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1. INTRODUCTION

The purpose of this article is to establish the existence of multiple solutions of the
following nonlocal elliptic system

1
—Ml(/ )Au|p(m)daz>A(|Au|p(m)_2Au> = \F,(z,u,v), in ,
Q

p(x
1 () (z)—2 - (1.1)
— M, ——|Av|T®dx | Al |Av|? Au | = A\Fy (2, u,v), in ,
o q(z)
u=v=Au=Av =0, on 0.

where Q C (RY) (N > 1) is a bounded domain with smooth boundary 99, p(.), ¢(.) €
C°(Q), My, M are continuous functions, A > 0 and F' € C°(Q x R?).

We confine ourselves to the case, where M; = My := M for simplicity. Notice
that the results we prove in what follows remain valid for M; # M, by adding some
hypothesis on M; and M;. We give some new criteria for guaranteeing that the
problem (1.1) have at least three weak solutions by using a variational method and
some critical point theorems due to Ricceri. Three critical points theorem of B.Ricceri
has been widely used to solve differential equations, see for example [18, 20, 25].
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The fourth-order boundary value problem of nonlinearity furnishes a model to
study traveling waves in suspension bridges, so it is important to physics. Recently,
the existence of solutions to fourth-order boundary value problems have been studied
in many papers. Molica Bisci and Repov§ in [27] employing variational methods,
studied the existence of multiple weak solutions for fourth- order elliptic equations.

n [17, 24, 26], based on variational methods and critical point theory, the existence
of multiple solutions for a class of elliptic Navier boundary problems.

Problem (1.1) is called a non-local problem because of the presence of the term M,
which implies that the equation in (1.1) is no longer a pointwise identity.

Non-local operators can be seen as the infinitesimal generators of Lévy stable dif-
fusion processes [2]. Moreover, they allow us to develop a generalization of quantum
mechanics and also to describe the motion of a chain or an array of particles that are
connected by elastic springs as well as unusual diffusion processes in turbulent fluid
motions and material transports in fractured media(for more details see for example
[1, 2, 20] and the references therein). Non-local differential equations are also called
Kirchhoff-type equations, the study of Kirchhoff-type problems, which arise in vari-
ous models of physical and biological systems, have received more attention in recent
years. More precisely, Kirchhoff established a model given by the equation

0%u Po 5\ O%u

P or (h 2L | )ax2_0’ (1.2)
where p, po, h, E and L are constants which represent some physical meanings.
Equation (1.2) extends the classical D’Alembert’s wave equation by considering the
effects of the changes in the length of the strings during the vibrations. see for example
[15, 29, 38]. There are also many existence results on stationary Kirchhoff problems.
For example, Autuori and Fiscella [3] obtained the existence of the asymptotic be-
havior of non-negative solutions for a class of stationary Kirchhoff problems driven
by a fractional integro-differential operator. Baraket and Molica Bisci [6] proved
the existence of multiple solutions for a perturbed Kirchhoff-type problem depending
on two real parameters. Fiscella and Valdinocib [16] proved that the existence of
non-negative solutions for a Kirchhoff type problem driven by a non-local integro-
differential operator.
In [21] the authors established the existence of a weak solution for the following sys-
tem:

p—1
- {M1(/ |Au|pdm>} Apu = f(u,v) + p1(z), in Q,
Q
p—1
- {Mz(/ |Av|qu>} Agv = f(x,v) + pa(x), in Q, (1.3)
Q
ou Ov
8777 = 877 =0, on 09,

where M (t), Ma(t) > mg > 0. We also recall that non-homogeneous p(x)-Kirchhoff

operators have been used in the last decades to model various phenomena, see [8, 35]

and the references therein. Indeed, recently, there has been an increasing interest in
(e
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studying systems involving somehow non-homogeneous p(z)-Laplace operators, moti-
vated by the image restoration problem, by the modeling of electro-rheological fluids.
The study of elliptic problems involving p(z)-biharmonic operators has interested in
recent years, for the existence and multiplicity of solutions see [19, 22, 23, 28] for some
recent work on this subject.

In [1] the authors established the existence and multiplicity of solutions for the fol-
lowing system:

Ml(/ 1AU|P(I)dI>A<|Au|p 2Au> = Fu(z,u,v), n €,
o p(z)

—M2</Qq(1x)|Av|q(””)dx) (|Av|q<r 2Au> ~ Ry, ino &Y

u=v=Au=Av =0, on 0N.

Motivated by the above works, we are devoted to the existence of three solutions to
problem (1.1). The article is organized as follows. We first present some necessary
preliminary results on variable exponent Sobolev spaces. Next, we give the main
results about the existence and multiplicity of weak solutions.

2. PRELIMINARIES

For the reader’s convenience, we recall some background facts concerning the vari-
able exponent Lebesgue and Sobolev spaces and introduce some notation. For more
details, we refer the reader to [12, 13, 14, 30] and the references therein. Consider the
set

Ci(Q)={heC),h(z)>1Vx e Q},

and for every h € C(Q), we define
max{2, g} < h™ :=min{h(z);z € Q} < hT := max{h(z);z € Q}.
For every p € C(Q), we define the variable exponent Lebesgue space
LrO(Q) = {u : Q — R measurable and /Q Ju(z)|P®dz < oo}.

This vector space is a Banach space if it is endowed with the Luxemburg norm, which
is defined by

oy = ing > 05 [ 110per <o,

Proposition 2.1. [31, 39] (LP")(Q), |ul,(.)) is separable, uniformly convez, reflezive
and its dual space is L¥'( )(Q) where p'(+) is the conjugate function of p(.), i.e.

1 1

ORNZON
Moreover, for u € LPO)(Q) and v € LP (-)(Q)
B
EE
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1 1
< (ZT + 7)|u‘p ol ) < 2lulpey [olp -

/Qu(x)v(x)dx

If L is a positive integer and p € C, (Q), we define the variable exponent Sobolev
space by

WwLe)(Q) = {u e 1PV Dy e LPV) |a] < L},

la I .
where D%u = MW for o = (o, g, ..., ay) which is a multi-index and |a| =

Zf\il ;. The space WEP()(Q) equipped with the norm

[ullLpy = Y, [D%uly,

lal<L

becomes a separable, reflexive uniformly convex Banach space.
The space WOL’p(‘)(Q) is the closure of C§°(2) in WEP()(Q).

Proposition 2.2. [9] W({J’p(')(ﬂ) is a separable, uniformly convex and reflexive Ba-
nach space.

The function space (W2P()(Q) N W) (Q)) is a separable and reflexive Banach
space, where

A
fully =it o0 [ (2 pe <1}, 21)
Q

Remark 2.3. According to [37], the norm ||| ,(.) is equivalent to the norm |A.|,.)

in the space W2P()(Q) N Wol’p(')(ﬂ). Consequently, the norms |[.[|2,p.), [|-|lp) and
|A.|p.) are equivalent.

In the following, we will use |.||,(.) instead of |.||2,,() on W2PO)(Q) N Wol’p(')(ﬂ).

Similarly, we use ||.||4(.) instead of [|.||.4y on W20 (Q) N W, ().
We denote by

X = <W2”’(‘)(Q) mwgm(m) x <W2*q(')(Q) mW&’Q(')(Q)), (2.2)
equipped with the norm

[[(w, )| = IIUHp<~ + [llqc)- (2.3)
Proposition 2.4. | Le

t
/ \u|p(l)dac

For u,u, € LPO®  we have,

(1) Julpy <U(=1;>1) & plu) < 1(=1;>1),
(2) Julpy > 1= |ulP” < p(u) < Jul?”,
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N _
(3) fulpy <1 =luff” < pu) < [ul|?,
(4) |unlpey = 0= plun) =0,

(5) ‘un|p(') — 00 ¢ p(uy) — 0o

From Proposition 2.4 for v € LPO) the following inequalities hold:

™ < [ A <l ol 2 1, 4
Q

Jull”* < [ 18 @ds <l if ful < 1 (25)
Q
Proposition 2.5. [36] IfQ C RY is a bounded domain, then the imbedding W2P()(Q)N
Wol’p(')(Q) < C°(Q) is compact whenever 5 < p~.

From Proposition 2.5, we know that when p~,q¢q~ > %, the embedding X —
C°(Q) x C°(Q) is compact, and there exists a positive constant ¢ such that
(@ 0)[loo = llulloe + [[v]loe < cll(w, 0)], Y(u,v) € X. (2.6)

Hereafter M (t) is supposed to verify the following assumption:

(M) There exist ms > m; > 0 and « > 1 such that
mit® ™t < M(t) <mot* !, Yt e RT.

Put
e t
M(t)z/ M(7)dr (VteRT).
0
We have
Moo Vi) < M2 40 9
at_ (t)_at. (2.7)

Now, for every (u,v) € X, we define the functionals ® and ¥

M“”M(AAQMWMMO+M<AJQMN@M)

W@WzAmemm

Standard arguments show that I; = ® — AV is well defined on X and it is of class
C! and for any (z,w) € X,

1
& (u,v)(z,w) :M</ |Au|p($)dx> / |Au[P®) "2 AuAzdx
o p(z) Q

—l—M(/ 1Av|q($)dx>/ |Av|1 @2 AvAwdz, V(u,v) € X.
a q(x) Q

V' (u,v)(z,w) = —/ F,(z,u,v)zdx — / Fy(z,u,v)wdz. Y(u,v) € X.
Q Q

(&)
EE
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(u,v) € X is called a (weak) solution of the problem (1.1) if
& (1, 0) (2, 0) — AV (1, ) (2, w) = 0,

for every (z,w) € X. We observe that a vector (u,v) € X is a solution of the problem
(1.1) if and only if (u,v) is a critical point of the function I;.

Lemma 2.6. [10] Let I(u) = [, ﬁ\AuV’(“’)dax.

We have the following assertions:
(1) I is a bounded homeomorphism and strictly monotone operator.
(2) I’ is a mapping of type (S4), namely

Up, —u and limsup I’ (uy)(u, —u) <0 implies u, — u.
n—-+4o0o

Let X be a nonempty set and ®,¥ : X — R be two functions. For all r,ry,ry >
infx ®, 7o > ry; and r3 > 0,

(r):=  inf (SUPuea—1(— oo, Y(u)) — ¥(u)
14 ) weP—1(—o0,r) r— <I>(u)

: U(v) — ¥(u)
r1,T2) = inf su —
Blri,m) WD 1(=00.m1) ved iy ra) P(V) — B(w)

)

SUPued—1(—co,ra+r3) \Ij(u)
’Y(T2, 7“3) = rs )

a(ry,re,r3) '= max {@(7‘1), (1), y(re, 7'3)}.

A central role in our arguments will be played by the three critical points theorem [4,
Theorem 5.2]. For the reader’s convenience we here recall as follows.

Theorem 2.7. Let X be a reflexive real Banach space, ® : X — R be a conver,
coercive and continuously Gateauz differentiable functional whose Gateauz derivative
admits a continuous inverse on X*, U : X — R be a continuously Gteauz differentiable
functional whose Gateaur derivative is compact, such that

(M,) infx & = P(0) = ¥(0) =0,

(OM,) for every uy,ue € X such that ¥(uy) > 0 and ¥(uz) > 0, one has

inf U(su; + (1 —s)ug) > 0.
s€[0,1]

Assume that there are three positive constants ri,rq,rs with r1 < r9, such

that
(M3) afry,re,r3) < B(r1,72).
Then, for each \ €]— 1 [ the functional ® — AU admits three critical

B(ri,r2)? a(ri,r2,r3)
points uy,ug, uz such that u; € ®71(] — 0o, 71[), ug € ®~1(Jry,r2]) and uz € (] —
00, T2 + r3[).

(e
BE
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Definition 2.8. We say that v € X is a bound state of (1.1) if w is a critical point
of I;. A bound state 4 is called ground state if its energy is minimal among all the
bound states, namely

I, (@) = min {Il(u) cue X\ {0}, I)(u) = o}.

3. MAIN RESULTS

In this section we establish our main result on the existence of at least three weak
solutions for problem (1.1).
Fix 2* € Q and choice a1, as with 0 < a; < ag, such that B(z*,as) C Q denotes the
open ball in Q of radius as and center x*. Put

Sp ‘= maX{[lQ(N - 2) (al i aQ)]:lr’ [

12(N + 2)2(a1 + ag)]er}

(01 - a2)3 (a1 - a2)3

2P 72 (a — ad)

ra+4%) -’

and
2 2
gp = min {[12<N(;2> fjj;? a2) - [12<N(:12> ffS; a2>]p+}

2kP % (a) — ad)

ra+4§)

where I'(.) is Gamma function.

Lemma 3.1. Assume that M satisfies (M) and there exist positive constants 0;,9;
and 1,k > 1 in which for 1 <1¢ < 3 such that
— 1 B
(M) 61 < of n, n<min{(Ep )77 057,62} and 65 < 0,
1

(M) < Q;TK, K< min{(%q_)ﬁﬁfﬁg} and 99 < V3.

Then there exist two positive constants r1, ro and (wn,wn) € X such that

11 < @(wy, we) < 7o (3.1)
Proof. Let
0, r€Q\ B(2°, ay),
4 4 3 3 2 2
wy(z) == n3d —az)—4((212tl;21))(31(;?3:-)6a1a2(l —02))’ x € B(2°az) \ B(2°,a1),
7, z € B(2° ay),

where | = dist(z,2°) = Zil(m, — 29)2. We have

o

Owy(z) _
8:“ -

o

0, r €N\ B(2° a2) UB(x
129(1% (@i — ? —l(a1+a2)(z;— ,? t+aiaz(zi— ?
( (wiz,) (,l(g,a?)s)((fl+22)) 0102(2s o )), z € B(2°,a2) \ Bz

(&)
EE
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0%w, (z) 0, z € Q\ Bz az) UB(2%, a1),
put T et - a;))(z(;iiz)/l (tes 08 z € B(2°,a) \ B(x°,a1),
ZN 9wy (x) _ 0, ) xEﬁ\B(I‘O,ag)UB(l‘O,CLl),
i=1" 9a? 1277((N+2)éa2 (JZS;E((I?Z_ZZ?HNMM) re B(:EO, aQ) \B(:co,al).

It is easy to verify that (w,,w.) € X and in particular,

+

Qpnp_ / men(x”p(w) < %p_’
PTE T B9 as)\B(,a,) P(T) T pcb
and
Qq/{q7 _/ | Aw,(z )lq(m) < )
qtet B(29,a2)\B(20,a1) 4(T) q- C"
By (2.7), one has
- - +
Ty g Ty < ) < TRy g TR (ST
o pter” o gter”” T TR o Y pmep a qcd
Choose
1 64 p~ mi, 1 q”
_ma - a1 Y- 3.2
r= By T By (32
and
1 92 p- miq 1 192 q
_ M (Byprye M L (P2ya7ya 3.3
= () () (33)
By the assumptions (91,) and (M), we obtain r; < ®(wy, wx) < 2. O

Lemma 3.2. If conditions (M), (M,), (M) and
(M) f(x,s,t) >0, for each (z,s,t) € Q x [—03,0;] x [-V3, 03],

(M)

max{ fQ F(x,91,191) fQ Z, 92,’[92 fQ Z, 93,’[93 }
m or o m 9 Ot’ m or— o m 9a Ot’ m P _gP o m 99 —9d o
(G (e () () (B ()

fB(xo o) F@,m, 5)dx — Jo F(x,01,01)dx
S| 17” a ma [ Sqh?T o
ma (22 yo . ma (sant
are satisfied, then there exists one positive constant rs such that
a(ri,r2,73) < B(r1,72).
Proof. From (M) and the definition of ¥, we see that

\P(wn,wﬁ):/QF(x,wn(x),w,i(ac))de/B F(xz,n,x)dx. (3.4)

(20,a1)

Let

= (B e (e (3.5)

a pt cP a gt cd
[c[v]



426 A. GHELICHI AND M. ALIMOHAMMADY

From the conditions (9My), (M), we have O < O3 and I3 < ¥3, we achieve r3 > 0.
For all (u,v) € X with ®(u,v) < ry, from (2.4) and (2.5),

alpt)« 1.0 1 a(pt)e 1.0 1
fully < maox { (L (2 By, (L By
and

alqh)® 1,9 2 alqh)® 1,9 =
oy < mae { (L2 L gy (AL L gy =

So, by Proposition 2.5, we have ||ul|c < 01 and ||v|lcc < ¥1. From the definition
of r1, it follows that

O (—o0,r1) = {(u,v) € X;®(u,v) <71} C {(u,v) € X;|u| <0y, Jv] <91}

Thus, by using assumption (M),

sup /F(x u(x) ))dx < / F(xz,s,t)dx
(u,v)€P~1(—00,m1) JQ Q{ls |01,|t\<191} (36)
/ (z,01,01)dz.
Q
Similarly,
sup /F(x,u(m),v(z))dazg/F(z,92,192)dx, (3.7)
(u,0) P~ (—00,r2) JQ Q
sup /F x,u(z dx</F x,03,93)dx. (3.8)
(u,v) €D~ (—00,r2+13)

Hence, since (0,0) € ®~1(—o0,r1) and ®(0,0) = ¥(0,0) = (0,0), considering (3.2)
and (3.6), one has

SUP (y,v)ed—1(—oc0,r1) \I’(ua U) - \Ij(ua U)

ry) = i
e(r) (u,v)€P 1 (—o00,r1) r1 — ®(u,v)
< Sup(u,v)E@*l(—oo,rl) \I/(u,v)
1
_ SUP(uv)e@—t(=o0,m) Jo Fl@,u(z),v(z))dz
T1
< fQ F(x,0,,91)dx

2D
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As above, we can obtain that

SUP (y,v)e®—1(—o0,r2) \Il(u’ 'U) - \Il(uﬂ ’U)

= 1 f
elr2) (U,U)E‘i’l*nl(—oo,rz) ro — ®(u,v)
Sup(u7v)€<1>_1(—oo7r2) \Il(ua U)
< 7“2
_ Sup(u,v)eéfl(foo,rg) fQ F(x,u(x),v(m))dm
T2
f (J? az,ﬁg)dx
< M(L(&) “)e +M(L(&)q7)a’
a \pt a \gt\ ¢
and
su 1 —ooretra) Y(u,v
(19, 73) < o Pw)EP T (—o0rartrs) (u, v)
T3
SUP (y,v)e®—1(—o0,ra+73) fQ F(x,u(x),v(sc))dz

T3

fQ F(x, 93, ﬂg)dl‘

. 02" =02 \\, 99 =98\
m (L (S ey ma k(L2

c o cd

IN

p
Moreover, for each (u,v) € ®~!(—o0,71) one has
fB(xO,al) F(xﬂ% H)dﬂf - fQ F(Z‘,el, le)d.]j
P (wy, i) — P(u,v)
bwm)@m Yda: — [, F(x, 01,01 )d

pt qt
22 (e 4 (e

6(7“1,7‘2) Z

From (M7) we have a(rq,re,r3) < B(r1,72). O
Theorem 3.3. Assume (M), (My) — (M7) hold. Then for

M( s’pﬂpJr )a m( §qf€qJr )a
enim (R EGE
fB(xO,al) F(x,n,k)dx — [, F(x,01,01)dz’
. {”31(,,&@)?)“ . %(ﬁ(%)f)a B (%)) + B (L))
fQ x, 91, ’ fQ F(x7927192) ’
m 9177 _‘9? [e% ma 19{17 _19{17 [e%
(1 (A ﬂﬁ(—s =l
fQ Z, 927192 ’
the problem (1.1) has at least three weak solutions (u1,v1), (ug,v2) and (us,vs)

such that max, g |(u1(x),vi(2))] < 01 + 91, max, g |(uz(z), v2(x))| < 02 + V2 and
maxxeﬁ |(’LL3(£L'),1)3(£L’))| < 93 + 193,

(e
BE
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Proof. Our approach is to apply Theorem 2.7 for the problem (1.1). We consider the
auxiliary problem

Ml(/ 1Aup(z)dx)A(|Au|p(‘”)2Au> = AF,(z,u,0), in Q,
a p(z)

1 ~
—Mg(/ |Avq(z)dx)A(|Av|q(I)2Au) = \F,(z,u,v), in Q,
o q(z)
u=v=Au=Av=0, on 01,

(3.9)

where F, € C°(€ x R2). Define

N Fu(xa(),v)v 5 < 7037
Fu(x,u,v) = Fu(.’E,g,’U), _03 ngag,
Fu($,937’()), 5 > 937

and
. Fy(z,u,0), ¢ < -1,
Fv(xauyv) = (xauac) _193 SCS,&EU

If (u,v) is a weak solution of (3.9) such that —05 < u(z) < 65 and —d3 < v(x) < V3
for every x € Q, then, clearly it turns to be also a weak solution of (1.1). Hence, it is
sufficient to show that our conclusion holds for (1.1).

By the definitions of ®, ¥, we know that ¥ is a differentiable functional. As well
as it is sequentially weakly upper semicontinuous. Also, ¥’ is compact.

For any (u,v) € X,

d(u,v) :J/\/l\(/ﬂp(lx)Mu”(z)dx) +]\/4\(/Q(Z(1$)|Auq(””)dx>

> "‘p +

which implies @ is coercive. Moreover, ® is continuously differentiable on X and its
derivative admits a continuous inverse X* (see [36, Lemma 1]). Furthermore, ® is
sequentially weakly lower semicontinuous, and by Lemma 2.6 ® is strictly monotone
operator, considering Proposition [5, 1.5.10], we conclude that @ is a strictly convex
functional.

Therefore, we can use Theorem 2.7 to obtain the result. By Lemma 3.2, the condition
(M3) of Theorem 2.7 is clearly satisfied. Now, we verify that the assumption (92)
holds. Let 23 = (u1,v1) and 22 = (ug,v2) be two local minima for & — A¥. So
z1 and zy are critical points for ® — AU and then, they are weak solutions of (1.1).
Since we assumed f is non-negative, for fixed A > 0 we have Af(z,sz1 + (1 — s)zq9) =
Af(x,sur + (1 — s)ug, sv1 + (1 — s)ve) > 0 for every s € [0,1]. Therefore, Theorem
c[v)

EE
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2.7 implies that for every

pt

) + ma(s o
a \p—ca

A€ . ;
<fB(;EO o) ( k)dx — [o, F(x,01,9,)dx

min{”&(,ﬁ(‘?)p ) I E)T) R + e (E )

p”
2 (r

fQF(xvgl,ﬁl) ’ fQF(:EveQ;ﬁQ) ’

1
| 07 —o% 99 —91
(R >>a+%<q%<—d - ))a})

C c

fQ Z, 027192

® — AU has three critical points (u;,v;), ¢ = 1,2,3, in X such that ®(uj,v1) < rq,
P(uz,v2) < ro and P(us,v3) < ro + 13, that is, max, g |(u1(x),v1(2))] < 61 + V1,
max, . | (u2(x), v2(x))| < O2 + U2 and max, g [(us(z), v3(x))| < O3 + J3. O

Here, is a remarkable consequence of Theorem 3.3.

Theorem 3.4. Assume that there exist positive constants 61, 0o, ?91, Y4 andn, k> 1

pt L ot L 1 B
with 61 < mm{nﬂ ,gp n}, 9 < mln{/-m .04 K}, n < min{(5Z )P* 07" 04} and

265pp~
K< mln{(

(Mg) f(ams,t) >0, for each (z,s,t) € Q X [—04,04] X [—V4, V4],
(My)

) *ﬂq ,04} such that

F(x,01,Y1)d 2 04,74)d
e shroo |
me (Lot mi(dje m (e 4 m (Lo
fB(woyal)F(x,n,n)dm

m(w)a + M(M)a.
o p~pt o q=qt

<

Then there exists an open interval A’ with the following property: for every

%((p+<f+f;)_?7p+ )+ %((q%jtq*q)fﬁ )
e A= p-ptc g gqte
fB(ch,al) F(z,n,k)dz
i { BV B G) BG ) Ce
fQ F(x,&l,ﬁl)dx ’ 2fQ Z, 94,194 dl‘ ’

b

problem (1.1) has at least three weak solutions (u1,v1), (uz,v2) and (us,vs) such that
max,eq |(u1(z),vi(x))] < 01 + 91, max,cq [(u2(x),v2(x))| < %94 + %\/5194 and

V2
maxzcq |(uz(x),v3(x))| < 04 + V4.

(e
BE
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PTOOf. Set 92 = %94, 192 = %194, 93 = 94 and 193 = 194. SO, from (mg) one has

V2 V2
« 1 1
IQ T 92,’[92 d _ 2% fQ F(l’, qw047 q—\/§794)dm
m1 9p my 9L mq 0% my 99
sy (e e (e
2 Z, 94,194 da:
< epf“ e (3.10)
(Lo 4 (2o
e
m +optp)net m +egtgm )Pt ’
T;((p <;;71;+)n )82 _~_/T;((q g(ir?ﬁ) )82
and
fQ Z, 03,193 . 291 fQ F($,03,193)d1'
m 9P~ _gP o m 94 —9d— o m or~ o m 94" o
m (S0 >1+a;<—3q+2 o (e g (g

fB(zo al) F(SL‘, 777 K:)

< .
+opt P m toq+q s
s e
(3.11)
pt ot
Moreover, since 01 < nr~ and ¥; < ke~ , from (My)
fB(xO,al) F(x,n,k)dx — [, F(x,01,01)dx
pt m ¢ rat
ma (2 )5y 4 ma (g,
fB(xO,al) F(&Cﬂ’], )dl’ . fQ xz, 01,'191
ma (spn? ma (Sqket » ma (Sq¥7
5722( Ppﬁ ),52_&_5722’( qq* )52 6722( pi,)ﬁz_‘_i?(gqfl )/52
fB(IO,al) F(ZL'7'I7, K)d:c fQ .7/' 917191 d
ma [ spnP T ma [ SqkdT a m P m g~
ﬂ—;(g;,, )52+6722(<q* )ﬁQ 1(6';+ )a1+ all(%)al
fB(ch ay) F(xv 7, ’i)dx . fB(x(l,al) F(xv , ’i)
pt rat m +c,4+p—)npt m +¢,4+q— )xpt
sy s g (B e e
> fB(xO,al) F(:E7n7"€)
+s,+p— pt m +¢,4+q— wpt :
5722((17 cziz;ﬁ)n )52_‘_6722((11 gir(fﬁ) )82
Thus, by (M), (3.10) and (3.11) we have (97) of Lemma 3.2, and it follows the
conclusion. O
Theorem 3.5. Let F,, F, be non-negative and nonzero functions such that
F F
Alwy) g, Fulwo) (3.12)

u—0+ |ulP"=1  u—too |ulpT -1
B
EE
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and

Fo(wo) . By o (3.13)

v—0+ |v|1°7_1 v—+00 |U|p7_1

Then, for every \ > pu where

(P <ptp P 4 (¢Fsq+a)re"

= inf p_pter q—atet : >1.F 0
s m{ meas(B@,a)Fmmy - TrELEmA) >0,

problem

(3.14)

/ |Au|p(“" d:v) <|Aup(z)2Au> = \F,(u,v), in Q,
/ Av|q(x)dx> <|Avq(1)2Au> = \F,(u,v), in Q,
Av =0, on 08,

Qq

o
s

has at least two non-trivial weak solutions.

l>

Proof. Fix A > p and let n,x > 1 such that F(n,x) > 0 and

o On? | (aTsgta )R
)\ p*ercp* q*q+cq*
meas(B@®, an) F(1, %)

From (3.12) and (3.12) there is 61,97 > 0 such that

L
0y <min{n»~, py n},
o
Y < min{ks ,pd K},
F(01,91) - 1
o7~ 99~ Ameas(Q)’
p*ci’* q+cq*

and 64,94 > 0 such that

+

P

+

)P or

204},

. p
< min
7 {(3 =
+
26,9~
F(04,94) < 1
or~ 99~ 2 meas(Q)

pter™ qteca™

Hk-e 2
+\

)T 95T 94},

k< min{(

Therefore, all assumptions of Theorem 3.4 are fulfilled and it ensures the conclusion.
O

(e
BE
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4. CONCLUSION

Non-local operators can be seen as the infinitesimal generators of Lévy stable dif-
fusion processes. Moreover, they allow us to develop a generalization of quantum
mechanics and also to describe the motion of a chain or an array of particles that are
connected by elastic springs as well as unusual diffusion processes in turbulent fluid
motions and material transports in fractured media. On the other hand, fourth-order
boundary value problem of nonlinearity furnishes a model to study traveling waves in
suspension bridges, so it is important to physics. In this manuscript, we deal with find-
ing multiple weak solutions for nonlocal fourth-order Kirchhoff systems with Navier
boundary conditions. The techniques used are based on variational method. Firstly,
we presented the main results about the existence of at least three weak solutions for
(1.1).
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