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Abstract In this paper, we consider the hyperbolic Ricci-Bourguignon flow on a compact man-
ifold M and show that this flow has a unique solution on short-time with imposing

on initial conditions. After then, we find evolution equations for Riemannian cur-

vature tensor, Ricci curvature tensor and scalar curvature of M under this flow. In
the final section, we give some examples of this flow on some compact manifolds.
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1. Introduction

Geometric flows are important tools in differential geometry and physic, because
by these flows we can find canonical metrics on manifolds. A geometric flow is an
evolution of a geometric structure under a differential equation with a functional
on a manifold. Let M be an n-dimensional complete Riemannian manifold with
Riemannian metric g = (gij). The first important geometric flow is Ricci flow which
defined as follows:

∂

∂t
g = −2Ric, g(0) = g0, (1.1)

where Ric denotes the Ricci curvature of g. For the first time the Ricci flow was
introduced by R. Hamilton in 1982 [7] and evolves a Riemannian metric by its Ricci
curvature. The short-time existence and uniqueness for solution of Ricci flow studied
by R. Hamilton (see [7]) and D. DeTurck (see [6]) on compact Riemannian manifolds.
Also evolution equations for geometric structures dependent to metric were investi-
gated by some researchers (see [3]).
The second important geometric flow is the Ricci-Bourguignon flow which is defined
as follows

∂

∂t
g = −2Ric+ 2ρRg = −2(Ric− ρRg), g(0) = g0. (1.2)

where R is the scalar curvature of g and ρ is a real constant. The Ricci-Bourguignon
flow was introduced by Bourguignon for the first time in 1981 ( see [1]). Short-
time existence and uniqueness for solution to the Ricci-Bourguignon flow on [0, T )
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have been shown by Catino et al. in [2] for ρ < 1
2(n−1) . When ρ = 0, the Ricci-

Bourguignon flow is the Ricci flow.
The other important geometric flow was introduced by Kong and Liu [9] which is the
generalized hyperbolic geometric flow and defined as follows

∂2g

∂t2
+ 2Ric+ F(g,

∂g

∂t
) = 0, (1.3)

where F is a smooth function of the Riemann metric g an its first derivative with
respect to t. In [5, 10] Dai et al. introduced a new kind of hyperbolic geometric flow
as follows

∂2gij
∂t2

= −2Rij + 2gpq
∂gip
∂t

∂gjq
∂t
− (d+ 2gpq

∂gpq
∂t

)
∂gij
∂t

(1.4)

+
1

n− 1

[
(gpq

∂gpq
∂t

)2 +
∂gpq

∂t

∂gpq
∂t

]
gij , (1.5)

that is called dissipative hyperbolic geometric flow and they established the short-
time existence and uniqueness theorem for this flow. The hyperbolic geometric flow
is a system of nonlinear evolution partial differential equations of second order, it is
very similar to wave equation flow metrics, and as follows

∂2

∂t2
g = −2Ric, g(0) = g0,

∂g

∂t
(0) = k0, (1.6)

where k0 is a (0, 2)-type symmetric tensor field on M and this flow is similar to
Einstein equation

∂2

∂t2
gij = −2Rij −

1

2
gpq

∂gij
∂t

∂gpq
∂t

+ gpq
∂gip
∂t

∂gjq
∂t

. (1.7)

The existences and uniqueness of (1.6) studied in [4] on compact Riemannian manifold
and in [12] funded some some evolution of geometric structures under the hyperbolic
geometric flow. Also, the existences and uniqueness of (1.7) and some other properties
of (1.7) studied in [11].
Motivated by the above works in this paper, we consider an n-dimensional compact
smooth Riemannian manifold M and introduce the hyperbolic Ricci-Bourguignon flow
on M as{

∂2g
∂t2 = −2Ric+ 2ρRg,

g(0) = g0(x), ∂g
∂t |t=0 = k(x),

(1.8)

where k(x) is a symmetric tensor on M and ρ is real constant. After this in short
we will display the hyperbolic Ricci-Bourguignon flow with the HRB flow. Then,
we show the short-time existence and uniqueness for solution to the HRB flow for
ρ < 1

2(n−1) . Next, we find evolution equation for some geometric structures depen-

dent to g along the HRB flow. Finally, we give some examples of this flow on some
compact Riemannian manifolds.
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2. Short-time existence and uniqueness the HRB flow

In this section, by a similar argument with the existence and uniqueness of geo-
metric flow such as Ricci flow, Ricci-Bourguignon flow or hyperbolic geometric flow,
we establish the short-time existence and uniqueness for the HRB flow on a compact
n-dimensional Riemannian manifold.

Theorem 2.1. Let (M, g0) be a compact n-dimensional Riemannian manifold and
k(x) be a symmetric tensor on M . Then, there exists a constant T > 0 such that the
initial value problem (1.8) has a unique smooth solution metric g on M × [0, T ).

Proof. Let ĝij(t) be a solution of hyperbolic Ricci-Bourguignon flow (1.8), and φt :
M → M be a family of diffeomorphisms of M . We consider the pull-back of metrics
as gij(x, t) = φ∗t ĝij(x, t). Suppose that y(x, t) = φt(x) = (y1(x, t), y2(x, t), ..., yn(x, t))
is the representation of y(x, t) in a local coordinates. Then

gij(x, t) =
∂yα

∂xi
∂yβ

∂xj
ĝαβ(y, t), (2.1)

and

∂2gij
∂t2

(x, t) =
∂yα

∂xi
∂yβ

∂xj
d2ĝαβ
dt2

(y(x, t), t) +
∂

∂xi
(
∂2yα

∂t2
)
∂yβ

∂xj
ĝαβ

+
∂

∂xj
(
∂2yβ

∂t2
)
∂yα

∂xi
ĝαβ + 2

∂

∂xi
(
∂yα

∂t
)
∂yβ

∂xj
dĝαβ
dt

(2.2)

+2
∂

∂xj
(
∂yβ

∂t
)
∂yα

∂xi
dĝαβ
dt

+ 2
∂

∂xi
(
∂yα

∂t
)
∂

∂xj
(
∂yβ

∂t
)ĝαβ .

On the other hand

dĝαβ
dt

(y(x, t), t) =
∂ĝαβ
∂yγ

∂yγ

∂t
+
∂ĝαβ
∂t

, (2.3)

d2ĝαβ
dt2

(y(x, t), t) =
∂2ĝαβ
∂yγ∂yλ

∂yγ

∂t

∂yλ

∂t
+2

∂2ĝαβ
∂yγ∂t

∂yγ

∂t
+
∂2ĝαβ
∂t2

+
∂ĝαβ
∂yγ

∂2yγ

∂t2
, (2.4)

and

∂2ĝαβ
∂t2

(y, t) = −2R̂αβ(y, t) + 2ρR̂(y, t)ĝαβ(y, t), (2.5)
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hence

∂2gij
∂t2

(x, t) = −2R̂αβ(y, t)
∂yα

∂xi
∂yβ

∂xj
+ 2ρR̂(y, t)ĝαβ(y, t)

∂yα

∂xi
∂yβ

∂xj

+
∂yα

∂xi
∂yβ

∂xj
∂2ĝαβ
∂yγ∂yλ

∂yγ

∂t

∂yλ

∂t
+ 2

∂2̂ĝαβ
∂yγ∂t

∂yγ

∂t

∂yα

∂xi
∂yβ

∂xj

+
∂

∂xi

(
ĝαβ

∂yβ

∂xj
∂2yα

∂t2

)
+

∂

∂xj

(
ĝαβ

∂yβ

∂xi
∂2yα

∂t2

)
+

[
∂ĝαβ
∂yγ

∂yα

∂xi
∂yβ

∂xj
− ∂

∂xi

(
∂yβ

∂xj
ĝαγ

)
− ∂

∂xj

(
∂yβ

∂xi
ĝαγ

)]
∂2yγ

∂t2

+2
∂

∂xi
(
∂yα

∂t
)
∂yβ

∂xj

(
∂ĝαβ
∂yγ

∂yγ

∂t
+
∂ĝαβ
∂t

)
(2.6)

+2
∂

∂xj
(
∂yβ

∂t
)
∂yα

∂xi

(
∂ĝαβ
∂yγ

∂yγ

∂t
+
∂ĝαβ
∂t

)
+ 2

∂

∂xi
(
∂yα

∂t
)
∂

∂xj
(
∂yβ

∂t
)ĝαβ .

Now, using the normal coordinates {xi} around a fixed point p ∈M we have
∂gij
∂xk

= 0
and

∂ĝαβ
∂yγ

∂yα

∂xi
∂yβ

∂xj
− ∂

∂xi

(
∂yβ

∂xj
ĝαγ

)
− ∂

∂xj

(
∂yβ

∂xi
ĝαγ

)
= 0, ∀i, j, γ = 1, 2, ..., n.

(2.7)

Therefore

∂2gij
∂t2

(x, t) = −2Rij(x, t) + 2ρR(x, t)gij(x, t)

+
∂yα

∂xi
∂yβ

∂xj
∂2ĝαβ
∂yγ∂yλ

∂yγ

∂t

∂yλ

∂t
+ 2

∂2ĝαβ
∂yγ∂t

∂yγ

∂t

∂yα

∂xi
∂yβ

∂xj

+
∂

∂xi

(
gmj

∂xm

∂yα
∂2yα

∂t2

)
+

∂

∂xj

(
gmi

∂xm

∂yα
∂2yα

∂t2

)
+2

∂

∂xi
(
∂yα

∂t
)
∂yβ

∂xj

(
∂ĝαβ
∂yγ

∂yγ

∂t
+
∂ĝαβ
∂t

)
(2.8)

+2
∂

∂xj
(
∂yβ

∂t
)
∂yα

∂xi

(
∂ĝαβ
∂yγ

∂yγ

∂t
+
∂ĝαβ
∂t

)
+ 2

∂

∂xi
(
∂yα

∂t
)
∂

∂xj
(
∂yβ

∂t
)ĝαβ .

Now, we define y(x, t) = φt(x) by the following initial value problem{
∂2yα

∂t2 = ∂yα

∂xk
gjl(Γkjl − Γ̄kjl),

yα(x, 0) = xα, ∂
∂ty

α(x, 0) = yα1 (x),
(2.9)

and define the vector field Vi = gikg
jl(Γkjl− Γ̄kjl), where Γkjl and Γ̄kjl are the connection

coefficients corresponding to the metrics g(t) and g0, respectively and yα1 (x) for α =
1, 2, ..., n, are arbitrary smooth functions on the manifold M . We get

∂2gij
∂t2

(x, t) = −2Rij(x, t) + 2ρR(x, t)gij(x, t) +∇iVj +∇jVi +F (Dy,DtDxy),
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(2.10)

where

Dy = (
∂yα

∂t
,
∂yα

∂xi
), DtDxy = (

∂2yα

∂xi∂t
), α, i = 1, 2, ..., n.

Hence

∂2gij
∂t2

(x, t) = gkl
∂2gij
∂xk∂xl

(x, t)− 2ρgijg
pqgkl

∂2gkl
∂xp∂xq

(x, t) + 2ρgijg
pqgkl

∂2gql
∂xp∂xk

(x, t)

+G(g,Dxg) + F (Dy,DtDxy), (2.11)

where g = (gij) and Dxg =
∂gij
∂t for i, j, k = 1, 2, ..., n. Let

Lg(hij) = gkl
∂2hij
∂xk∂xl

− 2ρgijg
pqgkl

∂2hkl
∂xp∂xq

+ 2ρgijg
pqgkl

∂2hql
∂xp∂xk

.

We now compute the symbol of the differential operator Lg. This is done by taking

the highest order derivatives and replacing ∂
∂xi by the Fourier transform variable ζi.

The symbol of the linear differential operator Lg in the direction ζ = (ζ1, ..., ζn) is

σLg(ζ)hij = gklζkζlhij − 2ρgijg
pqgklζpζqhkl + 2ρgijg

pqgklζpζkhql. (2.12)

To see what the symbol does, since the symbol is homogeneous we can always assume
ζ has length 1 and we perform all the computing in an orthonormal basis {ei}ni=1 of
TpM such that ζ = g(e1, .) that is ζi = 0 for i 6= 1, then{

gij = δij ,

ζ = (1, 0, ..., 0).

Hence, we obtain

σLg(ζ)hij = hij − 2ρδijδklhkl + 2ρδijh11, (2.13)

which can be represented in the coordinate system

(h11, h22, ..., hnn, h12, ..., h1n, h23, h24, ..., hn−1,n),

for any h ∈ Γ(S2M), by the following matrix

σLg =



1 −2ρ · · · −2ρ
... A[n− 1]
0

O O

O I(n−1) O

O O I (n−1)(n−2)
2


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where O is the zero matrix and A[n− 1] is the (n− 1)× (n− 1) matrix given by

A[n− 1] =


1− 2ρ −2ρ · · · −2ρ
−2ρ 1− 2ρ · · · −2ρ

...
...

. . .
...

−2ρ −2ρ · · · 1− 2ρ

 .

The matrix σLg has 1
2n(n + 1) − 1 eigenvalues equal to 1 and 1 eigenvalue equal to

1 − 2(n − 1)ρ (see [2]). Therefore for ρ < 1
2(n−1) the equation (2.11) is hyperbolic.

Since manifold M is compact, then by the standard theory of hyperbolic equation the
system (2.11) has a unique smooth solution for a short time. From the solution of
(2.11) we can obtain a solution of the HRB flow (1.8) and now, we show the uniqueness
of the solution. Since

Γkjl =
∂yα

∂xj
∂yβ

∂xi
∂xk

∂yγ
Γ̂γαβ +

∂xk

∂yα
∂2yα

∂xj∂xi
,

the initial value problem (2.9) can be rewritten as{
∂2yα

∂t2 = gjl
(

∂2yα

∂xj∂xl
− Γ̄kjl

∂yα

∂xk
+ Γ̂αβγ

∂yβ

∂xj
∂yγ

∂xi

)
,

yα(x, 0) = xα, ∂
∂ty

α(x, 0) = yα1 (x).
(2.14)

Since the equation (2.14) is a strictly hyperbolic system and manifold M is compact,
it follows from the standard theory of hyperbolic equation (see [8]) that the system

(2.14) has a unique smooth solution for a short time. For any two solution ĝ
(1)
ij (x, t)

and ĝ
(2)
ij (x, t) of the HRB flow (1.8) with the same initial data, we solve the initial value

problem (2.14) and find two families φ
(1)
t and φ

(2)
t of diffeomorphisms of M . Therefore

we get two solutions, g
(1)
ij (x, t) = (φ

(1)
t )∗ĝ

(1)
ij (x, t) and g

(2)
ij (x, t) = (φ

(2)
t )∗ĝ

(2)
ij (x, t), to

the modified evolution equation (2.11) with same initial data. The uniqueness result

for the strictly hyperbolic equation (2.11) implies that g
(1)
ij (x, t) = g

(2)
ij (x, t) and then

by system (2.14) and the standard uniqueness result of PDE system, the corresponding

solutions φ
(1)
t and φ

(2)
t of (2.14) must agree. Consequently the metrics ĝ

(1)
ij (x, t) and

ĝ
(2)
ij (x, t) must agree also. Hence we have proved the uniqueness for solution of the

HRB flow (1.8). �

3. Evolution equations of curvature tensor along the HRB flow

The HRB flow is an evolution equation on the metric. In the following, we use the
techniques and ideas to find the evolution equations for geometric structures under
the Ricic flow, the Ricci-Bourguignon flow (see [2, 3]) and the evolution equation
along the hyperbolic geometric flow by W. R. Dai et al (see [4]) to give the evolution
formula for Riemannian curvature tensor, Ricci curvature tensor and scalar curvature
of (M, g) under the HRB flow.
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Theorem 3.1. Under the HRB flow the Riemannian curvature tensor Rijkl of (M, g)
satisfies the following evolution equation

∂2

∂t2
Rijkl = ∆Rijkl + 2(Bijkl −Bijlk −Biljk +Bikjl)

−gpq(RpjklRqi +RipklRqj +RijplRqk +RijkpRql)

+2gpq

( ∂
∂t

Γpil.
∂

∂t
Γqjk −

∂

∂t
Γpjl.

∂

∂t
Γqik

)
(3.1)

−ρ [∇i∇kRgjl −∇i∇lRgjk −∇j∇kRgil +∇j∇lRgik] + 2ρRRijkl,

where Bijkl = gprgqsRpiqjRrksl and ∆ is the Beltrami-Laplace operator with respect
to the evolving metric g.

Proof. For an evolution metric g along the HRB flow the Christoffel symbol of metric

g is Γhjl = 1
2g
hm
(∂gmj
∂xl

+ ∂gml
∂xj −

∂gjl
∂xm

)
, therefore by direct computing, we obtain the

second variation of Γhjl as follows

∂2

∂t2
Γhjl =

1

2

∂2ghm

∂t2

(∂gmj
∂xl

+
∂gml
∂xj

− ∂gjl
∂xm

)
+
∂ghm

∂t

(∂2gmj
∂xl∂t

+
∂2gml
∂xj∂t

− ∂2gjl
∂xm∂t

)
+

1

2
ghm

[
∂

∂xl
(
∂2gmj
∂t2

) +
∂

∂xj
(
∂2gml
∂t2

)− ∂

∂xm
(
∂2gjl
∂t2

)

]
. (3.2)

On the other hand, the Riemannian curvature tensor of (M, g) is

Rhijl =
∂Γhjl
∂xi

− ∂Γhil
∂xj

+ ΓhipΓ
p
jl − ΓhjpΓ

p
il, Rijkl = ghkR

h
ijl, (3.3)

hence with a double differentiation respect to t we have

∂2

∂t2
Rhijl =

∂

∂xi
(
∂2

∂t2
Γhjl)−

∂

∂xj
(
∂2

∂t2
Γhil) +

∂2

∂t2
(ΓhipΓ

p
jl − ΓhjpΓ

p
il), (3.4)

and

∂2

∂t2
Rijkl = ghk

[
∂

∂xi
(
∂2Γhjl
∂t2

)− ∂

∂xj
(
∂2Γhil
∂t2

) +
∂2

∂t2
(ΓhipΓ

p
jl − ΓhjpΓ

p
il)

]

+2
∂ghk
∂t

[
∂

∂xi
(
∂Γhjl
∂t

)− ∂

∂xj
(
∂Γhil
∂t

) +
∂

∂t
(ΓhipΓ

p
jl − ΓhjpΓ

p
il)

]

+Rhijl
∂2ghk
∂t2

. (3.5)
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We choose the normal coordinates {x1, x2, ..., xn} around a fixed point p on M , then
∂gij
∂xk

(p) = 0 and Γkij(p) = 0. Then at this point we have

∂2

∂t2
Rijkl =

1

2

[
∂2

∂xi∂xl
(
∂2gkj
∂t2

)− ∂2

∂xi∂xk
(
∂2gjl
∂t2

)

]
−1

2

[
∂2

∂xj∂xl
(
∂2gkj
∂t2

)− ∂2

∂xj∂xk
(
∂2gil
∂t2

)

]
−gpm ∂

2gkp
∂xi∂t

(∂2gmj
∂xl∂t

+
∂2gml
∂xj∂t

− ∂2gjl
∂xm∂t

)
(3.6)

+gpm
∂2gkp
∂xj∂t

(∂2gmi
∂xl∂t

+
∂2gml
∂xi∂t

− ∂2gil
∂xm∂t

)
+2ghk

( ∂
∂t

Γhip.
∂

∂t
Γpjl −

∂

∂t
Γhjp.

∂

∂t
Γpil

)
.

Since ∂2

∂t2 g = −2Ric+ 2ρRg, so we can rewrite (3.5) as follows:

∂2

∂t2
Rijkl =

1

2

[
∂2

∂xi∂xl
(−2Rkj + 2ρRgkj)−

∂2

∂xi∂xk
(−2Rjl + 2ρRgjl)

]
−1

2

[
∂2

∂xj∂xl
(−2Rki + 2ρRgki)−

∂2

∂xj∂xk
(−2Ril + 2ρRgil)

]
−gpm ∂

2gkp
∂xi∂t

(∂2gmj
∂xl∂t

+
∂2gml
∂xj∂t

− ∂2gjl
∂xm∂t

)
+gpm

∂2gkp
∂xj∂t

(∂2gmi
∂xl∂t

+
∂2gml
∂xi∂t

− ∂2gil
∂xm∂t

)
+2ghk

( ∂
∂t

Γhip.
∂

∂t
Γpjl −

∂

∂t
Γhjp.

∂

∂t
Γpil

)
. (3.7)

On the other hand, we have

∂2

∂xi∂xl
Rjk = ∇i∇lRjk +Rjp∇iΓplk +Rkp∇iΓplj , (3.8)

and

−gpm ∂
2gkp
∂xi∂t

(∂2gmj
∂xl∂t

+
∂2gml
∂xj∂t

− ∂2gjl
∂xm∂t

)
+gpm

∂2gkp
∂xj∂t

(∂2gmi
∂xl∂t

+
∂2gml
∂xi∂t

− ∂2gil
∂xm∂t

)
+2ghk

( ∂
∂t

Γhip.
∂

∂t
Γpjl −

∂

∂t
Γhjp.

∂

∂t
Γpil

)
= 2gpq

( ∂
∂t

Γpil.
∂

∂t
Γqjk −

∂

∂t
Γpjl.

∂

∂t
Γqik

)
. (3.9)
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Therefore, plug in (3.8) and (3.9) in (3.7) lead to

∂2

∂t2
Rijkl = −∇i∇lRjk +∇i∇kRjl +∇j∇lRki −∇j∇kRil

−gpq(RijqlRkp +RijkqRkp) + 2gpq

( ∂
∂t

Γpil.
∂

∂t
Γqjk −

∂

∂t
Γpjl.

∂

∂t
Γqik

)
+ρ

[
∂2R

∂xi∂xl
gkj −

∂2R

∂xi∂xk
gjl −

∂2R

∂xj∂xl
gki +

∂2R

∂xj∂xk
gil

]
+ρ

[
∂2gkj
∂xi∂xl

R− ∂2gjl
∂xi∂xk

R− ∂2gki
∂xj∂xl

R+
∂2gil
∂xj∂xk

R

]
= ∆Rijkl + 2(Bijkl −Bijlk −Biljk +Bikjl)

−gpq(RpjklRqi +RipklRqj +RijplRqk +RijkpRql)

+2gpq

( ∂
∂t

Γpil.
∂

∂t
Γqjk −

∂

∂t
Γpjl.

∂

∂t
Γqik

)
(3.10)

−ρ [∇i∇kRgjl −∇i∇lRgjk −∇j∇kRgil +∇j∇lRgik] + 2ρRRijkl,

where Bijkl = gprgqsRpiqjRrksl, so the proof is complete. �

Theorem 3.2. Evolution equation for Ricci curvature tensor under the HRB flow is
as follow:

∂2

∂t2
Rij = ∆Rij − (n− 2)ρ∇i∇jR− ρ∆Rgij + 2gprgqsRpiqjRrs − 2gpqRpiRqj

+2gklgpq

( ∂
∂t

Γpil.
∂

∂t
Γqkj −

∂

∂t
Γpkl.

∂

∂t
Γqij

)
− 2gkpglq

∂gpq
∂t

∂Rikjl
∂t

(3.11)

+2gkpgrqgsl
∂gpq
∂t

∂grs
∂t

Rikjl.

Proof. Choose {x1, ..., xn} to be a normal coordinate system at a fixed point. At this
point, we compute

∂2

∂t2
Rij =

∂2

∂t2
(gklRikjl)

= gkl
∂2

∂t2
Rikjl + 2

∂gkl

∂t

∂Rikjl
∂t

+Rikjl
∂2gkl

∂t2
. (3.12)

Since ∂gkl

∂t = −gkpglq ∂gpq∂t and ∂2gkl

∂t2 = −gkpglq ∂
2gpq
∂t2 + 2gkpgrqgsl

∂gpq
∂t

∂grs
∂t , we get

∂2

∂t2
Rij = gkl

∂2

∂t2
Rikjl − 2gkpglq

∂gpq
∂t

∂Rikjl
∂t

− gkpglq ∂
2gpq
∂t2

Rikjl

+2gkpgrqgsl
∂gpq
∂t

∂grs
∂t

Rikjl, (3.13)
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by replacing (3.1) and ∂2

∂t2 gij = −2Rij + 2ρRgij in (3.13) we have

∂2

∂t2
Rij = ∆Rij + 2gkl(Bijkl −Bijlk −Biljk +Bikjl)

−gklgpq(RpjklRqi +RipklRqj +RijplRqk +RijkpRql)

+2gklgpq

( ∂
∂t

Γpil.
∂

∂t
Γqjk −

∂

∂t
Γpjl.

∂

∂t
Γqik

)
(3.14)

−(n− 2)ρ∇i∇jR− ρ∆Rgij − 2gkpglq
∂gpq
∂t

∂Rikjl
∂t

−gkpglq(−2Rpq + 2ρRgpq)Rikjl + 2gkpgrqgsl
∂gpq
∂t

∂grs
∂t

Rikjl,

where

2gkl(Bijkl −Bijlk −Biljk +Bikjl) = 2gkl(Bikjl − 2Biklj) + 2gprgqsRpiqjRrs,

and

gklgpq(RpjklRqi +RipklRqj +RijplRqk +RijkpRql) = 2gpqRpiRqj + 2gprgqsRpiqjRrs,

but gkl(Bikjl − 2Biklj) = 0. Hence by replaceing last equations in (3.14) the proof of
the theorem is complete. �

From R = gijRij and using (3.11) we have the following result:

Corollary 3.3. Under the HRB flow, the evolution equation of the scalar curvature
satisfies

∂2

∂t2
R = (1− 2(n− 1)ρ)∆R+ 2|Ric|2 − 2ρR2

+2gijgklgpq

( ∂
∂t

Γpil.
∂

∂t
Γqkj −

∂

∂t
Γpkl.

∂

∂t
Γqij

)
−2gijgkpglq

∂gpq
∂t

∂Rikjl
∂t

+ 4gkpgrqgsl
∂gpq
∂t

∂grs
∂t

Rkl

−2gipgjq
∂gpq
∂t

∂Rij
∂t

.

4. Examples

In this section, we give some examples of HRB flow.

Example 4.1. Let (M4, g(t)) = (S2 × L, c(t)gS2 ⊕ d(t)gL) where (S2, gS2) is a
round sphere with Gauss curvature 1 and (L,GL) is a surface with constant Gauss
curvature −1. The HRB flow results that{

∂2

∂t2 c(t) = −2 + 4ρ(1− c2), c(0) = 1, c′(0) = 0,
∂2

∂t2 d(t) = 2 + 4ρ(d2 − 1), d(0) = 1, d′(0) = 0.
(4.1)

If 0 < ρ < 1
4 , then ∂2

∂t2 c(t) < 0 implies that c(t) is decreasing and ∂2

∂t2 d(t) > 0 results
that d(t) is increasing.
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Example 4.2. Let (M, g(0)) be an arbitrary compact Riemannian manifold. If
the initial metric gij(0, x) is Ricci flat, i.e. Rij(0, x) = 0, then gij(t, x) = gij(0, x)
is obviously a solution to the evolution equation HRB flow, therefore any Ricci flat
metric is a stationary solution of the HRB flow.

Example 4.3. Let (M, g(0)) be a closed Riemannian manifold and the initial
metric g(0) is Einstein that is for some constant λ it holds

Rij(0) = λgij(0). (4.2)

Since, the initial metric is Einstein for some constant λ, let gij(t, x) = c(t)gij(0). By
the definition of the Ricci tensor, we have

Rij(t) = Rij(0) = λgij(0), Rg(t) =
nλ

c
. (4.3)

Therefore the equation (1.8) becomes

∂2c(t)gij(0))

∂t2
= −2λgij(0) + 2ρnλgij(0), (4.4)

this implies

d2c(t)

∂t2
= −2λ+ 2ρnλ, c(0) = 1, c′(0) = ν, (4.5)

which solution of it is given by

ρ(t) = (−2λ+ 2ρnλ)t2 + νt+ 1. (4.6)

Hence, the solution of the HRB flow remains Einstein.
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