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Abstract In this paper, we analytically study the newly developed (2+1)-dimensional Benjamin-
Ono equation by Wazwaz and propose its (3+1)-dimensional version. For this pur-
pose, we successfully employed the modified extended tanh expansion method to
construct certain hyperbolic, periodic and complex solitary wave structures sim-
ulated with the aid of symbolic computation using Mathematica. Also, we have
depicted graphically the constructed solutions.
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1. INTRODUCTION

Nonlinear partial differential equations are important equations used in modeling
many phenomena in science and engineering applications. In particular, the class of
evolution equations plays a fundamental role in fluid dynamical problems including
the Korteweg-de-Vries equation, Burgers equation, Boussinesq-Burgers equation and
Benjamin-Ono equation among others. Of interest is the Benjamin-Ono equation
which describes the long internal gravity waves in deep stratified fluids:

Ut + a(u2)xx + Buzzzz = 0, (1.1)
where « and § are non zero constants. Furthermore, the literature is rich in different
studies regarding Benjamin-Ono equation. We mention among them: the existence
of multi-soliton solution by [6, 15], existence of periodic solutions by Ambrose and
Wilkening [3], and solution stability by Angulo et al. [5] and certain discrete solutions

by Tutiya et al. [28]. See also [3, 9, 13, 17, 26, 27] and references therein for other
articles.
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However, Wazwaz [29] recently developed the (2+1)-dimensional version of the
Benjamin-Ono equation given in (1.1), namely

Ut + a(uz)wm + Buzezs + YUyyyy = 0, (1-2)

where «, 8 and 7 are non zero constants and 7 never zero. In [29], Wazwaz presented
certain exponential, hyperbolic and period solutions using the Hirota bilinear and
ansatze methods to acquire solutions with Painlevé integrability check.

Further, we proposed in this paper the (3+1)-dimensional Benjamin-Ono equation
in the same manner as in (1.2) that reads

Ut + a(u2)rz + 6uzzzm + ’Yuyyyy + 5uzzzz = 0, (13)

where «, 8, and § are non zero constants. Again, new solitary wave solutions for the
(241) and (3+1)-dimensional Benjamin-Ono equations given in Eqgs. (1.2) and (1.3)
will be investigated using the modified extended tanh expansion method [18, 21, 22].
See also [1, 2, 7, 8, 10, 11, 12, 14, 16, 19, 20, 23, 24, 25, 30] for other related methods.
The rest of the paper is organized as follows: Section 2 gives the analysis of the
method. In Section 3, we presented various new exact solutions for the two equations
and present some graphical illustrations in Section 4 and conclusion in Sections 5,
respectively.

2. ANALYSIS OF THE METHOD

We present the modified extended tanh expansion method in this section. We
suppose that nonlinear partial differential equation takes the form
F(ty Uy, Uty Uy Uty Uiy -2) = 0. (2.1)

Employing the transformation

U(:L‘,t) = f(g)a § =ax — ct — o,
where a and ¢ are nonzero constants and xg is arbitrary constant; (2.1) converts to
nonlinear ordinary differential equations of the form

H(fl?fllaf///a"') = 0) (22)
where the derivatives are with respect to €. It is assumed that the solution of (2.2)
takes the following form by the modified extended tanh expansion method [18, 21]
given by the finite series:

n=N B

FE)=A0+ )] (An@"<s>+ o ) (2.3)
o (8)
where Ag, A, Bp,..;n = 1,2,...N (not all zero) are to be computed; where N is
positive integer that is determined by balancing the highest order derivative with the
highest nonlinear terms in the equation; ® () satisfies the Riccati differential equation:

n=1

() = w+ 2%(¢), (2.4)

where w is a constant. Further, the Riccati differential equation in (2.4) has solutions

of the form:
c[v]
oa
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(i) if w < 0, then
®(¢) = —v—w tanh(v/~wg),
®(¢) = —v/—w coth(v/—w¢),
(ii) if w = 0, then

(iii) if w > 0, then
©(¢) = vw tanh(vwg),
B(€) = — /i coth(v/w).

Substituting (2.3) and its necessary derivatives into (2.2) gives a polynomial in ®(¢).
Collecting coefficients of the obtained polynomials and subsequently setting each one
to zero, we will get a set of over-determined algebraic equations for Ag, Ay, By, ...; (n =
1,2,...), and w with the help of the Mathematica. Finally, solving the obtained
algebraic equations and coupling with the above solutions of Riccati equation into
(2.4), we obtain the solution of (2.1).

3. APPLICATIONS
In this section, cetain new solitary wave solutions to this new equations are pre-

seneted using the modified extended tanh method presented above.

3.1. The (2+1)-dimensional Benjamin-Ono equation. In this subsection, we
examine the (2+1)-dimensional Benjamin-Ono equation given by from (1.2)

Ut + a(u2)rz + 6urrrr + YUyyyy = O, (31)

where u(z,y,t) is a sufficiently smooth function and a, 8 and v are nonzero parame-
ters. To construct some solitary wave solutions, we substitute

U(l‘7y,t) = f(g)’ f =ax + by —ct — Zo, (32)
into (3.1) where,
uy = Af1(€), uy = af' (&), s =a*f"(§),

uwwzz = a4f””(§)’ uyyyy = b4f//”(€)7

and get the following nonlinear ordinary differential equation

c2f// 4 aa2(f2)” + 5a4f”// T ’7b4f/m =0. (3.3)
Integrating (3.3) once with respect to &, yields
C2f+aa2(f2)+Ba4f”+’yb4f”:0, (34)

(=)l
[EE
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where the integration constants are assumed zero for simplicity. Balancing f2 and f”
in (3.4), we get 2N = N + 2, so N = 2. This gives a truncated series from (2.3) as
follows
By By
f(&) = Ao+ A1@(€) + A@*(&) + —= + ——.
Substituting (3.5) into (3.4) and equating the coefficient of each power of ®(¢) to
zero. We get a system of algebraic equations given below

(3.5)

6a*w? 5By + 6b*w?yBy + azaBg =0,
2a*w? BB, + 2b*w?yBy + 2a®>aB; By = 0,
aQan + ?By + 8a*wBBy + 8b4w732 + 2a’aAyBy = 0,
62A0+a2aA%+2a4w2ﬁA2+2b4w27A2+2a2aA1B1 +2a*BBo42b*yBy+2a% Ay By = 0,
2By + 2a*wfBB; + 2b*wyBy + 2a®aAgBy + 24’ A1 By =0,
A A+ 20 wpA; + 264w'yA1 + 2020 AgAr + 2020 A By = 0,
a2aA% + ? Ay + 8atwB Ay + 8wy Ay + 262 Ay Ay = 0,
20*BA; + 2b4fyA1 +2a%aA1 A5 =0,
6a*BAs + 6bry Ay + aQOzA% =0.

Solving the above system, gives:

Case 1

3c? 3c? (c? — 4a*wp) 14
Ay=——— A, =0,B1=0B,=0A=— b=F~>— 7
0 2aa , D1 , D2 , A2 e + \/§w1/4fyl/4
Thus, the following solutions are formed:

3c? 3c?

u172(1’>t) = _m - 202w (\/Etanh(\/@'g))2v Zf w >0, (36)
3c? 3c? 9 .

ug,a(z,t) = T 92a %(\/Eco‘ﬁh(\/@@) ; if w>0, (3.7)
3c? 3c? 9 .

us,6(x,t) = e twa (vV—wtanh(v/—wf))?, if w <0, (3.8)
3c? 3c? 2 .

urg(x,t) = — (vV—w coth(v/—wé))*, if w <0, (3.9)

2020 2a2wa
where,

¢E=ax+ by — ct — xp.
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Case 2

c? 3c? (—c? — 4a*wp) 14
0= 55 0,B1 =0,B2 =0, Az swa T T NCTRERE

Hence, the following solutions are formed:

2 3 2
U 10(z,t) = 2; ﬁ(\/@ tanh(v/we))?, if w > 0, (3.10)
w1 12(x, t) = ¢ + i(\/ﬁcoth(\/ﬁg)f if w>0 (3.11)
iz 202 | 20wa ’ ’ '
2
c .
u1g,14(z,t) = e 2a2 (\/ wtanh(v—w¢))?, if w <0, (3.12)
uisa6(z,t) = ¢ + 3¢ (vV/—w coth(v/—wé))?, if w < 0 (3.13)
I T 020 T 202wa ’ ’ ’
where,
& =ax+ by —ct — xp.
Case 3
2 3¢2 i (= — da*wp) !
A ,A1=0,B1=0,B,=0,4 — b=
0= 520 M 1 2 2= 530’ + Vawl/Ay1/4
Hence, the following solutions are formed:
2
c .
uir sz, t) = e 2a o (ftanh(f{)) ,if w>0, (3.14)
(@) = 55 + 5o (Vacoth(Visg) 2. if w> 0 (3.15)
U19,20(% 2220 T 2a2wa (VW eo wé))?, if w>0, )
c? .
Uo1,22(, t) = S2a 2a o ——— (vV/=wtanh(v/—wé))?, if w <0, (3.16)
ugz 24(T,t) = ¢ + ﬁ(\/fw coth(v/—wé€))?, if w <0 (3.17)
22850 7 9020 2a2wa ’ ’ '
where,
¢ =ax+ by — ct — xp.
Case 4
9.2 9.2 . (9 _4 4 1/4
Ao:iA1:0,B1:0732:0,A2:ib: Z(C awﬁ)

2a2a’ 2a02wa’ T V2wl/4y1/4
c [ ]
(0] €]
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Hence, the following solutions are formed:

3c? 3c? 9 .
U25,26(I,t) = 7@ — m(ﬁtanh(ﬂﬁ)) , Zf w > 07 (318)
Uy 08 (w, t) = 3 3762(\/11(:oth(\/1;§))2 if w>0 (3.19)
BB T 0020 20?wa ’ ’ '
3c? 3c? 9 .
Ugg,30(z, t) = o m(\/ —wtanh(v/—wé))*, if w <0, (3.20)
u (x,t) = — 3" — 37 (vV—w coth(v/—wé))?, if w <0 (3.21)
PRI 0020 202wal ’ ’ '
where,
& =ax+ by —ct — xp.
Case 5
3c? 3wc? (= 4a4w6)1/4
Ag=——+—,41=0,B1=0,42=0,Bo=——— b=F—F————
0 2a2a 1 b1 ) A2 , b2 CYSP + Vawl/Ay1/4
Hence, the following solutions are formed:
3 2 3wc?
Uz aa(a,t) = ——o 2a%a if w>0 (3.22)
83,3415 20200 (y/w tanh(y/we))?’ ’
302 ngCZ
t) = — - o~ ) >0 3.23
us5.36(2,8) = =3 50~ T coth(vawe)2 >0 (3.23)
302 ngCZ
1) = — - o%a ,if w<0, 3.24
uar,as(7,t) 2a2a  (/—wtanh(y/—w¢))? if w (8:24)
3c? g“’fz
)= - v ) <0, 3.25
u3940(%: 1) = ~520 ~ (Vweoth(vowg)?” (3:25)
where,
& =ax+ by —ct — xp.
Case 6
c? 3wc? (—02 — 4a4wﬁ)1/4
Ag=——,41=0,B1=0,4, =0,By = b=
0= 5o 0,B1=0,42 =0, B 22 V=T NCTV
Hence, the following solutions are formed:
C2 3wc?
U41,42(1‘,t) = 207 Zf w > 0, (326)

20% " (u tanh(y/iwg))?’

(Elim)
EE
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2 3wc?

C 2
t) = 2o’ , i >0, 3.27
wis,aalt) = 550+ (Vw coth(y/we))? if w (8:27)
2 31;62
t) = 2o wo , i <0, 3.28
45,46(2, 1) 2a%a (v/—w tanh(y/—w&))? i w (3.28)
C2 23%)62
t) = 4 uo , 0 <0, 3.29
w20 = 5520+ (Vweoth(v=we)? " (529
where,
& =ax+ by —ct — xp.
Case 7
. /4
c? 3wc? 7 (—02 - 4a4w5)1
= — = = = = b =
Ag 2a2a’A1 0,B1=0,45=0,B, 2020 + o

Hence, the following solutions are formed:

2 3wc?
o g . >0, 3.30
U49,50(x7 ) 202 + (\/Etanh(\/'wf))w o ( )
(2.1 c? n 32026; if w>0 (3.31)
U T,t) = 7 |
PO 2020 T (Vw coth(ywg) )2
02 371)262
= 2a%a ) <0, 3.32
us3,54 (2, ) 2070 (v/—w tanh(v/—w¢))? o e
C2 ngcz
o e i <0, 3.33
uss,56 (2, ) 2a%a (v/—w coth(v/—w¢))? S Y
where,
& =ax+ by — ct — .
Case 8
. 1/4
—3c? —3we? 1 (02 - 4‘14“’5)
= A41=0B1=0,4=0B=——5—,b=
Ap 2a02a’ 1 0, By 0, Az 0, B, 2020’ M \/§w1/471/4

Hence, the following solutions are formed:

302 3wc?

Uus7,58(,t) = 5% (\/ffutarzl(ﬁ(a\/ﬁg))?’ if w>0, (3.34)

P G ifw>0 (3.35)
59,60\, ) = =5 5. (v/w coth(y/w§))?’ ’ |

(=)l
[EE
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302 gw202
,t) = — — ao , @ 0, 3.36
voLe2(® 1) = 5 e T (o wtanh(ywg)E S (3.36)
302 §w202
1) =— - 4 , 0 <0, 3.37
s, 64(2, 1) 2a2a  (y/—wcoth(y/—w¢))? if w (3.37)
where,
& =ax+ by —ct — xp.
Case 9
3¢? 3cw 32
Apg=—" A =0, Bi=0, By=-2Y py=__"
0 4ala ! ! 2 8aZa 2 8alwa
2 4 1/4
(c — 16a wﬂ)
b=% Qwl/in1/a
Hence, the following solutions are formed:
3c? 3c?
ugs,66(,t) = “iata m(ﬁtanh(\/ag)f
3c%w (338)
— 8aZa w >0
(/i tanh (/) )?
3c? 3c?
ugr,es(z,t) = il m(ﬂmth(\/@f))z
3c%w (339)
— Sa’a w >0
(Vawcoth(vwez” “ "
3c? 3c? 9
ugo,70(z, t) = e 8a2wa(\/ —w tanh(yv/—w§))
3c2w (340)
— 8a%a w <0
(v—w tanh(y/—w¢))?’ ’
3c? 3c? 9
ur1,72(z,t) = “iata M(‘/ —w coth(v/—wé))
3c2w (341)
— 8a%a w <0
(v/—w coth(y/—w¢))?’ ’
where,
& =ax+by — ct — xp.
Case 10
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(—02 - 16a4w6)1/4

b= Quwl/An1/4
Hence, the following solutions are formed:
urg,7a(m, t) = G + i(\/@tanh(\/ﬁg)f
BIEYT T2 8atwa
302211)
8a‘a 0
Ve tanh(Vag)? 7Y
c? 3c? 9
11475,76(1'7 t) = —M m(\/acoth(\/af))
3c%w
8a2a .
>0
T Vacoth(vagye 7"
gy 7w, t) = G + 3762(\/710 tanh(v/—w¢))?
Y T T e2a T 8a2wa
32w
8ala
) < 07
+(Mtanh(\/—w£))2 v
(x, 1) ¢ 3¢ (/= w coth(v/=we))?
u x = T 5 (VW —w
79,8045 4a’c  Salwa
3c22w
8a’a
) < 07
 (V=weoth(v=we)2’ "
where,
& =ax+ by —ct — xp.
Case 11
3c? 3cw
0 12a M 0, B1 =0, By S0
b i (02 — 16a4wﬁ) 14
2uwl/4y1/4
Hence, the following solutions are formed:
3c? 3c? 9
u81,82(x7t) = _M - m(\/futanh(\/ﬁf))
3c2w
8ala
- ’ > Oa
(v tanh(v/wg))?
3c? 3c?
= — h 2
ug3 84 (2, t) a SaQwQ(ﬂCOt (Vwe))
3c22w
_ 8a‘a 0
(Vwcoth(vwe)? 7

==
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(3.42)

(3.43)

(3.44)

(3.45)

3¢?

S8a2wa’

9 =

(3.46)

(3.47)
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wss o 1) = — 20— 3 tanh(y/Tme))?
886V Y T T a2a 8atwa
32w (348)
- Sa%a , w <0,
(v/—w tanh(y/—wé))?
3c? 3c? L 9
ugz,ss(z,t) = “ldZa %(\/—w coth(v/—wé¢))
3w (349)
8a’a
- b < 07
(V—wcoth(v/—wé))?”
where,
E=ax+by — ct — xgp.
Case 12
2 3w 3c?
Ag = A1 =0. Bi=0. Bo= "= Ay=  —
0 4a204’ 1 ) 1 ) 2 8(120[’ 2 8(121004’
; 2 16 4 1/4
b::FZ(_C — 16a wﬁ)
Qwl/iy1/4
Hence, the following solutions are formed:
c? 3c? 9
ugg,00(z,t) = ~lata + m(\/@tanh(\/ﬁf))
3w (350)
8aa
0
Ve tanh(Vag) 7Y
c? 3c? L 9
Ug1,92(z,t) = ~ld’a m(ﬂco’ﬁ (Vwe))
3022w (351)
8a‘«a - 0
T Vacoth(yage ="
w04 1) = o+ (/i tamh(VwE)?
BT Tha2a T 8atwa
3w (352)
8aa
) < 07
TV wtanh(vV—we)?" "
Ugs.06(, t) = < ch(mcoth(mg))z
95964 Y T T2 T 8awa
3w (353)
8a2«
b) < 07
+(\/qcoth(\/—w§))2 v
where,

¢ =ax+ by — ct — xp.
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3.2. The (3+1)-dimensional Benjamin-Ono equation. In this subsection, we
examine the (3+1)-dimensional Benjamin-Ono equation that reads

Utt + (U?) g + Blzzzs + Vyyyy + OUszze = 0, (3.54)
where u(x,y,z,t) is a sufficiently smooth function and «, 3, and § are nonzero
parameters. We make use of the following transformation solution

u(z,y, z,t) = f(§), &=ax+by+dz—ct—xo,
into (3.54) as in above. We also deduce the relations:

uy = f(€), up = af'(€), upe = a®f"(£),

Upppslh = a4f////(§)7 uyyyy — b4f””(§), Uppry = d4f””(§).

The above relations convert (3.54) into a nonlinear ordinary differential equation as
follows

CQf/I + aa?(fQ)// + Ba4f///l + 'Yb4f/”, + 6d4f/”/ =0. (355)

Integrating (3.55) once with respect to &, and setting the integration constant zero
we obtain:

Af +ad®(f?) + Bat f' + bt + 5d* f = 0. (3.56)
Balancing f2 and f” in (3.56) gives 2N = N +2, or so N = 2. This offers a truncated
series as the following form

B, By

f(&) = Ao+ A1®(€) + A@*(&) + —= + ——5.
Substituting (3.57) into (3.56) and equating the coefficient of each power of ®(&) to
zero we get the following system of algebraic equations

Ay + aQaA% + 2a*w?B Ay + 20wy Ag + 2d w35 Ay + 202 aAy B+

(3.57)

2a* BBy + 2b*y By + 2d*6 By + 2a*a A3 By = 0,
6a*w? BBy + 6b*w?yBy + 6d*w?§ By + a*aB3 = 0,
20*w? BBy + 2b*w?y By + 2d*w?6 By + 2a’aB1 By = 0,

CLQOéB% + 2By + 8a4wﬂBg + 8b4w’yB2 + 8d*wd By + 2a%2aAg By = 0,
By + 2a*wpBB; + 2b*wyB; + 2d*wé By + 2a®aAg By + 2a*a A1 By = 0,
A+ 2a*wBA; + Qb4w'yA1 + 2d*wdAq + 2a’aAgAr + 2d*a Ay By = 0,

a2aA§ +? Ay + 8atwB A, + 8b4w7A2 + 8d*wdAs + 2a2aAgAs = 0,

201 BA; + 2b%y AL + 2d* 0 A, + 2a2aA Ay = 0,
6atBAy + 6b 1y Ay + 6d 0 Ay + a2aA§ =0.

Solving the above system, yields
Case 1
3c? 3c?

Ay=—55-,41=0,B1=0,B=0,42 =
2%«

- 2a2wa’
80
(o] )
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(02 — 4a*wpB — 4d4w5) 1/4

\/§w1 /4,),1 /4
Hence, the following solutions are formed:

b=7F

3c? 3c? b 9 .
uy o, t) = ~ 5.7 m(\/@tan (Vwé))?, if w >0,
3c? 3c? 9 .
ug 4(x, t) = “5.50 2a2wa(\/aCOth(\/E£)) ,if w>0,
(0.0) = — o — 2 (/Zwtanh(V =GR, if w <0
us6(2,1) = =5 o- ~ 5 w tan wé))*, if w ,
urg(z,t) = — 3¢’ — i(\/—wcoth(\/—wf)f if w<0
PEYT To02a 2a%wa ’ ’
where,
E=axr+by+dz— ct — xg.
Case 2
c? 3c?
0= 5o, 0,B1 =0,B; =0, A4, CYCI
b (—02 — 4a*wp — 4d4w6)1/4
=+ \/§w1/471/4 )
Hence, the following solutions are formed:
ug.10(z,t) = ¢ + i(\/atanh(\/ﬁf)f if w>0
PO 9020 T 2a2wa ’ ’
(@0.6) = 55 + o (Vacoth(Vit) P, if w > 0
U11,12\, = 2a2a 2a2wa w CO w , U] w s
(@0.0) = 55— + 5o (yZwtanh(y G, if w <0
W E = 5020 T 22ua what we WS
(@) = 59— + o (VTwcoth(V ), if w <0
U15,16(L5 1) = 2220 2awer w €O w , 1w ,
where,
¢E=ax+ by +dz — ct — xo.
Case 3

2 32
AO:L;Alzo»BlzoaBQZOH‘b: c
2a2¢y

2a2wo’

435

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)
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) (702 —4atwp — 4d4w5) L4
V2wi/Ay1/4

b=F

Hence, the solution is formed as:
2

c .
w718(2,1) = 55— 2@2 (\ftanh(\fé)) , if w>0,
(@08) = 25 + o (i coth(yE) P, if w >0
#9208 8 = 920 T 202wa VY we)ym w0
c? .
u21,22(,t) = 55— 2a 22wn (V—wtanh(v— wg))?, if w<0,
c? 3c? 9 .
u23,24($7t) = m + m(\/ —w COth(\/ —’LUf)) s ’Lf w < 0,
where,
=ax + by + dz — ct — xo.
¢ by +d
Case 4 ) ,
—3c —3c
0= 5, 0,B1=0,B2 =0, Ao Y
b i ((32 — 4a*wp — 4d4w5) 1/4
=+ V2wi/A1/4
Hence, the following solutions are formed:
3c? )
Uns26(T,t) = — 55— — 55— (\ftanh(\ﬁﬁ)) ,if w>0,
2a*« 2(1
3c? 3c? 5 .
U27,28(1'7t) = —m — m(ﬂcoth(ﬂf)) s Zf w > 0,
3c? .
U29,30(x7t) = T 9242 2@2 (V tanh(\/ 5)) , if w<0,
o 302 362 2 .
us1 32(x,t) = 520 W(\/—w coth(v/—wé))?, if w <0,
where,
E=ar+by+dz— ct — xo.
Case 5 ) ,
3¢ Jwe
Ag= =55 A1 =0,B1 = 0,4 =0,B, =~

(=)l
[EE

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)
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(02 —4atwp — 4d4w5) 1/4

\/iwl /471 /4
Hence, the following solutions are formed:

b=F

302 3w2c2
7t _ . 2aa , ) > 0,
uz3 34(, 1) 2a%a (y/wtanh(y/w§))? S
302 3w202
7t _ - 2a’%a , ) > 07
u3s,36(2, 1) 2a%a  (y/w coth(y/wE))? o
3¢? 3w262
)= - B 2a2c , ) < 0,
ugz7 38(z,t) 202 (v/—w tanh(y/—w¢))? s
3c? 3w262
)= - . 2a’a , 1 < 0,
u39,40 (2, t) 20 (y/—w coth(v/—w¢))? e
where,
§=azx+by+dz—ct — .
Case 6
2 3wc?
Ag= 5o A= 0,81 = 0,42 =0,By = .

(762 — 4a*wpB — 4d4w5)1/4

V2wi/Ay1/4
Hence, the following solutions are formed:

b=7F

2

C2 3w20
£ = 2a%c ) > 0,
w0 = o e (Vg
(z.1) c? n ggfi ifw >0
u z, = e 7
43,44 202 (y/w coth(y/wé))?
9 3wc?
Uss a6(T,t) = + o ve i w <o,
, 2a%a  (y/—wtanh(y/—w¢))?
c? e
u47,48(x7t) _ n 2a2wa Zf w <0,

2a2a  (v/—w coth(y/—w§))?’
where,

¢E=ax+ by +dz — ct — xo.

437

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)
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Case 7

c? 3wc?

AO = 77141 :O7B1 :07A2 :O7B2 =
202

2a2a’

) (—02 —4a*wp — 4d4w5) 1/4

b=F

\/§w1/4,y1/4
Hence, the solution is formed as:
C2 gwc2
t) = o if w>0 3.82
49 50(2, 1) 2o + (/i tanh(y/we))2” if w ) (3.82)
C2 §w202
,t) = aa , 1 > 0, 3.83
us1.02(t 1) = 550+ Vwooth(ywen?’ Y (3.83)
& Sug®
t) = a’a ,if w <0, 3.84
53.,54(:?) 2a%a (v—w tanh(y/—w¢))2 if w (3:84)
C2 §w202
,t) = ara , 4 <0, 3.85
us5,56(2:8) = 325 T (V= meoth(v=wg)2’ ¥ ¥ (3.85)
where,
=ar +by+dz — ct — xg.
£ Y
Case 8 ) )
—3¢ —3wc
Ag=——,41=0,B1=0,A=0,By = ——
07 2g2q7 7 T T T R T T2 T 02y
b i (02 — 4a*wp — 4d4w5) 1/4
=+ \/§w1/471/4
Hence, the following solutions are formed:
3C2 ngcz
t)=— — oo j 0 3.86
ustos(®:t) = =3 3~ (e tanh(vaez” WO (3.86)
302 3w202
1) = — — 2% , 1 > 0, 3.87
Us90.60(2,8) = =3 50~ (Jwcoth(vae)? ¥ (3.87)
3C2 gw202
7t = - - aa 5 ) < 0, 388
uore2(® ) = 5 o T Vew tanh(vwg) 2’ Y Y (3.88)
3 2 3wc?
< 20%a if w< 0, (3.89)

u63,64($at) = _2a2a - (\/ﬁco‘ch(\/qf))27
[c ]
EE
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where,
E=ax+ by +dz — ct — xo.
Case 9
3c? 32w 3c?
Ay=———, A1 =0, B1 =0, By=— Ay = ————,
0 4a2a’ ! » e 8aZa’ 7 Salwa

(02 — 16a*wpB — 16d4w5) 174

b= Quwl/An1/4

Hence, the following solutions are formed:

3c? 3c?

ugs,66(7, ) = il m(ﬂtanh(ﬁﬁ))z
3w (390)
_ 8ala w> 0
(Vatanh(vag)? "
3c? 3c?
ueT68(1:1) = = a ~ gag (V Coh(V))®
3c2w (391)
— Sa’a w >0
(Vwcoth(vwe)?’ * "
3c? 3c? )
ugg,70(x,t) = i 8a2wa(\/—w tanh(v/—w§))
32w (392)
— Sa’a w <0
(v/—w tanh(y/—w¢))?’ ’
3c? 3c? )
U71,72(x7t) = —4a2a — m(@COth(Mﬁ))
3w (393)
_ 8a2a , < 0’
(v—w coth(y/—w¢))? v
where,
§=ax + by +dz —ct — xo.
Case 10
c? 3c2w 3c?
Ag=— A =0, Bi=0, By = ==
0 Ta2q’ , Dbi1 v br=oas A= o
b= (—62 — 16a*wp — 16d4w5) 1/4

2w1/4,yl/4
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Hence, the following solutions are formed:

c? 3c?
urs,7a(z,t) = ~la’a + SQQW(\/Etanh(\/Eg))2
3cZw
+ Ba_g w >0
(Vartanh(vag))?
c? 3c? 9
U75,76(1', t) = —M m(ﬁcoth(ﬁg))
3c2w
8a2a .
) > 07
T Vwooth(vawe v
c? 3c? 9
U77,7g(l‘,t) - _m + %(V —w tanh(\/qf))
3c22w
8aa
) < 07
T Vwtanh(vV—we)?" "
c? 3c? 9
uz9,80(7,1) = ~la%a m(\/—w coth(v/—wé¢))
3w
4 8a’a L w < 0’
(V= coth(y—wg))?
where,
E=axr+ by +dz — ct — xo.
Case 11
Ay — 3¢ A =0. B =0 B——@
0 4CLQO[’ 1 =Y 1 =Y 2 = 8@204’
i ((32 — 16a*wp — 16d4w5)1/4
b=F
Quwl/An1/4 ‘
Hence, the following solutions are formed:
3c? 3c?
ugy g2(x,t) = ~iata m(\/@tanh(\/ﬁg))z
3ccw
8ala
- , w >0,
(v tanh ()2
3c? 3c?
ug3 ga(7,1) = o %(ﬂcoth(ﬁf))Q
3c22w
_ 8a‘a 0
(Vwcoth(vwe)? 7

==

K. KARAM ALI, R. I. NURUDDEEN, AND A. YILDIRIM

(3.94)

(3.95)

(3.96)

(3.97)

3¢?

8a2wa’

(3.98)

(3.99)
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3c? 3c? 9
ugs,86(7,t) = Tid?a m(\/ —w tanh(v/—w¢§))
3w (3100)
8a’a
- ) < 07
(v/—w tanh(v/—w€))2’
(@) = o~ S (/Tcoth(vwe)
87,887, t) = 4a2a0 Salwa weo v
2 (3.101)
302w
8a’a
- ) < 07
(v/—w coth(y/—w¢))? v
where,
E=ar+ by +dz — ct — xo.
Case 12
c? 3w 3c?
Ay = — A = By = By = -
0 4a2a7 1 07 1 07 2 80420[7 2 8a2wa’
I e e 16d*ws) "/
=T 2u1/i~1/1
Hence, the following solutions are formed:
(0,1) = — =+ (i tanh(v/E))?
U89.008T: ) = T T Batwa Y AV
3w (3102)
8a’a
>0
TV tanh(vwg)?” 7
(0,0) =~ + (i coth(VE)?
u91,92(T, = T i2a T Rdwa W CO wé
3w (3103)
8ala -
>0
T Vacoth(vagye >
(@) =~ o0 + o (T tanh(y/ 7))
Y9300 Y = T 20 T Ra2wa wiat v
32w (3104)
8aa
) < 07
+(\/—wtanh(\/—w§))2 v
A= 2 3c? /~w coth(yv/~w 9
U95,96(337 )**M m( —w coth(v—w§))
. (3.105)
302w
8a’a
, w <0,
+(\/—wcoth(\/—w§))2 v
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where,
E=axr+by+dz — ct — xg.
4. SOME GRAPHICAL ILLUSTRATIONS

In this section, we give some graphical illustrations of the acquired solutions of
our equations. The 2-dimensional and 3-dimensional plots of certain solutions are
presented as follows:

FIGURE 1. Graphs of (3.15) for the (2+1)-dimensional Benjamin-
Ono equation.

=
;" [x, v, 20]
0 10 20 30 40 50
X
FIGURE 2. Graphs of (3.44) for the (2+1)-dimensional Benjamin-
Ono equation.
§ 10
= ulx, y, 20]

5. CONCLUSION

The present paper analytically studies the newly developed (2+1)-dimensional
Benjamin-Ono equation by Wazwaz and the new (3+1)-dimensional Benjamin-Ono
equation proposed by the authors. The powerful modified extended tanh expansion
method was successfully employed to acquire certain hyperbolic and periodic solitary
wave structures with the help of the Mathematica software. This new equations will
play vital role in fluid dynamics. We depicted the acquired solutions graphically to
visualize the results.
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FIGURE 3. Graph of (3.53) for the (2+1)-dimensional Benjamin-Ono equation.

§~1 100
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= u(x, y, 20] 80
X
FIGURE 4. Graphs of (3.58) for the (3+1)-dimensional Benjamin-
Ono equation.
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FIGURE 5. Graphs of (3.104) for the (341)-dimensional Benjamin-
Ono equation.
4
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