, KdV, gas dynamic
and Fisher’s equations.

In this study, we first intend to employ the classical and nonclassical Lie symmetry
analysis to the time-fractional Fornberg-Whitham equation. This equation can be
written as

Dα
t u− uxxt + ux = uuxxx − uux + 3uxuxx, 0 < α ≤ 1, (1.1)

where u(x, t) is the fluid velocity. Our results provide new exact solutions to this
equation. Utilizing nonclassical method, we achieve infinitesimal generators which
are new in comparison with obtained symmetries by classical method. The rest of
this paper is organized as follows: We recall some preliminaries on invariance analysis
for fractional differential equations in Sect.2. In Sect.3, we obtain the new vector
fields by classical and nonclassical Lie symmetry method, reduction of order and
exact solutions for time-fractional Fornberg-Whitham equation.

2. Invariance analysis for fractional differential equations

In this section we briefly recall the classical and nonclassical Lie symmetry method
for fractional differential equations. We first collect a number of definitions and
propositions which are essential in our discussion.

Definition 2.1. Let α > 0 and m− 1 < α ≤ m. The operator Dα
t , defined by

Dα
t f(t) =

1

Γ(m− α)

dm

dtm

∫ t

0

(t− s)m−α−1f(s)ds,

is called the Riemann-Liouville fractional differential operator of order α, provided
the right-hand side is defined for t ∈ (0, T ) and Γ(·) denotes the Gamma function [4].

Proposition 2.2. (Leibniz’s formula). Let α > 0 and assume that f and g are
analytic on (−h, h) with some h > 0. Then,

Dα
t [fg](t) =

∞∑
n=0

(
α

n

)
f (n)(t)Dα−n

t g(t),

for 0 < t < h/2 [4].

Let us consider the general case of the time-fractional differential equation

F (x, t, u, ux, uxx, . . . , D
α
t u) = 0, (2.1)

defined over M ⊂ R2 × R and α > 0. We consider a one-parameter Lie group of
transformations G

x̄ = x+ εξ(x, t, u) +O(ε2),

t̄ = t+ ετ(x, t, u) +O(ε2), (2.2)

ū = u+ εϕ(x, t, u) +O(ε2),



CMDE Vol. 8, No. 2, 2020, pp. 251-258 253

where ε is the group parameter. This symmetry group will be generated by infinites-
imal generator of the form

V = ξ(x, t, u)
∂

∂x
+ τ(x, t, u)

∂

∂t
+ ϕ(x, t, u)

∂

∂u
. (2.3)

To obtain invariance of the fractional differential equation (2.1) in the classical Lie
symmetry method, for every infinitesimal generator V of G we have

Pr(α,t)V (F )
∣∣
F=0

= 0, (2.4)

where

Pr(α,t)V = V + ϕx
∂

∂ux
+ ϕxx

∂

∂uxx
+ · · ·+ ϕ(α,t) ∂

∂Dα
t u
,

with

ϕx = Dx(ϕ)−Dx(ξ)ux −Dx(τ)ut,

ϕxx = Dx(ϕx)−Dx(ξ)uxx −Dx(τ)uxt,

· · · (2.5)

ϕ(α,t) = Dαt ϕ+ ξDα
t ux −Dαt (ξux)−Dα+1

t (τu) +Dαt (Dt(τ)u) + τDα+1
t u.

Here Dαt f and Dtf denote the total fractional derivative and the total derivative of
f , w.r.t. t, respectively.

Remark 2.3. Because of the lower limit of integral in Definition 2.1 be invariant
under the group of transformations (2.2), we have to assume that

τ(x, t, u(x, t))|t=0 = 0.

Remark 2.4. Using Leibniz’s formula for Riemann-Liouville fractional operator, we
can write

ϕ(α,t) = Dαt ϕ−
∞∑
n=1

(
α

n

)
Dnt ξDα−n

t ux −
∞∑
n=1

(
α

n

)
Dnt τDα+1−n

t u,

whose for α > 0, Dαt ϕ can be computed using the chain rule,

Dαt ϕ(x, t, u(x, t)) = Dα
t ϕ+ ϕuD

α
t u− uDα

t ϕu +

∞∑
n=1

(
α

n

)
Dn
t ϕuD

α−n
t u+ µ,

with

µ =

∞∑
n=2

(
α

n

)
tn−α

Γ(n+ 1− α)

n∑
m=2

m∑
k=2

k−1∑
r=0

(
n

m

)(
k

r

)
1

k!
(−u)rDm

t u
k−rDn−m

t (Dk
uϕ),

where ϕu = ∂ϕ
∂u and Dm

t = ∂m

∂tm .

According to the group of transformations (2.2), the idea of the nonclassical method
is that fractional differential equation (2.1) is augmented with the invariant surface
condition

Λ : ξ(x, t, u)ux + τ(x, t, u)ut − ϕ(x, t, u) = 0,
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and both these equations must be invariant under the group of transformations (2.2).
Because for every ξ, τ and ϕ the invariant surface condition is always invariant under
the group of transformations (2.2), then we have

Pr(α)V (F )|F=0,Λ=0 = 0, (2.6)

for every infinitesimal generator V of G.

3. Symmetry group of the time-fractional Fornberg-Whitham equation

In this section, let us consider the time-fractional Fornberg-Whitham equation

∆ : Dα
t u− uxxt + ux − uuxxx + uux − 3uxuxx = 0, 0 < α ≤ 1. (3.1)

We now determine all classical infinitesimal generators (2.3) so that corresponding
group of transformations (2.2) is a symmetry group of Eq. (3.1). According to (2.4)
and applying Pr(α)V to (3.1), we find that ξ, τ and ϕ must satisfy the symmetry
conditions

ϕ (−uxxx+ux)+ϕx (1+u−3uxx)−3ϕxxux−ϕxxxu−ϕxxt+ϕ(α,t)
∣∣
∆=0

= 0. (3.2)

Here ϕx, ϕxx and ϕ(α,t) are defined by (2.5) and ϕxxx, ϕxxt are

ϕxxx = Dx(ϕxx)−Dx(ξ)uxxx −Dx(τ)uxxt,

ϕxxt = Dt(ϕxx)−Dt(ξ)uxxx −Dt(τ)uxxt.

Substituting these expressions into (3.2) and replacing Dα
t u by uxxt − ux + uuxxx −

uux + 3uxuxx wherever it occurs, we obtain the classical determining equations for
the symmetry group. From the coefficients of 1, ut, ux, u

2
x, uxut, . . . we find that

1 : ϕx + ϕxu− ϕxxxu− ϕxxt = 0, ut : τx + τxu− τxxxu+ ϕxxu − τxxt = 0,

ux : ϕ− ξx − ξxu− 3ϕxx − 3ϕxxuu+ ξxxxu− 2ϕxtu + ξxxt + ατtu+ ατt = 0,

u2
x : ξu + ξuu+ 6ϕxu − 3ξxx + 3ϕxuuu− 3ξxxuu+ ϕtuu − 2ξxtu = 0,

uxut : −τu − τuu+ 3τxx + 3τxxuu− 2ϕxuu + ξxxu + 2τxtu + ατuu+ ατu = 0,

uxx : 3ϕx + 3ϕxuu− 3ξxxu+ ϕtu − 2ξxt = 0,

utuxx : 3τx + 3τxu − ϕuu + 2ξxu + τtu = 0,

uxuxx : 3ξx − ϕu − ϕuuu+ 3ξxuu+ ξtu − ατt = 0,

uxutuxx : (2− α)τu + τuuu+ ξuu = 0,

u2
xuxx : 2ξu + ξuuu = 0, u3

x : 3ϕuu − 6ξxu + ϕuuuu− 3ξxuuu− ξtuu = 0,

u2
xut : 6τxu + 3τxuuu− ϕuuu + 2ξxuu + τtuu = 0, u4

x : 3ξuu + ξuuuu = 0,

u3
xut : 3τuu+τuuuu+ξuuu = 0, uxuxt : 3τx+3τxuu−ϕuu+2ξxu+τtu = 0,

u2
xuxt : 2τu + τuuu+ ξuu = 0, uxt : 3τxxu− 2ϕxu + ξxx + 2τxt = 0,
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uxxx : 3ξxu+ ξt − ατtu− ϕ = 0, uxxt : 3τxu+ 2ξx + (1− α)τt = 0,

u2
xx : ξu = 0, uxuxxx : ξuu = 0, utuxxx : (1− α)τuu+ ξu = 0,

uxxuxt : τuu+ ξu = 0, uxu
2
t : τxuu = 0, u2

t : τxxu = 0, utt : τxx = 0,

uxutt : τxu = 0, u2
xu

2
t : τuuu = 0, u2

xutt : τuu = 0, uxtt : τx = 0,

u2
xt : τu = 0, Dα

t ϕ− uDα
t ϕu = 0, Dnt ξ = 0, n ∈ N,(

α

n+ 1

)
Dn+1
t τ −

(
α

n

)
Dn
t ϕu = 0, n ∈ N.

After solving the system of this determining equations and in view of Remark 2.3, we
arrive at the following solution

ξ = c1, τ = 0, ϕ = 0,

where c1 is arbitrary constant, i.e. the classical infinitesimal generator of Eq. (3.1) is
∂
∂x . Using this infinitesimal generator with invariant solution u(x, t) = f(t), Eq. (3.1)
is reduced to the fractional ordinary differential equation Dα

t f(t) = 0. The solution
of this equation has the form f(t) = ctα−1 where c is arbitrary constant. To get more
infinitesimal generators and, consequently, the new exact solutions of Eq. (3.1), we
apply the nonclassical method. To obtain the determining equations, we reconsider
invariant surface condition Λ : ξux + τut−ϕ = 0. Applying Pr(α,t)V to Eq.(3.1) and
according to (2.6), the nonclassical invariance is given by

ϕ (−uxxx+ux)+ϕx (1+u−3uxx)−3ϕxxux−ϕxxxu−ϕxxt+ϕ(α,t)
∣∣
∆=0,Λ=0

=0. (3.3)

We can distinguish two different cases: ξ 6= 0 and ξ = 0. In the case ξ 6= 0, without
loss of generality, we may assume that ξ = 1 and hence we have

ux = ϕ− τut, uxt = ϕt + (ϕu − τt)ut − τuu2
t − τutt,

uxx = (ϕx + ϕϕu − τϕt) + (−2τϕu − τx − τuϕ+ ττt)ut + 2ττuu
2
t + τ2utt,

uxtt = ϕtt + (2ϕtu − τtt)ut + (ϕuu − 2τtu)u2
t − τuuu3

t + (ϕu − 2τt)utt

−3τuututt − τuttt,
uxxt = ϕxt+ϕϕtu+ϕtϕu−τtϕt−τϕtt+[ϕxu+ϕ2

u+ϕϕuu−2τuϕt−3τϕtu

−2τtϕu−τxt−τtuϕ+τ2
t +ττtt]ut−[3τuϕu+2τϕuu+τxu+τuuϕ−3τtτu

−3ττtu]u2
t + [2τ2

u + 2ττuu]u3
t − [2τϕu + τx + τuϕ− 3ττt]utt + τ2uttt,

uxxx = ϕxx + 2ϕϕxu + ϕxϕu + ϕϕ2
u + ϕ2ϕuu − 2τϕtϕu − 2τxϕt − 2τuϕϕt

−τϕxt − τϕϕtu + ττtϕt + τ2ϕtt + [−3τϕxu − 3τϕϕuu − 3τϕ2
u − 3τxϕu

−4τuϕϕu + 3ττtϕu − τxx − 2τxuϕ+ 2τxτt − τuuϕ2 − τuϕx + 5ττuϕt

+2τtτuϕ+3τ2ϕtu+ττxt+ττtuϕ−ττ2
t −τ2τtt]ut+[3τ2ϕuu+9ττuϕu

+3ττxu + 3τxτu + 3ττuuϕ+ 3τ2
uϕ− 6ττtτu − 3τ2τtu]u2

t − [3τ2τuu

+6ττ2
u ]u3

t + [3τ2ϕu + 3ττx + 3ττuϕ− 3τ2τt]utt − 9τ2τuututt − τ3uttt.

After substituting ϕx, ϕxx, ϕxxx, ϕxxt into (3.3) with ξ = 1, then replacing Dα
t u by

uxxt−ux+uuxxx−uux+3uxuxx similar to the classical case and also re-substituting the
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expressions ux, uxt, uxx, uxtt, uxxt, uxxx wherever it occurs, we obtain the nonclassical
determining equations for the symmetry group. To analyze these, we work the order
of the derivatives which appear. The coefficient of u2

tt is

τ2τu(1− τu) = 0.

But in view of Remark 2.3, 1− τu = 0 is impossible, therefore we conclude τ = 0 or
τu = 0. If τ = 0, we equate to zero the coefficients of the remaining partial derivatives
of u and obtain the system of determining equations:

1 : ϕx + ϕxu− ϕxxxu− ϕxxt + ϕ2 − 4ϕϕxx − 3ϕϕxxuu− 2ϕϕxtu − 8ϕ2ϕxu

−3ϕ2ϕxuuu− ϕ2ϕtuu − 3ϕ2
x − 7ϕϕxϕu − 3ϕxϕxuu− 3ϕϕuϕxuu

−ϕxϕtu − ϕϕuϕtu − 4ϕ2ϕ2
u − 3ϕϕxϕuuu− 3ϕ2ϕuϕuuu− 3ϕ3ϕuu

−ϕ3ϕuuuu− 2ϕϕtϕuu − 2ϕtϕxu − ϕ3ϕuu = 0,

ut : ϕxxu + 2ϕϕxuu + ϕxϕuu + 3ϕϕuϕuu + ϕ2ϕuuu + 2ϕuϕxu = 0,

Dα
t ϕ− uDα

t ϕu = 0, Dn
t ϕu = 0, n ∈ N.

After solving the resulting system, we conclude that ϕ = ± 1
2u. To illustrate the

invariant solution, Assuming ϕ = 1
2u and in view of the invariant surface condition,

we have ux = 1
2u. Differentiating this equation with respect to x leads to the result

uxx =
1

4
u,

the general solution of this equation is

u(x, t) = e−
1
2xf(t) + e

1
2xg(t),

where f, g are arbitrary functions. Substituting this solution into the fractional
Fornberg-Whitham equation (3.1), the reduced fractional ordinary differential equa-
tions are

Dα
t f(t)− 1

4f
′(t)− 1

2f(t) = 0, (3.4)

Dα
t g(t)− 1

4g
′(t) + 1

2g(t) = 0. (3.5)

The solutions of these equations can be written as

f(t) = c2
∑∞
n=0

∑n
k=0

(
n
k

) (
1
2

)k+n t(n+1)α−k−1

Γ[(n+1)α−k] ,

g(t) = c3
∑∞
n=0

∑n
k=0

(
n
k

) (
− 1

2

)k+n t(n+1)α−k−1

Γ[(n+1)α−k] ,

where c2, c3 are arbitrary constants. Thus

u(x, t) =

∞∑
n=0

n∑
k=0

(
n

k

)(
1

2

)k+n [
c2e
− 1

2x + c3(−1)k+ne
1
2x
] t(n+1)α−k−1

Γ[(n+ 1)α− k]
,

is the invariant solution of Eq. (3.1).
However, if we let α = 1

2 , the solutions of equations (3.4)-(3.5) can be written in
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terms of the error function as

f(t)=(2+
√

2)e(6+4
√

2)terf
[
−(2+

√
2)t

1
2

]
−(2−

√
2)e(6−4

√
2)terf

[
−(2−

√
2)t

1
2

]
,

g(t)=(2+
√

6)e(10+4
√

6)terf
[
−(2+

√
6)t

1
2

]
−(2−

√
6)e(10−4

√
6)terf

[
−(2−

√
6)t

1
2

]
,

[13] where the error function erf defined by

erf(t) =
2√
π

∫ t

0

e−s
2

ds.

Then the invariant solution of Eq. (3.1) is

u(x, t) = e−
1
2x

{
(2+
√

2)e(6+4
√

2)terf
[
−(2+

√
2)t

1
2

]
−(2−

√
2)e(6−4

√
2)t

×erf
[
−(2−

√
2)t

1
2

]}
+ e

1
2x

{
(2 +

√
6)e(10+4

√
6)terf

[
−(2 +

√
6)t

1
2

]
−e 1

2x(2−
√

6)e(10−4
√

6)terf
[
−(2−

√
6)t

1
2

]}
.

If also τ 6= 0 and τu = 0, unfortunately the set of determining equations for the
nonclassical symmetry group of Eq. (3.1) are incompatible.
In the case ξ = 0 and τ 6= 0, similar to the previous case, we have τut = ϕ. Differen-
tiating this equation and getting utt, uxt, uxtt, uxxt and also re-substituting these ex-
pressions wherever it occurs, we obtain the nonclassical determining equations which
are difficult to solve.

4. Conclusions

The method of classical and nonclassical Lie symmetry analysis are applied to
time-fractional Fornberg-Whitham equation. By employing these methods and some
technical calculations, new infinitesimal generators are obtained for the equation. We
have demonstrated that for time-fractional Fornberg-Whitham equation, the nonclas-
sical method is more general than the classical Lie symmetry method; it means that
this method gives new solutions which have not obtained by the classical method.
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