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Finite-time stabilization of satellite quaternion attitude
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Abstract In this paper, a finite-time control scheme is presented for stabilization of the satellite
chaotic attitude around its equilibrium point when its attitude is confused by a
disturbed torque. Controllers and settling-time of stabilizaton are obtained, based
on the Lyapunov stability theorem and finite-time control scheme. This method is
satisfied for any initial condition. Numerical simulations are presented to illustrate
the ability and effectiveness of proposed method.
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1. INTRODUCTION

At first this section, a brief history of finite-time stability is presented according to
[3]. The concept of finite-time stability (FTS) dates back to the 1950s, when it was
introduced in the Russian literature [19, 21, 22]; later, during the 1960s, this concept
appeared in the western journals [16, 25, 32].

In the last two decades, FTS and stabilization have been investigated in the context
of continuous-time linear systems [5, 6, 7, 9, 11, 13, 14, 18, 28] and of discrete-time
linear systems [4, 8, 10, 12]; in these papers, conditions for analysis and design are gen-
erally provided in terms of feasibility problems involving Linear Matrix Inequalities
(LMIs) [15] and/or Differential Linear Matrix Inequalities (DLMIs) [27] and Differen-
tial Lyapunov Equations (DLEs). More recently, an effort has been spent to extend
such results to the context of nonlinear systems [13, 23, 34]. The issue of control and
stabilization in most of nonlinear systems, and particularly those who argue about the
control of satellitse attitude, have been analized without calculating the settling-time
[24, 26].

In this paper, along with F'TS analysis of satellite attitude, the settling-time also is
calculated. Moreover, quaternion parameters are used instead of Euler angles in the
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satellite’s kinematic equations. These parameters are applied to overcome singularity
problem in the numerical solution when performing the great maneuvers is required.

Another important feature of the proposed control scheme compared to other sim-
ilar control methods, it is the possibility of rapid stabilization of the satellite attitude
around its equilibrium point, with applicable choice of control parameter 7.

2. FTS AND SATELLITE ATTITUDE EQUATIONS

A system is said to be finite-time stable if, given a bound on the initial condition,
its state does not exceed a certain threshold during a specified time interval. More
precisely, given the system

{L‘(t) = f(ta $)> x(tO) = X, (21)
where f : RT x R® — R”™ is continuous nonlinear function, z € R™ is the state
vector, xg is initial state, we can give the following formal definition [3].

Definition 2.1. (FTS) Given an initial time ¢, a positive scalar T, two sets X, and
Xi, system (2.1) is said to be finite-time stable with respect to (tg, T, Xo, X¢) if

xo € Xo = z(t) € Xy, t € [to,to + TV, (2.2)

where, x(.) denotes the solution of (2.1) starting from zo at time ¢o, X, is initial set,
and X, is trajectory set. Sets Xy and X, are generally determined from practical
considerations.

We consider another definition of FTS in this paper which will be utilized in ana-
lyzing the stability of our system.

Definition 2.2. (see [31]). Consider the dynamic system (2.1), if there exists a con-
stant 7% > 0 (7™ may depend on the initial state X (0)), such that lim;_,7« || 2(¢) || =
0, and || z(¢) ||= 0 if ¢ > T*, then the system (2.1) is finite-time stable.

In the following this section, we describe the satellite’s attitude equations. These
equations are expressed by kinematics and kinetic equations.

2.1. kinematics equations. The kinematics equations explain relationship between
attitude and angular velocity in inertial frame. The quaternion is a four-dimensional
vector which is defined as [33]
. ~ T
7=[Q" q]
I

; (2.3)

where § = 1 g2 g3]' =ésin(v), g1 = cos(v/2), é is the unit vector in the direction
of the Euler axes and v is the rotation angle between the body and orbital frames.
The quaternion vector satisfy the constraint ¢7 ¢ = 1. By regarding the satellite as
an ideal rigid body, the kinematics equations based on quaternion parameters are
expressed as [29]

Gi = 5 (wq2 —wygs + waqs), G2 = 3 (—w.q1 + Waqs + Wwyqa)
(2.4)
Gz = 3 (Wyq1 — waga + wqa),  Ga = 3 (—Waq1 — Wyqa — W-q3),
where wg, wy, w, are angular velocities around axes fixed in the rigid body.
[c]v)
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2.2. kinetic equations. Relation between angular velocity and torque in body frame
is given by kinetic equations. These equations can be derived from a Newton-Euler
formulation [17]

Wy = i ((Iy — L)wyw: + cal,
Wy = 1 [(I: = L)wsw. + ¢y, (2.5)

w, = i (I — I))wywy + ¢;],

where I, I, I, are the inertial moments of the satellite about its principal axes, and
Cz, Cy, C; are torques applied around these axes at time t.

3. CHAOS ANALYSIS BASED ON THE LYAPUNOV EXPONENTS (LES)
By combining (2.4) and (2.5), the satellite attitude system is presented as

(jl = % (wzq2 — WyQq3 + wzq4) 5
G2 = % (_wzq1 + wzq3 + qu4) 5

g3 = 5 (Wyq1 — Waq2 +W.qa),

(SIS

s = 5 (—weq1 — wyqa — w2q3) (3.1)
W, = i (I, — L)wyw, + ¢,

(I, — Ip)waw, + ¢y,

N‘,_.

w =
Y Y

w, = i (I — Iy)wywy + ¢;] .

In the following, we use SA symbol to refer to the equation (3.1).
Now by choosing constant values and initial conditions given in Table 1, the LEs
of SA system are obtained under the perturbing torques

Ca 1200 0 (1000)%8 | [ w.
¢y | = 0 350 0 wy, |, (3.2)
c: —(1000)v/6 0 —400 w;

for more detail the reader can see [20, 30]. Figure 1 illustrates dynamics of LEs of the
SA system. In this figure value of each of LEs is given in time ¢ = 50(s), and existing
positive LE, indicate that the system is chaotic.

4. PRELIMINATION

Consider dynamical system
2;(t) = fi(z1(t), z2(t), ..., zn(t)), i=1,..,n. (4.1)

(<)
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TABLE 1. Initial conditions and constant values of the SA system.

Attitudes Values | Constants

Values

q19
420
g3
q49

Wy (r/s) 0.2
Wy, (r/s) 0.6
Wy (r/s) 0.8

0.2425 | I,(kgm?)
0.04915 | I,(kgm?)
0.4645 | I, (kgm?)

0.8503

3000
2000
1000

FIGURE 1. Dynamics of LEs of the SA system under the perturbing

torques (3.2).
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where, x1, %9, ..., x,, are components of attitude vector z, f; : R® — R" (i =1,...,n)

are continuous nonlinear functions.

conditions is

J:‘i(t) = fi(l‘l(t),l'g(t), ,l‘n(t)) + Ui(t),

z;(0) = x40,

The finite-time controlled system with initial

(4.2)

where, z; 0, (i =1, ...,n) are components of initial attitude xo, and u,(¢), (i = 1,...,n)

are control functions.

(el
BE
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Let
e(t) = x(t) — z, (4.3)

is attitude error vector where, Z is the equilibrium point of system (4.2). The goal is
to design the appropriate controllers u;(t) such that for any initial condition zq, we
have

li t)l=0
lim | e(t) [ =0,
where || . || is the Euclidean norm and T is the settling time. Settling time dependent

to initial conditions.
We need the following theorem to analyze the finite-time stability of the SA system
and calculate the value of 7.

Theorem 4.1. [35] Suppose that function V (t) : [0,00) — [0,00) is differentiable
(the derivative of V (t) at 0 is, in fact, its right derivative) and

V(t) < —KV(t)*, (4.4)
where K > 0 and 0 < o < 1. Then V(t) will reach to zero in finite time T* <

%, and V(t) =0 for all t > T*.

5. FINITE-TIME STABILITY AND CONTROL

Considering the error vector corresponding to the SA system, and choosing the
equilibrium point Z = (0,0,0,1,0,0,0), dynamic of error system is identical with SA
system. Then controlled system of the SA system is presented as

G1 = 5 (W2q2 — wyq3 + weqs) + U,
g2 = % (*wzq1 + weq3 + wy‘]4) + uo,

(wy(h — Wgq2 + wth) + us,

N|—

gz =
.1

q4 = 3 (_wIQI — WyQq2 — wzq3) + Uy,
L, = [(Iy — L)wyw, + cz] + us,
Iy = [(I, — Iy)wgw, + ¢y + ug,

Lw, = [(I; — Iy)wawy + ¢.] + ur,

(QI (0)7 XS] Q4(0)7 w.L(O)7 wy(0)7 U]Z(O)) = (Q1oa sy Q4 Wag y Wyg wzo)~
The control functions will be designed such that for any initial condition, we have

lim || (Q17Q2aQB7Q4awxawy7wz) - (070707 1a07070) H =0.
t—T*

(<)
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Lemma 5.1. [2] Suppose a1, as, ...,a, and 0 < q¢ < 2 are all real numbers, then the
following inequality holds

la1]? + Jag|? + ... + |an|? > (a1 + a2 + ... + a,?) 3. (5.2)

Theorem 5.2. System (5.1) can be finite-time stable for any different initial condi-
tion with following control functions

« .

uy = —nlq|” sign(q1),
6% .

up = —1n|q2|” sign(q2),
« .

Uz = —N |Q3| 5®9”(Q3)7

ug = —n 1 — qa|" sign(gs — 1), (5.3)
Us = —UIxQTH ‘wx|a sign(wy) — [(Iy - IZ)wywz + ¢z = %Qh
ug = L, "% Jwy|* sign(w,) — (I — L)waw + ¢,] — $ao,
up = L |w.|* sign(w.) — (I — I, Jwewy + c.] — Sas,

where 0 < o < 1, ; > 0 is control parameter, and the settling time is

e O
n27= (5%)

(5.4)

Proof. Consider the lyapunov function as

1
V(t) = 5[qf + 03+ 63+ (1—qu)? + Lw? + Lw? + Lw?, (5.5)

therefor

V =qq1 + 0262 + q3q3 + qga(qs — 1) + Lyw, W, + Tywywy, + Lw,w,
= Hqrws + wy + gsw.) + wy [(I, — L)wyw, + ¢4
+wy (I, — I)wew, + ¢y] +w, [(Iz — Iy)wawy + c.]
+qrur + qaug + qzuz + (qa — 1)ug + weuy + wyus + w.uz.
By replacing control functions (5.3) in (5.6), we have
V=—n(al*" + g +lgs* T 1 -
VI T VT ).

From Lemma 5.1, equality (5.7) be changed as

|OL+1 ‘C)é+1

v < —W(\waxl2 + |Iywy|2 + |Izw2|2 + |ql|2 + |Q2|2 + |QS‘2
a+1
- ql?).
Therefore
a+1

V< —n@v(n)tT, (5.9)

(el
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or

a+1 at1
2 .

V< —(n2%7)V(t) (5.10)

Due to 0 < a < 1, it yields 0 < QT'H < 1. Therefore, from theorem 4.1, and (5.10),
it is obtained

V(t)=0, t>T, (5.11)
where settling time T™* is given as
V(0)="
e O (5.12)
n27= (5%)
O

Remark 5.3. [1] The sign(.) function, as a rigid switcher, in the control functions
(5.3), may cause undesirable oscillations. In order to avoid this problem, they are
approximated by the tanh(p(.)) function, where p > 0 is a constant. Hence, we
rewrite the control functions (5.3) as

ug = =1 |1 — 4" tanh(p(qs — 1)), (5.13)
us = =L | tanh(pws) — [(I, = L)ww, +co] = 3ar,
Ug = _nIyQTH |wy|a tanh(pwy) - [(Iz - I)ww, + cy] - %qQ’
wr = —nL "% |w,|* tanh(pw,) — [(I, — I)wywy + ¢;] — Sqs.

6. NUMERICAL SIMULATION OF FINITE-TIME CONTROL

To demonstrate and verify the validity of the proposed scheme, we present the
numerical results for finite-time control of satellite chaotic attitude. Assuming o =
0.7, p = 100, the initial point and the constant values given in Table 1, system (5.1)
is solved with control functions (5.13) by Maple software. We control satellite from
an arbitrary initial attitude to its equilibrium point (0,0,0,1,0,0,0) in a finite time.

Figure 2 and Figure 3 illustrate the simulation results of the system (5.1) based
on the control functions (5.13) for n = 0.25 and n = 5, respectively. In these figures,
time series responses corresponding to quaternion parameters and angular velocities
demonstrate the appropriate performance of the controllers in order to return satellite
attitude to its equilibrium point. Simple calculations show the settling time for n =
0.25 and n = 5, is T = 39.8557s, and T™* = 1.9928s, respectively. Thus, if possible,
by choosing a large and allowable amount from control parameter 7, we can more
quickly converge to the equilibrium point of system.

(<)
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FIGURE 2. Time series responses corresponding to angular velocities
and quaternion parameters of the system (5.1) with control parame-
ter n = .25.

1

0s

F1GURE 3. Time series responses corresponding to angular velocities
and quaternion parameters of the system (5.1) with control parame-

ter n = 5.
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7. CONCLUSION

281

A finite-time control scheme along with quaternion parameters were applied on the
SA system for stabilization the satellite chaotic attitude around its equilibrium point,
when this system is confused by a disturbed torque. In this method, it is possible
to calculate the settling time. Whilst this method can solve the singularity problem
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in the numerical solution of system, the simulation results illustrated quick stability
the SA system as for achieving the its equilibrium point, by choosing a large and
allowable amount from control parameter 7).
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