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Abstract In this paper, we will present a review of the multistep collocation method for Delay
Volterra Integral Equations (DVIEs) from [4] and then, we study the supercon-
vergence analysis of the multistep collocation method for DVIEs. Some numerical
examples are given to confirm our theoretical results.
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1. INTRODUCTION

Many special cases of the differential and integral delay equation, can be encoun-
tered in applications: absorption of light by interstellar matter [1], analytic number
theory [8], collection of current by the pantograph of an electric locomotive [9], nonlin-
ear dynamical system [5], probability theory on algebraic structures [11], Cherenkov
radiation [9], continuum mechanics [10], and the theory of dielectric materials [7].
Moreover, delay equation is an interesting example of a functional equation with a
variable delay: sufficiently complicated to provide a clue to the behavior of more
general classes of such equations, but also simple enough to be tractable by relatively
straightforward means. For more detail see [7] and the references therein.

Consider the Volterra functional integral equation with delay function 6(t),

¢ a(t)
g(t)—i—/t kzl(t,s,y(s))ds—l—/ ka(t, s,y(s))ds, t € [to,T],

to

y(t) =
(1), t € [0(to), to),
(1.1)

where k1 € C(DxR),D = {(t,s) : to < s <t < T} and ks is assumed to be continuous
in Dg xR, Dy = {(t,3) : 0(tg) < s <0(t)}, with I = [to,T] and ¢ : [0(¢0),t0] — R and
g : [to,T] — R are at least continuous on their domains.

The delay function 6 satisfy in the following conditions:

Received: 20 June 2016 ; Accepted: 1 January 2017.

205



206 P. DARANIA

(D1) 6(t) =t —7(t), with 7(t) > 179 > 0 for t € I;
(D2) @ is strictly increasing on I;
(D3) 7€ C4(I) for some d > 0.

We will refer to the function 7 = 7(¢) as the delay.

Definition 1.1. The points {£, : @ > 0} generated by the recursion
0(&ut1) = Eur1 — 7(€uvr) =& 1=10,1,..., & = to,

are called the primary discontinuity points associated with the lag function 0(t) =
t—7(t).

Condition (D2) ensures that these discontinuity points have the (uniform) separa-
tion property
& —&um1=7(8) > 10 >0, forall p> 1.

Theorem 1.2. Assume that the given functions in

t o(t)
g(t) + kl (tv S)y(s)ds + kQ(tﬂ S)y(S)dS, te [t 7T]7
() = I I 0

¢(t)7 te [9(t0)7t0>7
(1.2)

are continuous on their respective domains and that the delay function 0 satisfies the
above conditions (D1)-(D3). Then for any initial function ¢ € C[0(to),to] there exists
a unique (bounded) y € C(to, T| solving the Volterra functional integral equation (1.1)
on (to,T] and coinciding with ¢ on [0(to),t0]. In general, this solution has a finite
(jump) discontinuity at t = to:

lim y(t) # lm y(t) = ¢(to).

t—td t—ty

The solution is continuous at t = tg if, and only if, the initial function is such that

0(to)
mm—/’ a(to, 5)6(s)ds = 6(to).

to

Proof. See [2]. O

It is well known that these equations typically have discontinuity in the solution or
its derivatives at the initial point of integration domain. This discontinuity propagated
along the integration interval giving rise to subsequent points, called singular points,
which can not be determined priori and the solution derivatives in these points are
smoothed out along the interval. Most of the known numerical methods for this type
of equations are generally very sensitive to the singular points and therefore must
have a process that detects these points and insert them into the mesh to guarantee
the required accuracy.

In [2], H. Brunner applied collocation type methods for numerical solution of equa-
tion (1.1) and discussed about their connection with iterated collocation methods.
V. Horvat, [6] had considered the collocation methods for Volterra integral equations
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with delay arguments. P. Darania [4], had considered the nonlinear Volterra integral
equations with constant delays 6(t) =t — 7, 7 > 0, of the form

gt)+ (Vy)@t) + (Vry)(t), tel=10,T],
y(t) = (1.3)
¢(t)7 te [_7—7 0),

where

P = /0 Fa(t, 5, 9(s))ds, (1.4)

(Vry)(t)Z/o_T ka(t, s, y(s))ds, (1.5)

and the given functions, ¢ : [-7,0] > R, g: I >R, k1 : DXxR >R, D ={(t,s): 0 <
s<t<T}land kg : D xR = R,D, =1 x [—7,T — 7] are at least continuous on
their domains.

In the present paper, we are briefly introduced the new families of multistep collo-
cation method which has presented in [4, 3]. Also, we analyze the superconvergence
analysis of the multistep collocation method when used to approximate smooth solu-
tions of delay integral equations. Some numerical examples are given to confirm our
theoretical results.

2. PRELIMINARIES
Here, we recall the multistep collocation method that have been introduced in
[4, 3].

2.1. Multistep collocation method. Let ¢, =nh, (n =0,...,N, ty=T, h=
I for som 7 € N) define a uniform partition for I = [0,77], and let Qp := {0 =ty <
t1 < <ty =T} 00:= [to,t1],0n i= (tn,tnt1] (1 <n < N—1). With a given mesh
Qn, we associate the set of its interior points, Zy := {t, :n=1,...,N — 1}. For a
fixed N > 1 and, for given integer m > 1, the piecewise polynomial space Sﬁ,:_I%(Z N)
is defined by

S( )(ZN)—{u Uy, =up €My, 0<n< N -1},

where II,,_1 denotes the set of (real) polynomials of a degree not exceeding m — 1.
Let up, = g, u € Sﬁn_ji(ZN), for all ¢ € 0,,, we have

h(tn+sh) = Zwk 8)Yn— HZ% ng» €01, n=r...,N=-1, (2.1)

where Uy, j = up(tn ;) Yn—k = uh(tn,k) and

—

mos e T os4i T os4i oy s—c
or(s) = —— =5 I;ICJJFZ'ZI—ICJ*Q (2.2)

i=1
17516 i#j
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Remark 2.1. In the following, we assume that the initial function ¢(t) is such that

—T

9(0) - k2(0,5)p(s)ds = ¢(0).
0
The collocation solution wu, will be determined by imposing the condition that wup,
satisfies the integral equation (1.3) on the finite set Xn = {t,, ; = t,, + ¢;h}

g(t) + (Vup)(t) + (Vrup)(t), te][0,T],
up(t) = (2.3)
¢(t)7 te [_T7 O)a
where {c¢; };7“:1, 0<ci <- - <cm <1, the set of collocation parameters. After some
computations, the exact multistep collocation method is obtained by collocating both
sides of (2.3) at the points t = ¢,, j for j = 1,2,..., m and computing yn+1 = up(tn+1):

Unj = Da i=1,2,...,m,
(2.4)
Yn+1 = Zcpk VYn— k+21/1] Unj, n=r,r+1,...,N—-1,
where D,, ; = D(t,, ;) and
(Vun)(tn,j) + ®(tn;), tn; — T <0,
D(tn;) = 9(tn;) + (2.5)

(Vup)(tn,;) + (Veun)(tn.s), tn; — 720,

tn,j—T
(b, :/ Fa(n s, 6(5))ds, § = 1,2, m, n=0,1,.... 71, (2.6)
0

and for ¢, ; — 7 < 0, we have

1
(V‘ruh)(tn,j) = —h [/ kg(tnd‘, tn—?’ + Sh, ¢(tn_f + Sh))dS
H (2.7)
+ Z / k2 n]at+5h ¢(t+8h))d‘|a
i=n—7r+1

and for ¢, ; — 7 > 0, we get

(Veup)(tn rz / ko(tn ;. ti + sh,up(t; + sh))ds o8)

+/ k2(n]7nr+5hun r(n T+Sh))d:|
0

=
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and
n—1 1
(Vun)(tn,) = h}:/‘h@mﬁn+SMUMh+sMﬁk
0 70
=0 (2.9)
¢
—l—h/ ki(tnj,tn + sh,up(t, + sh))ds.
0
By using quadrature formulas with the weights w; and nodes d;,l = 1,..., u1, for

integrating on [0, 1], and the weights w;; and nodes d;;,l = 1,..., uo for integrating
on [0, ¢;], with positive integers ugp and pq, one can write

Yy.j = Daj, i=12....m

r—1 m
2.10
y’ﬂ"rl:Zwk(l)yﬂ—k—i_zwj(l)yn,]) n:T7T+1a"'7N_17 ( )

k=0 j=1

where
D(tn.;) = g(tnj) + (Vun)(tn;) + (Veun)(tn ), (2.11)
B n—1 p1
(Vuh)(tmj) = h Z Z wlkl(tn,j7 t; + dih, Pi(ti + dlh))
i:(l)mlzl (2.12)
+h Z U)ijl (tn,j,tn + dj’lh, Pn(tn + djylh)),
=1

and for ¢, ; — 7 < 0, we have

—1 M1
(Vrun)(tnj) = —h ( S0 wika(tn . ti + dih, é(t; + dih))
i=n—i+1 I=1 (2.13)

M1
+ Z W ko (tn, g tn—7 + §jh, ¢(tn—7 + §j,lh))> )
=1

and for ¢, ; — 7 > 0, we get

n—r—1 p1

(Vrun)(tn) = h( > wika(tn g ti + dih, Pi(t; + dih))

=0 =1

Mo
+ Z wj ik (tn,j, tn—7 + djih, Po—#(tn—7 + dj,lh))> ;
=1

(2.14)

and & :=c¢; + (1 —¢j)d;, wj;:=1—-c¢j)w, j=1,....,m, l=1,... . Also,
the discretized multistep collocation polynomial, denoted by

r—1 m
P, (ty, + sh) = Z(pk(s)yn,k + Zz/}j(s)Yn,j, self0,1], n=r,...,N -1
k=0 j=1
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(2.15)

For more detail see [4].

2.2. Convergence. Let uy € S,(n:li(ZN) denote the (exact) collocation solution to
(1.3) defined by (2.4). In convergence analysis, we consider the linear test equation

y(t) = g(t) —l—/o k1(t, s)y(s)ds +/O ka(t, s)y(s)ds, tel,
o(t), te[-r0),
(2.16)
where k1 € C(D) and ks € C(D,).

Theorem 2.2. Let the given functions in (2.16) satisfy g € CP(I), ki € CP(D), ko €
C?(D;), ¢ € CP([-7,0]), and for t € [0, 7] the integral

B(t) = /O ot 5)0(s)ds, (2.17)

is known exactly. Also, suppose that the starting error is

|y = tn llos,fo,e,1= O(RP), (2.18)
and

p(A) < 1, (2.19)
where p = m + 1 and p denotes the spectral radius and

0 _ |

A= LP(:AIH; %72(1)’~-1-’<P0(1) ' (2:20)
Then for all sufficiently small h = Z, (7 € N) the constrained mesh collocation
solution uy, € S,(J_li(ZN) to (2.16), satisfies

| € o< CRP, (2.21)

where E(t) = y(t) — un(t) be the error of the exact collocation method (2.11) and
C is positive constant not depending on h. This estimate holds for all collocation
parameters {c;} with 0 <c¢; <--- < ¢p < 1.

Proof. See [4]. O

Remark 2.3. [3]. The starting values y1,¥a,. .., y,, needed in (2.4) and (2.10), may
be obtained by using a suitable starting procedure, based on a classical one step
method has uniform convergence order of p.

Theorem 2.4. Let the assumptions of Theorem 2.2 hold, except that the integrals
t—71
O(t) = / ko(t,s)p(s)ds, t =t ;, n=0,1,...,7—1,
0
are now approrimated by quadrature formulas ®(t), with corresponding quadrature
errors Fo(t) := ®(t) — ®(t), such that
[Eo(t)]| < A, (2.22)

(<)
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for some q > 0. Then the collocation solution uj, € S(_f) ZN) satisfies, for all
m—1
sufficiently small h > 0,

| € [lo< CRP, (2.23)
with p := min{m + r, ¢}, where C are finite constants not depending on h.
Proof. See [4]. O

3. SUPERCONVERGENCE

In this section, we analyze the superconvergence of the multistep collocation method
when used to approximate smooth solutions of delay integral equations.

By the following theorem, we obtain local superconvergence in the interior points
ZN.

Theorem 3.1. Suppose that the hypothesis of Theorem 2.2 hold with p =2m+7r—1
and the collocation parameters ci, ..., ¢y, are the solution of system

Cm =1,
r—1 ) m ) 3.1
=SB =S ) =0, i=mtr o 2mtr -2, D
k=0 j=1

where

Bk:/o or(s)ds, v; :/0 ;(s)ds. (3.2)

Also, suppose that the delay integral

(1) = /O ot 5, 6(s))ds, (3.3)

can be evaluated analytically and if h = % is sufficiently small. Then

P
| ax, IE(tn)] < ChP. (3.4)

Proof. Without loss of generality, we assume that T' = ty = M7 for some M € N.
The collocation equation (2.16) may be written in the form

t t—1
up(t) = =6(t) + g(t) +/ ki (t, s)up(s)ds Jr/ ka(t, s)up(s)ds, t € I, (3.5)
0 0
where the defect function ¢ vanishes on X
0(tn;) =0. (3.6)

Also, we have §(t) = 0 for t < 0. The collocation error £ =y — uy, solves the integral
equation [2, 6]

E(t) = 5(t) + / Ca(t $)E(s)ds + F(1), e T, (3.7)
0
where
Pt) = /O ka(t, $)E(s)ds, t € [7,T]. (3.9)

(el
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For ¢ € [0, 7], we have F(t) = 0 and so the error equation (3.7) reduces to a classical
Volterra equation, which is unique solution given by [2, 6]

+/O Ry (t,5)d(s)ds, (3.9)

where R; denotes the resolvent kernel associated with the given kernel k1. As T =
M for some positive integer M, we may set &, := p7, u = 0,..., M, and then for
t e [€,€ur1], 1 < pu < M —1 the collocation error £(t) governed by (3.7) can be
expressed in the form [6, 2]

t—iT

+Z/ Ry, i(t, 5)8(s)ds, (3.10)

where the function R,, ;(¢,s) depend on the given kernel functions k;(t,s), ¢ = 1,2.
For t =t,, € [{, + h,§u41], and h = T for some 7 € N, we obtain

n—ir—1

Eltn +hz 3 / R s(tnsty + sh)5(ty + sh)ds. (3.11)

=0 v=0

Now, let us consider the quadrature formula

[ resyas = ST AR+ e,
0 k=0 =1

for the computation of the integrals in (3.11), we have

n—ir—1 [r—1
E(tn) = +hZ > [ZﬁkRn@(tn,tV_k)é(t,,_k)
i=0 v=0 k=0
n—ir—1

E3 Bl t)(t) | 1Y S B
j=1

1=0 v=0

(3.12)

where E), ; ,, the corresponding error terms. The hypothesis c,, = 1 assures that ¢,
are collocation points for each v. Since the defect function vanish in the collocation
points, we have 6(t, ;) = 6(t,—;) = 0, hence

n—ir—1

E(tn hz Z Brniv, 0<p<n<p+1<M, Mr=T (3.13)

The quadrature errors in (3.13) can be bounded by |E,, ;.| < Ch*™T"~1 with some
finite constant C not depending on h, (see [3] and [6]). Finally, because M7 = M7h =
T = Nh, we obtain max |E(tn)] < Ch2mHr=1, O

Note that, the variation of constants formula (3.9) is the key to the establishing of
(global and local) superconvergence results for collocation solutions to such equations
[2].

c[v)
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Finally, we comment on the extension of the results in Theorem 3.1 to the nonlinear
case. Instead of (3.7), the equation for the multistep collocation error £ now has the
form

E(t) =4(t) +/O {k1(t, s,y(s)) — k1(¢, s,un(s))}ds + F(¢), t € I, (3.14)
where
F(t) = /0 {ka(t, s,y(s)) — ka(t, s,un(s))}ds, t € [, T). (3.15)

Under appropriate differentiability and boundness conditions for k; and ko, we
obtain

ki(t,s,y(s)) — ki(t,s,un(s)) = %Zi(tys,y(s))g(s) 4 %?9;22

where z; is between y and uj. The global convergence of V (uy), Vi (up), V(up) and
V;(up,) has already been establish [4]. So, we know that || £2 [lc= O(R2(™+7) for
any {c;}.

(t’ S, ZZ(S))52(3)7

4. PRESENTATION OF RESULTS

In this section, two examples will be investigated to confirm our theoretical results.
We consider the multistep collocation method with m = 2,r = 3, given by Examples
4.1 and 4.2 with the following choices of the collocation abscissas: (c1,¢2) = (0.7,1)
and from system (3.1), (c1,c2) = (35,1). The method have respectively order p =5
(convergence) and p = 6 (superconvergence). The observed orders of convergence
are computed from the maximum errors at the grid points. The starting values have
been obtained from the known exact solutions. All computations are performed by

the Mathematica® software.

Example 4.1. Consider the linear DVIEs as

y(t) =g(t) + /0 (s+t+1)y(s)ds+ /0 _5(8 +t2 +4)y(s)ds, t €0,1],

where g(t) such that the exact solution is y(t) = sint.

Example 4.2. Consider the nonlinear DVIEs as

1
t—3

y(t) = g(t) + /0 2 cos(t — s)y?(s)ds + /0 2sin(t — s)y?(s)ds, t € [0,1],

where g(t) such that the exact solution is y(t) = e’.

The maximum errors have been shown that for values of r = 3,m = 2 and for
different values of IV, at the grid points in the Table 1 and Table 2. The orders of
convergence of the multistep collocation method for » = 3 and m = 2 are shown in
Figure 1 and Figure 2 which they confirm the theoretical results of the Theorem 3.1

[c]v)
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TABLE 1. Maximum errors ||y — up|lo for 7 = 3 and m = 2 in
Example 4.1.

61:0.770221 012%762:1

N |y — unlloo |ly = unlloo

4 2.12002 x 10~ 3.87888 x 10~7
8 1.83053 x 10~ 7 2.00000 x 108
16 8.19697 x 1077 4.45114 x 1010
32 2.99995 x 10~10 8.02836 x 1012
64 1.00999 x 10~ 1.35225 x 10713

FiGURE 1. Orders of convergence of uy for r = 3 and m = 2 in

Example 4.1.
7,
6
u u
u

) |
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g
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2 = (]
° L
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© [

|
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|
| | Superconver gence
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3 ‘ ‘ ‘ ‘ ‘ ‘
10 20 30 40 50 60

(the orders of convergence and superconvergence are p =m +r and p =2m +r — 1,

respectively).

5. CONCLUSION

We have shown that the multistep collocation method yields an efficient and very
accurate numerical method for the approximation of solutions to DVIEs. Further-
more, the multistep collocation method have uniform order m + r for any choice of
collocation parameters and local superconvergence order 2m + r — 1 in mesh points
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TABLE 2. Maximum errors ||y — up|lo for 7 = 3 and m = 2 in
Example 4.2.

61:0.770221 012%762:1
N [y — unlloo lly = unlloo

4 1.15904 x 10~ 5.06850 x 10~°
8 1.22162 x 107> 2.54126 x 1076
16 5.89844 x 10~ 7 6.19396 x 10~8
32 2.23937 x 1078 1.18180 x 109
64 7.68051 x 1010 2.07838 x 1011

FIGURE 2. Orders of convergence of uy for r = 2,3 and m = 2 in

Example 4.2.
7
° n
L
|

§ m
i=
-3
c
g5
5 L u
z |
¢}

g

a

I [ ] Superconver gence
L] Conver gence
8 10 2 EY 20 50 60
N
of collocation parameters.
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