Computational Methods for Differential Equations C
http://cmde.tabrizu.ac.ir

Vol. 9, No. 1, 2021, pp. 1-21 na
DOI:10.22034/cmde.2020.34127.1568

First order linear fuzzy differential equations with fuzzy variable
coefficients

Robab Alikhani*

Faculty of Mathematical science,
University of Tabriz, Tabriz, Iran.
E-mail: alikhani@tabrizu.ac.ir

Mahdi Mostafazadeh

Faculty of Mathematical science,
University of Tabriz, Tabriz, Iran.
E-mail: mostafazadeh-mahdi@yahoo.com

Abstract In this study, we investigate the first order linear fuzzy differential equations with
fuzzy variable coefficients. Appearance of the multiplication of a fuzzy variable co-
efficient by an unknown fuzzy function in linear differential equations persuades us
to employ the concept of the cross product of fuzzy numbers. Mentioned product
overcomes to some difficulties we face to in the case of the usual product obtained by
Zadeh’s extension principle. Under the cross product, we obtain the explicit fuzzy
solutions for a fuzzy initial value problem applying the concept of the strongly gener-
alized differentiability. Finally, some examples are given to illustrate the theoretical
results. The obtained numerical results are compared with other approaches in the
literature for similar parameters.
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1. INTRODUCTION

Many of the differential equations that describe real natural phenomena are linear
differential equations. They arise in the field of biology, mechanics, heat, electricity,
interaction between neurons, population models, and growth model. In the real world,
some information on physical phenomena are uncertain and imprecise. The concept
of interval and fuzzy differential equations are born when the uncertainty comes in
modeling on a problem with differential equations. Many studies have been done by
several authors in the theory of interval, fuzzy differential equations and fully fuzzy
linear systems (see e.g. [1, 4, 5, 7, 12, 13, 17]).

There are different approaches to interpret the concept of a solution to first order
linear fuzzy differential equations (see e.g. [8, 10, 11, 14, 15, 16, 18]).
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2 R. ALIKHANI AND M. MOSTAFAZADEH

In [8], the authors presented a variation of constants formulas for fuzzy initial value
problem of the following first order linear fuzzy differential equations

y'(t) = a(t) - y(t) + b(t), (1.1)
where a is a real function and b is a fuzzy function. In [16], the authors generalized the
results of [8] and they investigated the analytic solutions of the equation (1.1) with
more cases. In the mentioned papers, strongly generalized differentiability concept
introduced in [6, 7], have been used. As we observe, the equation (1.1) involves the
term a - y. In the case that a is a fuzzy function, we face to the interpretation of the
product of two fuzzy numbers. The definition of product of fuzzy numbers are based
on Zadeh’s extension principle. Some researches have concentrated on linear fuzzy
differential equations with fuzzy variable coefficients under the usual product[10, 15].
Using the definition of the usual product of fuzzy numbers, we arrive at

[a : y]T = [min{afyf, a?yﬁ a:r?/;7 afyfh maX{aZyL a?yf, afyf, aiyf ]

This shows that the usual product formula based on Zadeh’s extension principle
is not practical and applicable in this case. To apply this product to linear fuzzy
differential equations, there are some difficulties which to overcome them it appears
to have several limitations and to be very restrictive. Recently, a new definition
of product so-called the cross product of fuzzy numbers, was introduced in [9] and
studied in [2, 6]. This concept allows us to solve the above mentioned shortcomings.
From the theoretical and numerical point of view, there are some studies which apply
the concept of the cross product for some problems [2, 11, 18]. In [2], the authors have
been applied the concept of the cross product to the fuzzy transport equation with
fuzzy coefficients. In [11], a numerical solution (Euler method) and in [18] Runge-
Kutta Fehlberg method for solving first order fully fuzzy differential equations in the
form ¢/ (t) = a-y(t), y(0) = yo, were considered.

These motivate us to use the cross product instead of the product obtained by Zadeh'’s
extension principle in order to gain analytical solutions for linear fuzzy differential
equations (1.1) and other alternative formats of Problem (1.1).

The structure of the present study is as follows. In Section 2, we give a brief review of
definitions and calculus related to fuzzy numbers. In Section 3, we present some results
on the calculus of fuzzy function. We apply our approach to the first order linear
fuzzy differential equations and construct the analytical solutions of the equation
associated with the uncertainty of data in Section 4. Finally, the applicable examples
and comparison results with other approaches in the literature are given in Section 5.

2. PRELIMINARIES OF FUZZY NUMBERS

The space of fuzzy numbers is denoted by Rx. For 0 < a < 1, a-cuts of u € R is

defined by
[ulo = {z € R | u(z) > a}

with [u], = [u, ,ul]. We denote Core(u) = [u]; and Supp(u) = [u]op = {z € R;u(z) > 0}.
Recall that the triangular and the trapezoidal fuzzy numbers u,v are denoted by
u=<a,b,c>and v=<a,b,c,d > respectively. For u,v € Rr, A € R, we define the
addition u+wv and scalar multiplication Au as [u+v], = [u]a+[v]a and [Au]o = Alu]q,
where [u]s + [v]o and A[u], mean the usual addition of two intervals of R and the
(c]m)]
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usual product between a scalar and an interval of R respectively.
If v and v are two fuzzy numbers, then the usual product w = u - v is defined based
on Zadeh’s extension principle by [w], = [w, , w]], where for every a € [0,1]

- — o= pmat ot — oot
w, = min{u_ v, ,u v}, ul vy, ul vy
and
+ _ == o —ayt ot — oot
woz - maX{ua Ua 9 ua va 9 ua Uoz 7ua va

If u € Rx, then we have its length as Diam(u) = ug —ugy . Let u,v € Ry, if there
exists a unique fuzzy number w € Rz such that v + w = wu, then w is called the
H-difference of u, v and denoted by u & v (see e.g. [6]).

Definition 2.1. [6] Given two fuzzy numbers u,v € Rz, the generalized Hukuhara
difference (gH-difference, for short) is the fuzzy number w, if it exists, such that

(i) w=v+w

u@gHv—uM:{ or (it) v=u—w.

Definition 2.2. [6, 9] We will say that a fuzzy number u is positive if for the lower
endpoint of its core we have u] > 0. Also we call a fuzzy number negative if u;” < 0.
The set of positive (negative) fuzzy numbers is denoted by RE(R%).

Proposition 2.3. [6, 9] If u and v are positive fuzzy numbers, then w = u®uv defined
by we = [w,,,wt], where

W, = Uy Uy + U U, — Uy Vg,

and
+,+

wl = u;tvfr + ufvi — uq v
for every a € [0,1], is a positive fuzzy number.
The above definition is extended to the negative fuzzy numbers as follows.
Proposition 2.4. [6, 9] Let u and v be two fuzzy numbers.
(1) If u is positive and v is negative we define
uOv=—(uo(-v)),

which is a negative fuzzy number.
(2) If u is negative and v is positive we define

uOv=—((-u) ©v),

which is a negative fuzzy number.
(3) If u and v are negative we define

uOv=((-u)©(-v)),
which is a positive fuzzy number.

Definition 2.5. [6, 9] The binary operation introduced as above is called the cross
product of fuzzy numbers.

(el
BE
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3. CALCULUS OF FUZZY NUMBER VALUED FUNCTIONS

For convenience, we will hereafter recall a fuzzy number valued function f : (a,b) —
Rz by a fuzzy function. In this paper, for the integral concept, we will use the
fuzzy Riemann integral ( see e.g. [6]). If g : [a,b] — Rz is an integrable fuzzy
function such that [g(t)]a = [(g(t))s, (g(¢))L], then the boundary functions (g(¢));

and (g(t))3 are integrable and [ [* g(t)dt]o = [[*(g(t))adt, [ (g(t))Edt]. In the special
case, if we consider a triangular fuzzy function g : (a,b) — R, such that g(z) =<

gi (t)7 gc(t)a gr(t) >, then

/abg(t)dt =< /abgl(t)dt,/abgc(t)dt,/abgr(t)dt>.

Definition 3.1. [6, 7] Let f : (a,b) = Rz and ¢y € (a,b). We say g is generalized
differentiable at tg, if there exists an element f’(tg) € Rz, such that

(i) for all h > 0 sufficiently small, there exist f(to + h) S f(to), f(to) © f(to —h) and
the limits

lim f(to+h) S f(to) ~ lim [(to) © f(to — h)
R\,0 h R\.0 h

= f'(to),

or
(ii) for all A > 0 sufficiently small, there exist f(to) © f(to +h), f(to —h)© f(to) and
the limits

iy JE)E fo+h) . flto—h) © f(to)

ol
[AN) —h RNO —h = I'(to),

or
(iii) for all h > 0 sufficiently small, there exist f(tg) © f(to+h), f(to)© f(to —h) and
the limits

i JG0) © fllo+h) _ . flto) © f(to — 1)
RNO —h N h

= f'(to),

or
(iv) for all A > 0 sufficiently small, there exist f(to+h) & f(to), f(to—h)©S f(tp) and
the limits

i LB+ © flto) _ . flto—h) © f(to)
hN\0 h hN\0 —h

= f'(to).

Lemma 3.2. [6] Let f : [a,b] = Rz be a continuous fuzzy function. Then F(z) =
[ f(t)dt is (i)-differentiable and we have F'(z) = f(z).

The following lemma states the derivative of the summation and Hukuhara differ-
ence of f and g for which f and g are fuzzy function.

Lemma 3.3. [3, 6, 8, 16] Let f,g : (a,b) — Rx are generalized differentiable at
z € (a,b). Then the differentiability of f+g and f© g are as in Table 1 provided that
the involving H-differences exist.

(<)
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TABLE 1. The differentiability of f + ¢ and f © g.

Case | Diff of | Diff of | Diff of (f+9) Diff of (feg)
f g f+g fog
1 (i) (i) (i) f'(z) +4'(x) (i) f'(x) o4 (x)
2 (i) (i) (i) f'(z) e (=1)g'(z) (i) f'(@) + (=1)g'(z)
3 (ii) (i) (i) | f'(z)o(=1)¢ (x) (i) | f'(x)+ (=g (x)
4 (ii) (i) (ii) '(z) +4'(x) (ii) f'(x) o4 (x)

The following lemma states the derivative of a fuzzy function multiplied by a crisp
function. The interpretation of product is based on Zadeh’s extension.

Lemma 3.4. [8] Let f : R = R and g : R — Rx be two differentiable functions. Then
the differentiability of fg is as in Table 2 provided that the involving H-differences

exist.

TABLE 2. The differentiability of f - g.

Case | The sign of | Diff of g | Diff of f - g (f-9)
f@)f' (=)
1 >0 (i) (i) f(z) -g(zx) + f(z) - ¢'(2)
2 <0 (1) (1) f(@) - g'(x) © (=1)['(x) - g(x)
3 <0 (i) (ii) f'(@)-g(x)o (=1 f(z) g'(z)
4 >0 (1i) (i1) f@)-g'(@) e (=1)f(z) g'(z)
5 >0 (1i) (i) f(x) -g(z) © (=1)f(z) - g'(x)
6 <0 (i) (ii) f(@) -g(x) + f(z) - ¢'(x)

4. LINEAR FUZZY DIFFERENTIAL EQUATIONS WITH FUZZY COEFFICIENT

In this section, we consider the following three fuzzy initial value problems of linear
fuzzy differential equations with fuzzy variable coefficients

{ y'(t) = a(t) © y(t) +b(t), ()

y(to) = yo,

{ y'(t) + (=b(t) = a(t) © y(t), (1)
y(to) = o,

{ y'(t) + (—a(t)) © y(t) = b(t), (I11)
y(to) = o,

where a,b: [tg,T) = Rz, T > tp and yo € Rx.

It is worth noting that although the above problems are equivalent in the crisp version,
they are different in the fuzzy version. Moreover, the above problems are generaliza-
tion of the problems mentioned in [8] for which a(t) is a real function. In the above
problems, we have applied the concept of the cross product instead of the usual prod-
uct. Therefore, we investigate the above problems separately in the next sections.
Throughout this section, for convenience, we will use the following definition related
to the definition of the cross product.

(el
BE



6 R. ALIKHANI AND M. MOSTAFAZADEH

Definition 4.1. Let u,v € RE (or R%). If Core(u) consists exactly one element, i.e.
[u]1 = {u.}, we define

(U— ) OV=u® VO u.

4.1. Investigation of solutions to Problem (I). In this section, we study Problem
(I) and give its explicit fuzzy solutions.

Theorem 4.2. Let a,b: [tg,T) = Rx be two fuzzy functions and the core [a(t)]; =
{ac(t)} consists of exactly one element for any t € [ty,T) and yo € Rr.
L. Ifa(t) € RE: and yo + [ b(s)e 10V ds e RE: (or R3) for all t € (to,T),
then y1 defined as

t t s
yi(t) = elo <y, 4 / b(s)e Jio @ gy

to
Ji ac(s)ds ' ) — [ ac(u)du
B [ as) —ac(s) @+ [ by o s,
to to
is (i)-differentiable w.r.t. t and satisfies Problem (I).
2. If at) € Ry and yo © (=1) [L b(s)e” Jo " ds € RE (or RF) for all t €
(to,T), then yo defined

t t R
palt) = o (g 6 (1) [ b S as)
to

o (_1)6ftt0 ac(s)ds/ (a(s) — ac(s)) © (yo © (—1) /S b(r)e” Jiy aC(u)dudT)ds,

to to

is (ii)-differentiable w.r.t. t and satisfies Problem (I) provided that the H-
differences involving yo and the following H-difference exist

eftfo ac(s)dS(a(t) —ac(t) ® (yo © (—1) /t b(r)e” I ’lc(u)dud’l”) o (-1)

to

ac(t)elo / (als) = ac(s)) © (go © (~1) / b(r)e e gy s,

to tO

Proof. Case 1. It follows from Lemma 3.2 and Case 1 of Lemma 3.3 that

t
to
and

/ (a(s) = ac(s)) © (yo + / () Ho ae gy g

t() tO

are (i)-differentiable. Moreover, we have

K t
(yo + / b(s)e Jio < ggy = p(p)e Jro (I
to
[c[v)
(o] ¢
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and

t
(/ (a(s) — ac(s) (vo +/ b(r e i aC(u)dudr)ds)'
to

= (a(t) — ac(t ))@(yo+/ b(r)e™ Jro 2B gy,

to

Since a(t) € RE for all t € (to,T), from Case 1 of Lemma 3.4 we deduce that the
following fuzzy functions are (i)-differentiable

t t s
(eft,o U«C(S)ds(yo _|_/ b(s)e_ fto ac(T)deS))/
to

t t s
= ac(t)elio % (o + / b(s)e™ Jio @M g5y 4 b(2), (4.1)

to
and

t t s "
(gfto ac(s)ds/ (a(s) — ac(s)) ® (yo +/ b(r)e” Sty aC(u)dudT)dS)/

to tO

. t s
=%uw%%@“/faﬁ—%w»@@m+/bwk‘%%w“me

to tO

t t r
el O () — act) © o+ [ b)), (42)
to

From Eqgs. (4.1)-(4.2) and Case 1 of Lemma 3.3, we conclude that y; is (i)-
differentiable and also from Definition 4.1, we have

1(t) = ac(t)yr(t) + (a(t) — ac(t)) © ya () +b(t) = a(t) © ya(t) + b(1).

It means that y; is a solution of Problem (I).

Case 2. We suppose that all of the H-differences involving in yg exist. It follows
from Lemma 3.2 and Case 3 of Lemma 3.3 that yo © ( ft e~ Jip ac(r)dr
(ii)-differentiable and from Lemma 3.2 that

ds is

S

[ @) = acs) @ oo (1) [ brye o aryds

to to
is (i)-differentiable. Moreover, their derivatives are as follows
k t
(yo © (—1)/ b(S)ei fto ac(T)drdS)/ _ b(t) e fto utc(r)dr7
to

and

S

</m@—%uwxme<>/bu*%%“%mwy

to

= (a(t) —ac(t) © (yo © ( / b(r)e Jo e gy
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Since a(t) € Ry forallt € (t,T'), from Case 6 of Lemma 3.4 we have (ii)-differentiability
for the fuzzy function below

t t s
(eff,o ac(s)ds(yo o (71)/ b(s)e_ fto ac(r)drds))/

to

t t s
— ao(t)elio O (yy o (<1) / b(s)e™ Jio @M gy 4 b(t).

to

On the other hand, from Case 2 of Lemma 3.4 we have (i)-differentiability for the
following fuzzy function

(efgo ac(s)ds/ (a(s) — ac(s)) ® (yo © (=1) /s b(r)e - Ji acCud gy ds)!

to

= el "% (a(t) — ac(®) © (w0 © (- ‘/b i eetwdn gy

een%@w%%@“/lwﬁ—%@»G@MM—U/Ewwﬂ%%w“ww&

to to

According to the assumptions of the present theorem, the above H-difference exists.
It follows from two above equations and Case 3 of Lemma 3.3 that ys is (ii)-differentiable.
Moreover, from Definition 4.1 and two above equations, we have

Ya(t) = ac(t)y2(t) + (a(t) — ac(t)) © y2(t) + b(t) = a(t) © y2(t) + b(t).

It means that ys is a solution of Problem (I). 0

4.2. Investigation of solutions to Problem (II). In this section, we study Prob-
lem (II) and give its explicit fuzzy solutions.

Theorem 4.3. Let a,b : [tg,T) — Rx be two fuzzy functions and the core of a(t)
consists exactly one element for any t € [to,T), i.e. [a(t)]1 = {ac(t)} and yo € Rr.

L. If a(t) € RE: and yo © ( ft e i eeMirgg ¢ RE (or R%) for all t €
(to, T), then Y1 deﬁned as

t t s
n(t) = o ac(s)dS(yO 5 (_1)/ b(s)e™ I ac(r)drds)

to
t t r
+ elio ac(s)ds/ (a(s) —ac(s)) © (yo © ( / b(r)e” Jio e gy s
to

s (i)-differentiable w.r.t. t and satisfies Problem (II) provided that for t €
(to,T) the H-difference involving y1 and the following H-difference

t t E}
ay(t)eHo ac<s>d5(y09(_1)/ b(s)e™ T a0y & (“1)p(t)

to

exist.

=
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2. Ifalt) € Rz and yo + [} b(s)e 10" ds e R (or R3) for all t € (to, T),
then ys defined as

t t s
Y2 (t) = 6ft0 aclo)ds (yO + / b(s)ei fto aC(T)deS)
to

t t s T
es(——l)aﬁo“C“)dsj/ <a<s>gfac<s>>c><yo—+t/m b(r)e o (M ) ds

to to

is (it)-differentiable w.r.t. t and satisfies Problem (II) provided that for t €
(to,T) the H-differences involving ya, the following H-differences

t t s
ac(t)efto ac(s)ds(yo +/ b(s)e_ fto ac(r)drds) o (—1)b(t),

to

and

elto % (a(t) — ac(t)) © (3o +/ b(r)e” Jro %t gy & (~1)

ac(t)efttg ac(S)ds/ (a(s) — as(s)) ® (yo +/ b(r)e - I aC(u)dudT)dS

to tO

exist.

Proof. Case 1. From Lemma 3.2 and Case 3 of Lemma 3.3,

Y0 O ( / b(s e~ Jio ac(dr g

is (ii)-differentiable and

t
/WU—% m+/b i e g g
to

is (i)-differentiable. Moreover, we have

(o & ( / b(s)e™ o Sy acrydr ds) = b(t)e™ " ac(rydr
and
(fi (a(s) = ae()) © (yo + [ b(r)e” ot dr)dsy
- (a(t) —ac() © (yo + [ b(r)e” o <),

Since a(t) € RE for allt € (to, T), from Case 5 of Lemma 3.4, we have (i)-differentiability
for the following fuzzy function

(el s (o (1) ) J1 bs)e” e Jiy aerdr g oy

= ac(t)el (o & (1) [ bs)e %%‘%@e&mw.

(el
BE
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According to the assumptions of the present theorem, the H-differences appeared
above exist. On the other hand, from Case 1 of Lemma 3.4, we have (i)-differentiability
for the following fuzzy function as below

(effo ac(s)ds/ (a(s) — ac(s)) ® (o © (- )/S b(r)e = Jiy ac u)d“dr)ds)’

to

t t ™
= a(t)elio / (a(s) — ae(s)) © (40 © (— /b i et gy s

to
‘ t
4O ) — ac() @ (o + [ b)),
to

It follows from Case 1 of Lemma 3.3 that y; is (i)-differentiable and from two above
equations and Definition 4.1 that

yr(t) + (=1)b(t) = ac(t)y1(t) + (a(t) — ac(t)) © y1(t) = a(t) © yi (1)
It means that y; is a solution of Problem (II).
Case 2. We suppose that the H-difference involving in yy exists. From Lemma 3.2

and Case 1 of Lemma 3.3, yo + ftz b(s)e” Jiy aedr gs and f:o (a(s) —ac(s)) © (yo +
o o(r)e” Jig 2 gy ds are (i)-differentiable and we have
t , .
(0 + / b(s)e™ o I ds) = p(e)e o 2O

to
and

(i (a(s) = ac(s)) @ (yo + [ b(r)e™ o * ™ ar)dsy
= (a(t) — ac(t) © (yo + [ b(r)e fio ™ gp),

Since a(t) € Ry for all t € (to,T), from Case 3 of Lemma 3.4, we have (ii)-
differentiability for the following function as below

(eftto ac(S)dS(yO + fti) b(s)e” I ac(r)deS))/
= ac(t)elo <O (o + [ b(s)e o O ds) © (~1)b(2).

According to the assumptions of the present theorem, the above H-difference exists.
On the other hand, we have (i)-differentiability for the following fuzzy function from
Case 2 of Lemme 3.4

t t # "
(efto ac(s)ds/ (a(s) — ac(s)) ® (yo Jr/ b(r)e” i ac(u)dudr)ds)/

to to
t t r
= el " a(t) — ac(t) © (v + / br)e™ Jio 2<%y
to
t t r
O(-Dactels O [ als) - aul) © (o + / br)e™ Vo 2 dr) ds.
to

According to the assumptions of the present theorem, the above H-difference exists.
It follows from case 3 of Lemma 3.3 that y, is (ii)-differentiable and from two above
c[v)
EBE



CMDE Vol. 9, No. 1, 2021, pp. 1-21 11

equations and Definition 4.1 we have

Ya(t) + (=1)b(t) = ac(t)y2(t) + (a(t) — ac(t)) © y2(t) = al(t) © ya(?).
It means that ys is a solution of Problem (II). 0

4.3. Investigation of solutions to Problem (III). In this section, we study Prob-
lem (III) and give its explicit fuzzy solutions.

Theorem 4.4. Let a,b : [tg,T) — Rr be two fuzzy functions and the core of a(t)
consists exactly one element for any t € [to,T), i.e. [a(t)]1 = {ac(t)} and yo € R.
1. If a(t) € RE and yo © (1) [{ b(s)e 10 I ds € RE (or Ry) for all t €
(to,T), then yi defined by

t t R
yl (t) = efto ac(S)dS (yo @ (_1)/ b(5)67 ft() aC(T)deS)
to

S

t t T
+ el o) / (a(s) — ac(5)) © (yo © (1) / b(r)e” J (M dp) ds

to to

is (i1)-differentiable w.r.t. t and satisfies Problem (III) provided that the H-
differences involving y1 and the H-differences

t t El
b(t) © (=1)ae(t)elo * (yy o (~1) / b(s)e Jio 2 ),

to
and
b(t) © (=1)a(t) © 41 (D),
for allt € (to,T) exist.
2. If a(t) € Ry and yo + [, b(s)e” Jo " ds e RE (or R7) for all t € (to,T),
then yo defined by

t t .
ya(t) = e % (g +/ b(s)e” Jro 2" gg)

to

t t s T
© (~1)elo eI / (als) — ac(s)) @ (yo + / b(r)e” Jio <t g s
to

to
is (i)-differentiable w.r.t. t and satisfies Problem (III) provided that the H-
difference involving yo and the H-differences

t t R
b(t) © (~D)ac(t)elio 1 (g & (-1) / b(s)e ™ Jro e gg).

to
and
t t S T
ac(t)efto ac(s)ds/ (a(s) — ac(s)) O] (yo +/ b(r)e_ fto aC(u)dudT)dS o (_1)
to tO

t t 7‘
efto ac(S)dS(a(t) _ ac(t)) ® (yO +/ b(?")€7 fto aC(u)dudT>7

to
for allt € (to,T) ewist.
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Proof. Case 1. From Lemma 3.2 and Case 4 of Lemma 3.3,

t ,
Yo © (—1)/ b(s)e” Jig ac(rdr g

to

is (ii)-differentiable and fti) (a(s)—ac(s))O(yo+ [, b(r)e” Jig 2 g1y ds s (i)-differentiable.
Moreover, we have

t ) .
(yO S, (_1)/ b(s)ei ftO GC(T)d'rds)/ — b(t)67 fto aC("")dT’

to

(/t:<a<s>—ac<> 0 D) [ e oo
— (alt) - ac(t) @ (yoe /b ftzacwdudr).

Since a(t) € RE forallt € (tg,T), from Case 4 of Lemma 3.4 we have (ii)-differentiability
for the following fuzzy function

t t el
(efo <%y & (~1) / b(s)e Jro (O gy

to

and
!

t t R
= b(t) 6 (_1)ac(t)€ft0 Gc(S)dS(yO 9 (_1)/ b(8)€7 ‘fto aC(T)drdS.

to
According to the assumptions of the present theorem, the above H-differences exist.
On the other hand, from Case 1 of Lemma 3.4 we have (i)-differentiability for the
following fuzzy function as bellow

(el 2e()e / (als) — ac(s)) © (o © (~1) / b{r)e o 2 gy sy

to to

= a,(t)eli )% / (als) = ac(s)) @ (30 & (1) / b(r)e i e gy as

to tO
—|—eftil ac(s)dS(a(t) - ac(t) yO @ / b i} tT ac U)dud’l").

It follows from Case 3 of Lemma 3.3 and the above equations that y; is (ii)-differentiable
provided that the H-difference b(t) © (—1)a(t) © y1(¢) for all t € (t9,T') exists and we
have

Y1) = b(t) © (1)
(acmyl () + 0 <% (q () — a (1)) (yo & (=1) | blrje Vi ‘“(”’d"d’"»
= b(t) © (—Dac(t)ya (t) + (a(t) — aclt)) © y1(t) = b(t) © (~L)a(t) © g (8).

Then we have y{ (t)+(—1)a(t) ©y1(t) = b(t). It means that y; is a solution of Problem
(I10).

(<)
EE
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Case 2. We suppose that the H-difference involving in yo exists. We know that
t s
vo + / b(s)e” fo " ds,
to

and
¢ S
/ (a(s) = ac(s)) © (yo +/ b(r)e” Jio “C(“)d“dr)ds
to "

are (i)-differentiable. Also, we have
k s t
(yo + / b(s)e T eI ds) = b(t) - e Jro 2
to

and

S

( / (a(s) — ae(s) © (40 + / b(r)e™ o 4008 gr) gy

to to

= (@) = au®) © (o + [ B ),

to

Since a(t) € R forallt € (to,T'), from Case 2 of Lemma 3.4 we have (i)-differentiability
for the following fuzzy function

t t s
(efto %% (4o + / b(s)e™ Jio @M gy
to

t t s
= b(t) & (~ac(t)es “ Oy + [ s)e™ O ),
to
and (ii)-differentiability for the following function from Case 3 of Lemma 3.4

+ t s [
(O [ o)~ aclo) @ (o + [ blrge o ar)dsy

to

to

to
t t S N
= ac(t)efto ac(s)ds/ (a(s) — ac(s)) ® (yo + / b(?")e_ fto ac(u)dudT)dS
to
t t N
@(*l)efto ac(s)ds (a(t) — ac(t)) ® (yO + / b(r)e_ ff'o ac(u)dudr)'
to

It follows from two above equations and Case 2 of Lemma 3.3 that ys is (i)-differentiable
and we have from Definition 4.1

Ya(t) = b(t) & (=1)(ac(t)ya(t) + (a(t) — ac(t)) © y2(t))-

Therefore, it means that y5(t) + a(t) ® y2(t) = b(t) and ys is the solution of Problem
(111). O

(el
BE
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5. EXAMPLES AND COMPARISON WITH OTHER APPROACHES
This section is devoted to some examples and comparing the new approach pro-

posed in this paper to the existing ones in the literature.

Example 5.1. Consider the following initial value problem
Y (t) =< t,2t,3t > Oy(t)+ < £,¢,3L >, (5.1)
y(0) =< -3,-1,5' > . '

Since for all t > 0, a(t) € RE and

t
yo+/ b(s)e™ Jo ac(dr g
0

t _ 2
< oLob [ < B LTS e (59

— 3 1 1 3 1,—t? 1
< _E’_l’_i > + < 571’5 (_56 +§)
—e _l—t? 5 _1 _ 1 3,1 -
< —je 1> 3¢ 5, 1€ + 1€ RF,

we can apply Case 1 of Theorem 4.2 in order to obtain a solution for Problem (5.1)
which is (i)-differentiable for all ¢ > 0. To this purpose we derive
(5.3)

Ji(a(s) = ac(s)) @ (yo + [y b(r)e™ Jo aeCmdu)gs =
le—s® _ 1 _3,-s" L 1
4

fg<s72$,38>®<—%e_52—%,—§e 33
O(2s) < 7%6752 -3 7%6782 -1 —3e=s” 4 1>ds
= fot < 75(% + %6752),0,8(% + %e*"j) > ds

=< — 3t + ie_tQ - 1,0, 5% — ie‘tz +3>.
(5.2)-(5.3) and Case 1 of Theorem 4.2, we obtain the solution of

W~

Utilizing Eqgs.
Problem 5.1 as follows

u(t) =< wi(t), uc(t), ur(t) >=<

342 142 11,542 142
— ——e - =, —e —1>.
26 , 26 2,4te +26 >

1
_Zﬂetz _

Moreover, we have
1
Diam(u(t)) = itze* +2e” 1.
As we can see in Figure 2(b), the diam of the solution of Problem(5.1) is increasing
a

w.r.t. t. Also, three functions wy, u., u, can be seen in Figure 2(a).

Example 5.2. Consider the following initial value problem
Y (t) =< =3t,=2t,—t > Oy(t)+ < L,¢, 3 >, (5.4)
y(0) =< -3,-1,5L >. '
Since a(t) € Ry for t > 0, we apply Case 2 of Theorem 4.2 and check if all of the
H-differences appeared in this case exist. The following H-difference for ¢ € [0, vIn 3]

exists, that is
1,67

2 3 -
e ,—7+ 3¢ >€ R]_-.

(<)
EE
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FIGURE 1. Plot of the solution of Problem (5.1).

500

400

3004

200

100

15

(a) The solution of Problem (5.1) Based (b) Plot of the diam of the solutions of Problem

on the cross product

On the other hand, we can derive

(5.1)

(alt) — ac(t)) © (v © (~1) / b(s)e™ I5 @) gs —

0

9 3 .2 3 1

9 342 3 1,2 3 1

_9 L2 2 2t 2 ¢
O (—2t) < it ot ity

Utilizing the above equation, it follows that the following H-difference for ¢ € [0,

exists, that is

+2

e—§+
T4

+2

1 42

1 >
>=< 3t—|—1t
=< —= —te
2 2

2
t
,0

3
"2

t 1t
— cte
2

ef(f ac(s)ds(a(t) —ac(t)) ® (yo © (_1)/0 b(r)e™ Jo ac(u)dudT) o(-1)

ac(t)efo e / (a(s) — ac(s) © (30 © (1) /0 b(r)e o 2t g ds

0

—t2 3.3 33
= —t4+ =t7,0,t — -t° > .
e < +2 , U, 5

2
L

V3

Therefore, one can obtain the following solution for Problem (5.4) which is (ii)-

differentiable for 0 < t < \/g
1

u(t) = ~e " <2 +3t2 - 8,2¢" —6,2¢"" —3t2 —4> .

4
Moreover, we have

Diam(u(t)) = ie-tz(—m? +4).
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Now, we are going to compare this example with Example 5.3 in [10]. The proposed
method in the mentioned paper is based on the usual product obtained by Zadeh’s
extension principle. The current example is the same as Example 5.3 in [10] for which
we have the following a-cuts of the solution for ¢ € (0, ?) as follows

a—3

[v(t)]a = % 14+ (44 a)e 2

Moreover, the diam of this solution is as follows

1+ (—2— a)e%(_l_o‘)tQ] :

—3¢2 —t2

Diam(v(t)) =272 —e2 .

We observe in this example that the solution obtained by our approach is different
from the solution based on the usual product in [10]. The comparison between these
two solutions obtained by the different methods demonstrates that the uncertainty of
the solution obtained by the method of the cross product is less than the uncertainty
of the solution obtained by the method based on the usual product. This fact can be
illustrated in Figures 3(a) and 3(b).

FIGURE 2. Plot of the solutions of Problem (5.4).

— The diam of the solution based on the cross product
—— The diam of the solution based on the usual product

I
The graph of lower endpoint of Supp(u) The graph of Core(u) and Core(v)
The graph of upper endpoit of Supp(u) — - — The graph of lower endpoint of Supp(v)
The graph of upper endpoint of Supp(v)
0 T T T T v/\
02 04 06 08 // 1 0.8
l -
P
0.6
0.4
0.2
0 T T T T T T T T 1
01 02 03 04 05 06 07 085\09
t
(a) The solutions v and v of Problem (5.4) (b) Plot of the diam of the solutions u and

v of Problem (5.4)

Example 5.3. Consider the following initial value problem

{ y () =< =3, —1,-1 > oy(t), (5.5)

y(0)=<11,3>.

Since a(t) € Ry for t > 0, we apply Case 2 of Theorem 4.2 and check if all of the
H-differences appeared in this case exist. The following H-difference for ¢t > 0 exists,
c[v)
EBE
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that is
t s d 1 3
Yo O (—1)/ b(s)e Jo acdr — — 1 25
o 272

On the other hand, we can derive

¢ . 1 1
(a(t) = aclt) @ (0 & (-1) [ bls)e o) —< 0,7 >
0
Utilizing the above equation, it follows that the following H-difference for ¢ € [0, 1]
exists, that is

ef(f a“(s)ds(a(t) —a.(t) ® (yo © (_1)/0 b(r)e” Jo a“(u)d“dT) o(-1)

t s
0e@f % [ (als) — aul9) © (10 & (1) [ blr)e i ey
0 0
1 1 1 1 1 1 1 1
=< —2,0,= — 0,2t >=< —= 4 =£,0,= — =t > .
< 2,,2>@< 2,,2>< 2+2,,2 2>
Therefore, one can obtain the following solution for Problem (5.5) which is (ii)-
differentiable for 0 <t <1

L
u(t) = J¢ < 1+¢,2,3—t>.
Moreover, we have
Diam(u(t)) = e (1 —t).

The current example is the same as Example 5.1 in [10] for which we have the following
a-cuts of the solution for ¢ € (0, 2) as follows

1
[w(®)]a = 3 (1+a)ez("1=2) (3 a)eé(—3+a)t} _
Moreover, the diam of this solution is given by

Diam(v(t)) = 567 - 567.

Another interpretation of solution is Based on Zadeh’s Extension Principle [6]. Under
this interpretation, Problem (5.5) is solved as a crisp problem. Then a solution of
Problem (5.5) is generated using Zadeh’s extension principle on the classical solution.
Therefore, we have the following solution to Problem (5.5)

1 1 )
[w(t)]a = 5 (14 q)ez (T340t (3 — q)ez(-1-)t|

Moreover, the diam of this solution is as follows

. I — 1 -—s¢
Diam(w(t)) = €7 ~5€ 7 -
Here, we can observe that the solution obtained by our approach is different from
the solutions based on the usual product in [10] and Zadeh’s extension principle.
The comparison between these three solutions obtained by the different methods

demonstrates that the uncertainty of the solution obtained by the method of the cross

(el
BE
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FIGURE 3. Plot of the solutions of Problem (5.5).

144 1.4
1.29 12
1.0+ 104

T T T T 1 T T T T T T
0.2 0.4 0.6 0.8 1 0.1 0.2 0.3 0.4 0.5 0.6
t t

(a) The solution u of Problem (5.5) (b) The solution v of Problem (5.5)

159 The diam of the solution based on the cross product
The diam of the solution based on Zadeh's extension principle
The diam of the solution based on the usual product
1
14 0.8
\
0.6
054 0.4
\
\ 024
~
T T —— 1 0 J
1 2 3 4 5 0 0.2 04 0.6 0.8 1

t t

(¢) The solution w of Problem (5.5) (d) Plot of the diam of the solutions w,
v and w of Problem (5.5)

product is less than the uncertainty of the solution obtained by the methods based
on the usual product and Zadeh’s extension principle. This fact has been illustrated
in Figures 4(a), 4(b), 4(c) and 4(d).

Example 5.4. Consider the following initial value problem for ¢ > 0

(0) =< 1,2,3 > . (5.6)

{ y'(t) = cost < 1,2,3> @y(t) +cost < 1,1,2 >,
)

Since a(t) has the different signs for ¢ > 0, we can partition the interval [0, +00) to
some subintervals such that a(t) is positive or negative on them. For the convenience,
we just consider two of the subintervals [0, 7] and [F, 7] such that a(t) is positive on
the first one and negative on the second one. For ¢ € [0, 5], the following function is

(<)
EE
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positive
' t 1.3 .
Yo +/ b(s)e” Jo actrydrgo _ 1,2,3 > +/ < > 1, 5 > cosse 255 s
0 0
1 3 1 —2sint 1
=<1,2 1 _Z -
=< 3>+<2,,2>( 2@ -|-2)
1 725mt 5 1 —2sint 5 3 —2sint 15
=<-—ge T3¢ +t35 7€ + > (5.7)

On the other hand, utilizing Definition 4.1, we have

/0 (a(s) — ae(s)) ® (o + / Tb(r)e I8 octwinygo —

/t < c088,2¢c088,3c085 > O < ;16—25‘“3 + §’ ;16—2sins n §7 je_zsms n 15 S

0 4 4’ 2 2' 4 1

6 (2coss) < _ie—Zsins I %_%e—mins n ;_%e_zsins n 1745 S ds

= /Ot < fcoss(g — %eizsins),o,COSS(g _ 2672sin5) S ds

=< —gsint— ie‘QSi“t + i’o’gsmtd‘_i —2sint _ i - (5.5

We apply Case 1 of Theorem 4.2 together with Egs. (5.7) and (5.8) in order to obtain
the following solution for Problem (5.6) which is (i)-differentiable for 0 <t < 7

_ 2sint § . _1 —2sint § _1 —2sint § § : _l —2sint Z
y(t) =e < 2smt 5¢ —|—2, 5¢ +2,231nt 5¢ —|—2>.
In this step, one can consider a new fuzzy initial value problem to gain solution for
Problem (5.6) on the interval [F, x| (if it exists). To this end we consider the new

initial value problem as follows

{ y'(t) = cost < 1,2,3 > Oy(t) + cos %717%%
5
5 _ 1

2 e2, e 2>,

x s 5.9
yo=y(5) =€ < —1—3e72 (5.9)

l
2 2

Since a(t) € Rz for t € [, 7], we apply Case 2 of Theorem 4.2 and check if all of

H-differences appeared in this case exist. The following H-difference exists, that is

1 o5 1 _ 1.3 o
=é <—1—§ 2,5—5 26—7 2>@(—1)62/72r<2,1,2>cosse 2eins g

1 1 i 1 ; 1 .
:eQ<_1_7672_7€72smt §_7672smt 6+7672_§672smt >c Rj{-

4 4 22 ’ 4 4
On the other hand, we can derive

e~ 2sint 6+ 1 1o—2 ie—2sint >
626 t:ost<—17Z —27411 —QSint 5

l —2sint 1_-2 3 —92sint
13 T 2¢ 64 777 — e >
=2 <COSt(— _ 1 72smt) 0, 7COSt(% 7% 72smt) > .
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But the following H-difference dose not exists, that is

o5 O alt) ~a0) 0 e (1) e ) o (-

S

ae(t)eto 4= / (a(s) — ac(5)) ® (50 © (~1) / b(r)e”

™

2 2

I3 %(u)dudr)ds

5 1 5 5 1 5
:<—§cost—§e cost+§sm2t0 cost+§e cost—isin2t>¢R;.

It follows that we are not able to find any solution on the interval [7, 7].

Example 5.5. Consider the following initial value problem

FOE\ e 12 42 4 1 42 Loy 3t
{zmw<t¢+Lt+2>®Mﬂ+<2¢az> (5.10)

y(0) =< 0,1,2 > .

It is obvious that for all ¢ > 0, a(t) € RE and also

t g
Yo +/ b(s)e™ Jo actrydrgg — 0,1,2 >
0

¢
—|—</ fe 5 gds/ gds/ —e_T_Sds>
0 2

1 3
=< 59(15), 1+g(t),2+ ig(t) > RE,

3
where g(t) = fot se” 8 ~ds
On the other hand, utilizing Definition 4.1, we have

/o (a(s) = ac(s)) © (o + / b(r)e™Jo o<ty ds =
/0 << 252 4+1,52+2>0 < %g(s),1+g(s),2+gg(s) >
o2 +1) < %g(s), 1+g(s),2+ gg(s) >> ds
= /Ot < —(14+g(s)),0,1+ g(s) > ds
=< —/0 (1 +g(s))ds,0,/0 (I+g(s))ds > .

We apply Case 1 of Theorem 4.2 in order to obtain the following solution for Problem
(5.10) which is (i)-differentiable for ¢t > 0

y(t) = egﬂ < %g(t) —t— /0 g(s)ds, 1+ g(t),2 + §g(t) +t +/0 g(s)ds > .

2
(<)
EE
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