Research Paper C M
Computational Methods for Differential Equations

http://cmde.tabrizu.ac.ir

Vol. 10, No. 3, 2022, pp. 567-579

DOI:10.22034/CMDE.2021.46257.1941

Existence and properties of positive solutions for Caputo fractional difference equation and
applications

Tahereh Haghi and Kazem Ghanbari*
Department of Mathematics, Sahand University of Technology, Tabriz, Iran.

Abstract

This paper deals with a typical Caputo fractional differential equation. This equation appears in important
applications such as modeling of medicine distributed throughout the body via injection and equation for general
population growth. We use the fixed point theory of concave operators in specific normed spaces to find a
parameter interval for which the unique positive solution exists. Some properties of positive solutions are studied
and illustrative examples are given.
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1. INTRODUCTION

There is no doubt that the topic of fractional calculus is one of the useful fields of applied mathematics which has
applications in the areas such as engineering, economics, control theory, and other fields. In recent years the fractional
differential equations have been of great interest, there is a great deal of work focused on studying the existence and
uniqueness of solutions [1, 2, 7, 8].

Discrete fractional difference equations appear in applications. For example, the mathematical model of discrete
fractional difference equation is given by

Ady(t) = —py(t+6 - 1),

y(()) = ap,
where y is the concentration of the drug in the body at time t after injection, u is the constant first-order elimination
rate of the drug (the negative sign means the drug is eliminated from the body) and ag is the initial concentration,
see [4] for more details.

This kind of application motivates us to consider the existence and uniqueness of positive solutions for more general
fractional differential equations of the following form:

—Ny(t)=pft+0—1,yt+0-1)), te{0,1,...,T+1}
y(6 —n) = ag, (1.1)
Ay(d+T)=Ayd—-n)=0,7=2,3,...,n—1,
where § € (n — 1,n] and ag > 0,T > n, u are real numbers, A? is the standard Caputo difference, f:[6 — (n —1),6 +
TIN;_ 1y % [0,00) = [0,00) is continuous and increasing.
We arrange the paper in the following manner. Section 2 gives some preliminary results and notations. Section 3 is
devoted to find an interval for parameter p, for which the unique positive solution of (1.1) exists. In section 4, we study
a standard equation for general population growth and the model with the discrete fractional calculus of medicine
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distributing throughout the body via injection. There are several recent areas of specialized research in mathematical
biology: Enzyme kinetics, biological tissue analysis, cancer modeling, heart and arterial disease modeling being among
the popular ones, see [6]. There are three versions of fractional calculus: continuous, discrete, and quantum. In this
paper, we focus on the discrete version.

2. PRELIMINARIES AND BASIC NOTATIONS
Definition 2.1. [10] Let N, := {a,a + 1,...}, a € R. The difference operator A acts on given function f as follows:
Af(t) = f(t+1)— f(t),t € N,.
Definition 2.2. [10] Suppose ¢ > 1,6 € R. The falling factorial power ¢ is given by:

s I(t+1)

S T(t+1-6)

Theorem 2.3. [5] According to definition of A and falling fractional power we have:
At = 512=L,

Definition 2.4. [5] The fractional sum of order ¢ for a given function h, for § > 0, is defined by

t—0
ATSh(t) = = (¢ — o (k))*=2h(k),
')
k=a

forte{d+a,0+a+1,..} =Ny, and o(k) = k + 1. The oth fractional difference of order 4, for 6 > 0, is defined
by A°h(t) = A"A%~"h(t), where t € Nyyp,_s and § € N is such that 0 <n—1< 4§ < n.

The Caputo fractional difference for a given function h for § > 0, is defined by
—(n—
AZPR(t) == A~ A(E) = Z (t — o(k))"=2=LA"h(k), (2.1)
where 0 <n—-1<6§ <n.

Lemma 2.5. [3] If § >0 and h is deﬁned on Ng, then

- 5
AaJr (n— 6)A

M |

w(t —a)k (2.2)
k=0
where ¢, ER,k=0,1,2,...,n—1, andn—1< 6 <n.

Lemma 2.6. [9] Let h : Nyy5 X N, — R be given. Then

t—§ t—5
A(;h(t»k)) = ’;Ath(tk) +h(t4+1,t+1—10),

fort € Nggs.

Let E be a Banach space and P C E. Then P is called a cone if it satisfies in the following conditions:
(1) if a € P,k > 0 then ka € P,
(79) if a € P and —a € P, then a = 0.
We say that (I, ||.||) is partially ordered by a cone P and use the notation a < bif b—a € P. If a < b and a # b, then
we use the notation @ < b. Let P? be the set of interior points of P. If P? # (), then PP is called solid. If b — a € P°
then we use the notation a < b. The cone P is called normal if there exists a positive number M > 0 such that, for
all a,b € E, if 0 < a < b then |la]| < M|b||. The set of [a1,az] = {a € E|a; < a < ay} is called the interval between
aj,az € E. I T : D — E satisfies in T(Au+ (1 —A)v) > ATu+ (1 —A)Tv, for u,v € D, where D is convex and A € [0, 1],
B8O
BE
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then T is called a concave operator. Suppose e is a nonzero element of P. Define E, = {t € E: 3k > 0, —ke < t < ke}
with norm

It]le = inf{k > 0: —ke <t < ke}.

Lemma 2.7. [11] If P is a normal cone, then

(1) E. is a Banach space with respect to ||.||c. Assume that there exists a positive number M > 0 such that ||t <
M]t|le, Vt € E..

(i1) P. = E. NP is a normal solid cone in E,.

Lemma 2.8. [11] Assume that P is a normal solid cone and A : P — P be concave. If A(0) > 0 then
(1) there exists a positive number p*, such that for 0 < p < p* there exists a solution y(u) in P that is unique solution
of the equation

y = pAy. (2.3)
The equation (2.3) does not have positive solution in P for p > u*,
(#i) consider the iterative sequence y, (1) = pAyn—1(p),n > 1 where yo(u) = yo € P. Then y,(1) — y(u) as n — oo,
for 0 < p < p*,
(91) the function y(.) is continuous and strictly increasing on [0, 1*),
(1) [ly(wll = +o0, as p — p* =0,
(v) suppose that there exist vy € P and o > 0 where poAvy < vy, then pu* > ug.

Lemma 2.9. [11] Assume P is a normal solid cone and A : P* — P° is an
increasing operator. Assume that there is positive number r such that 0 < r < 1, and

Alty) > t" Ay, Yoz ePY 0<t<1. (2.4)

Let y,, be unique solution of the equation Ay = py (u > 0) in PY. Then
(1) yu s strictly decreasing;
(1) y,, is continuous (i.e., p — po implies ||y, — yu, || — 0);
(Z”) hmu—wo Hyu” = O,Iimuﬁ(ﬁ ”yuH = 400 .
Lemma 2.10. (i) The solution of (1.1) is represented by
T+1

y(t) =p Y Kt k) f(k+6—1y(k+05—1))+ao, (2.5)
k=0

where K(t, k) is the Green’s fuction given by

(-1t —-04+n)(T+6—k—-1)2=2=2—(t—k-1)2=L 0<k<t—-65+1,
Kt k) = —
I'(o

©) =Dt =04+n)(T+6—-k—-1)2=2 0<t—6+1<k,

(i) K(t,k) > 0,(t,k) € [§ — (n—1),6 + T,y X (0,7 + L.
Proof. Using Lemma 2.5
t—46
y(t) = — L Stk =12 f(k+06—1Ly(k+6—1)) +co+cat+ ot + ..+ curt™L,
O

forc; e R,i=0,1,2,...,n— 1.
On the other hand by applying Lemma 2.6 we have

t+1-46
Ay(t) = —ﬁ kzzo(5—1)(t—k—1)5;2f(k+5—1,y(k+5—1))+C1+QC2t

+ (0= 1)ep 72
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t+2-6
AZy(t) = —% G- —2)(t—k—1)5=3f(k+6—1,y(k+6—1)) + 20,
k=0
+ o+ (n—=1)(n—2)cp_1t"=32,
t+n—1-4
A ly(t) = _ﬁ S D@26+ D)~k — DR (k 46— 1,y(k+ 06— 1))
k=0
+ (n—=1)(n—2)...cn_1-
From AJy(§ —n) =0,j =2,3,...,n—1, weget co =c3=...=c,_1 =0, and by Ay(d +T) = 0,y(d — n) = ag, we
have
, TH
= — —k—1)9=2 — _
Cl_F(é)};}(é DT +6—k—1)2=2f(k+6—1,y(k+6—1)),
and ¢g = —(0 — n)c1 + ap, then we have
(6 —n)i o=
R S _ —k—1)=2 — _
=0 kzzo(a DT +6—k—1)°2=2f(k+6—1,y(k+0—1)) +ao.

Therefore, the solution of (1.1) is

>

t—

y(t) = F’(‘(S)k_o(tk1)“f(k+51,y(k+51))
_(5_")“TH5 WT 46 —k—1)0=2f(k+6—1,y(k+6—1
+ TT6) (O—1)(T+6—k—-1)=f(k+0—1yk+d—1))

=~
I

0

T+1
i %2(5—1)(T+5—k:—I)Ef(k+6—1,y(k+5—1))+a0
k=0

T+1 -
= uY Ktk f(k+6—1ylk+0—1))+ao
0

k=
Thus part (¢) is proved. For (i), if 0 <t—0+1 < k < T+1 then K(¢, k) > 0, it is immediate from the representation
of K(t, k). Thus, it is sufficient to show that IC(¢,k) > 0, for 0 < k <t—Jd+1 < T+ 1. One can see that A (¢, k) > 0,
for0<k<t—0+1<T+1, we have
MKt k) = O—1)(T+6—k—1)2=2—(5—1)(t—k—1)2=2
> -D)(T+6—-k—1°2=2—-(5-1)(T+6-k—-1°>22=0.

Thus
min K(t,k) = Rk+0-1,k)
k+8—1<t<T+§
= -Dk+6-1)(T+0-k—-12=2—- (-2
= -Dk+0-1)(T+5-k—-1°2=2>0.
Thus part (i¢) is proved. O
ElE
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3. EXISTENCE RESULTS

We define the Banach space

E= {y 20 —=n,0 4+ Tn,_,, —>R},
with norm
[ylle = max|y(t)], te€ld—n,6+T,_,-
Consider the set
P={yeE:yt)20.te[d—nd+Th,,},

clearly P is a normal solid cone in E. Let

T+1

e(t) = > K(t k).
k=0
Using Lemma 2.10 we have K(t, k) > 0. Therefore, e(t) > 0, thus e € P\ {0}. Suppose

E. = {y eE:3r>0,—7e(t) <y(t) <Tte(t),Vt€ [0 —n,d+ T]NFTL}7

with norm
lly|lg, = inf {T >0:—7e(t) <y(t) < Te(t),vt €[d —n,d+ T]Naw}-

Let P=E.NP. Using Lemma 2.7, implies that E. is a Banach space, P is a normal solid cone in E, and
PO = {y € Ec : 30 > 0 such that y(t) > be(t),Vt € [§ —n,6 + T]n,_, }-

Besides, there exists a positive number M such that
lylle < Mllyls.,Vy € Ee.

Theorem 3.1. Suppose that [ is concave and there are positive numbers o > 0, > 0 such that f(t,0) is lower
bounded by o and f(t,1) is upper bounded by o, repectively, fort € [§ — (n—1),6 + T Then

(i) there exists a positive number p* that (1.1) has exactly one solution y, > 0 in P, for p € (0, ™), If p > p*, then
(1.1) does not have positive solution in P;

Ns_(n—1)"

(ii) define
T+1
ym(t) =Y KR f(E+6—1Lym a(k+5—1)), m>1,
k=0

where yo € P and p € (0, 1*) , then

te[‘s*%i);]wfn |ym( ) yu( )| , as m 003

(#11) maxXie 5 n.o+ T, [Yu(t) = Yuo ()] = 0, as p — po, for p € (0,p%). If 0 < p1 < pa < p*, then yu, (1) < yu, (1)
and Yur (t) 7é Yus (t)a vt € [5 —n,0+ T}Né—n;

(1) Y (t) < lyu(t), 1 € [0,1],t € [6 = n, 6 + Tn;_,,, where p € (0, u%);

f(ty)

(v) if limy_, oo = 0 uniformly on [§ — (n —1),6 +T|n,_,_,, then p* = oco.
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Proof. Using Lemma 2.10 we conclude that y(¢) is the solution of (1.1) if and only if

T+1
y(t) = p > Kt k) f(k+06—1,y(k+05—1)) +ao,
k=0

where K(t, k) is defined by Lemma 2.10. Without loss of generality, we define the operator A, without ag by

T+1
(Ay)(t) = > Kt k)f(k+0—1yk+6—1)).
k=0

Clearly y is the solution of (1.1) if and only if y = pAy. For y € P, since K(¢, k) and f(¢,x) are continuous, then Ay
is continuous. Positivity of (¢, k) and f(¢,z) implies that (Ay)(t) > 0,t € [§ —n,0 + Tn,_,. So Ay € P. Concavity
of f(t,-) for y > 1 implies

1

ﬂLD:fw§y+ﬂf§MDzéﬂtw+ﬂféﬁwm,

and thus using the assumption of the theorem, we get

fty) <yf(t,1) = (y—Df(E0) <yf(t1) < ay.
Therefore, for y € P, we have

T+1 T+1
0 < Y Ktk Ff(h+0-1yk+5—1) <> Ktk f(k+0-1,|yle) < Me(t),
k=0 k=0

where

My = €l (n—1)0 0 Ty ) 7t lylle) < (5= (n—1) 0 Thys_ ) ftllvlle+1) < allyle +1)-

Thus 0 < (Ay)(t) < Mye(t) so Ay € E,, then Ay € P. Hence A is defined from P to P. Concavity of f(¢,-) implies A
is concave.

By assumption of the theorem A(0) > oe(t) > 0, so A(0) € P°. Using Lemma 2.8 there is a positive number j*
such that y = ppAy has a unique solution y,, for p € (0, p*). Thus if pp > p*,y = pAy does not have solution in P.

Let yo € P, and define Ym = pAYm—1,m = 1,2,3, ..., then, y,, — y,, as m — oo for p € (0, u*) y, is continuous,
and strictly increasing. Moreover y,,y < ly, for 0 < p < p*,0 <1< 1; |lyulle, — oo, as u — p* — 0, if there exist
Vg € P and 1o > 0 such that poAry < vy then p* > pg. This means,
(¢) for p € (0, u*), the problem (1.1) has exactly one positive solution y,, in P, and for i1 > p*, the problem (1.1) does
not have positive solution in fP;
(i) let 3o € P and for p € (0, u*), and define

T+1
Y = 10> KK (k40— 1,y (k+6 —1)),m > 1,
k=0
then
max [ym (t) — yu(t)] = 0, as m — oo,

t€[6—n,0+Ts_,

(#i1) MaX¢e(s—n,6+T, [y, () —ypuo (8)] = 0, as p— po, where 0 < pog < p*, and if 0 < pg < pro < p*, then 36 > 0,
Yo (1) = Ypy (1) = Oe(t),VE € [6 =1, 0 + Ty, _,,, thus gy, (8) < 4y, (), € [6 = n, 6 + Ty, and yy, () # Y, (1),

(iv) Yau(t) < lyu(t),l € [0,1],t € [§ —n,0 + Tn;_,,, where p € (0, ). Thus the statements (i), (47), (ii7), (iv) hold.
ft,y)

To prove (v), let n = ||e||g. Let u > 0 be an arbitrary positive real number. From lim,_, = 0 we may choose

(=)=
E)NE
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a B > 0 large so that f(t,B) < (nu)™'B,Vt € [6 — (n —1),0 + Tln,_,_,,- Set vo(t) = n~" Be(t), thus

T+1
1(Avo) (t) 1Y Kt k) f(k+6— 1,0 Be(k+6— 1))

1

< Y K(tE)f(k+06—1,B) <n ' Be(t) = w(t),
k=0

T+1

vo(t) — u(Awe)(t) = DKtk B—puf(k+06— 1,07 Be(k+6 —1))] < Mae(t),
k=0
where
M, = sup ™ 'B+ pf(t,B)] <n 'B+ pa(B+1).

te[s—(n—1),6+Tl;_(,_y,

Therefore, vy — u(Avg) € P.

That is, pAvy(t) < vy. Using Lemma 2.8 (v), implies that p* > u. Since p is any positive real number, we conclude
ur = oo. O

Theorem 3.2. Suppose that following conditions hold
(i) there is a positive number r such that 0 < r < 1, and

flt,re) > 7" f(t,2), Vteld—(mn—1),0+ T, >0, T7€(0,1),
(ii) there exists a positive number vy such that f(t,1) <,
(741) minte[(;_(n_l),5+T]N57( o f(t,e(t)) > 0, where e(t) is given in Theorem 3.1. Then we have:
(a) the problem (1.1) has exactly one positive solution y,, in PO, for > 0,
(b) IfO < p1 < p2, then Yuq (t) S Yuo (t)vt € [6 - n, o + T]Né—n and Yuq (t) 7& Yuo (t)7
(c) if 1 = po(po > 0) then maxie(s—n,s+7)y, . Yu(t) = Yuo (1) = 0,
(d) if p— +o0 then maxie(s—n,s+ 7Y, |Yu(t)| = +00, if p — 0t then
Yu(t)| = ao.

maxie(§—n,6+TIn,_,,

Proof. Let A be defined as in Theorem 3.1. If y > 1 , then

ft1) = £t éw > %)’“f(t,y),

thus

flty) <y"f(t,1) <vy"

Therefore, for y € P, we have

T+1
0 < Y Ktk Ff(k+06-1,yk+5-1))
k=0

T+1

D KR (k46 =1, ]lylle) < Mse(t),
k=0

IN
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where
max t,
tel6—(n—1).0+The; () (it lylle)

max t, +1) < + 1"
o Ty Sl ) 5yl + )
Thus, 0 < Ay(t) < Mse(t),t € [§ —n,0 + T)w,_,, which implies Ay € E,. Therefore Ay € E, NP = P. Clearly
A:P— If’i
If y € P°, 35 > 0 such that y(t) > de(t) > 0,t € [§ —n,d + T|n,_,,- So if we take 7 € (0,1) such that 7 < §, then
we have

T+1 T+1

SRR 46— Lyk+6—1) > S Ktk f(k+6— 1,0c(k+6 1))
k=0 k=0

(Ay)(t)

T+1

> 7Y K(tk)f(k+06—1e(k+0—1)).
k=0

Let a = minte[6—(n—1)75+T]N5,(n71> f(t,e(t)). Thus a > 0 and Ay(t) > at"e(t), t € [0 —n,d + T|n,_,. Therefore,

A :P° — PO, The increasing property of f(t,-) implies that the operator A is increasing. If y € P and 7 € (0,1), then

T+1 T+1
Ary)(t) = D Ktk f(k+6—Lry(k+5-1)) > > Kt k)" f(k+06—1,y(k+6 — 1))
k=0 k=0
T+1

> 7Y KR (k48— Ly(k+6— 1)) = 7 (4y) (D).
k=0

Thus, A satisfies in (2.4). Consider the following equation

Fy)(t) = Ay(?). (3.1)

Using Lemma 2.9, for any A > 0, (3.1) has exactly one solution y, in PO, Yy is strictly decreasing, i.e., 0 < A1 < Ao
implies yx, > ya,, Ya is continuous, i.e. A — A\g(Ag > 0) implies ||[yx — yx, || = 0,limy— o0 [|yall = 0,limy 0+ [|yall =
+00. ) ) )

1
Let p = T Ho = e = N Lo = N Then (3.1) is changed to

y(t) = p(Ay)(t). Using Lemma 2.10, y is the solution of the problem (1.1) if and only if y = pAy. Therefore,

(a) the problem (1.1) has exactly one positive solution y,, in PO, for p > 0,

(b) if 0 < p1 < o, then 30 > 0 such that y,, —y,, > fe(t),t € [0—n,6+Tn,_, and thus y,, < y,,,Vt € [0—n,0+T]n,_,
and Y 7& Ypas

(c) if pp = po(po > 0) then maxie(s—n,s+7, . [¥u(t) = Ypuo (1) = 0,

(d) if pp — +oo then maxye(s—n 547, |Yu(t)| = 400, if p — 0 then

[y, ()] — ao. O

maXie(s—n,6+TIn,_,,

4. EXAMPLES

Example 4.1. Consider the problem

ALSy(t) + p((y(t+06—1))5 +e') =0
y(d — 2) = ay, (4.1)
Ay(10.8) = 0.

[c[v]

(0] €]
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where § = 1.8,7 =9, 1 > 0, is an integer and
f(ty) = ((y(£)* +¢'), Yt e [0.8,10.8]n,,
Clearly f(t,y) :[0.8,10.8]y, s x RT — RT is continuous, increasing and concave. Take o € (0,1),a > 1+ ¢!%. Then
ft,0)=e>1>0, f(t,1)=1+e" <1+ <0
[t y)
Y

It can be seen that lim,_, = 0 uniformly on [0.8,10.8]y, . Using Theorem 3.1, p* = co. Therefore

(i) the problem(4.1) has a unique positive solution y,, in P, for u € (0, +00),
(1) If yo € P and for u € (0,400), define

T+1
ym(t) = ao+p Y K(LE)f(k+0— 1 ym_1(k+0—1)),m=1,23,..,
k=0
therefore
max Y (t) = Ypo (1) = 0, as p — pio.

t€[—0.2,10.8]z_,

(i4i) maxie[—0.2,10.8],_, , |Yu(t) = Yuo ()] = 0, as p — po, where p € (0,+00). If 0 < py < p2 < 400, then y,, (t) <

Yus (t)a for all t € [_0'27 10'8]270,2 and Y (t) 7& Yuo (t)7
(1v) yiu(t) < lyu(t),1 €[0,1],t € [-0.2,10.8]7_, ,, where p € (0, +00).

Example 4.2. In this example we consider the problem
15
AT y(t) + p((y(t+5—1))5 +¢") =0

y(F) = ao, (4.2)
Ay(5) = A%y(FF) =0,

where § = 1—75,T = 7,u > 0, is an integer and

Y t 1
t Vte|=,b
f( y) 2+Snt+€, 6[77 ]N%
Clearly f(t,y): [+ 5]N1 x RT — R* is continuous, increasing and concave and
1
t,0)=el >e7 > tl)=——+e < +1<a
f(7) e zer >0, f(a) 2+Sint+6_e+ S«
Therefore

(¢) for p € (0,400), the y, in P, is a unique positive solution for the problem(4.2),
(1) if yo € P and for p € (0, +00), define

T+1
ym(t) = a0+ 1 Y KEE)f(k+0—1,ym1(k+6—1)),m=1,2,3, ...,
k=0
therefore
max [y, (t) = yu, (t)] = 0, as p — po.
tE[ = ,S]Ll

(#41) max, (s, }Z%| Yu(t) = Yuo(t)] = 0, as p — po, where p € (0,400). If 0 < p1 < po < 400, then y,, (t) <
Yo (1), 98 € [52, 5z, and g, () # yus (1),
(1v) yiu(t) < lyu(t),l € [0,1],t € | 76,5]2%, where 1 € (0, +oo)

Moreover r = 1. Take v > 1, then, f(t,1) = 2+bmt +et < e+ 1 <9, f(te(t)) = e(t) > 0 and thus
MiNe(5,54+7)s, f(t,e(t)) > 0. Thus all requirements of Theorem 3.2 hold. Therefore:

(&)
ENE
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i) for 1 > 0, this problem has a unique positive solution y,, in ]f”o,
i) if 0 < 1 < piz, then g, () < Yo (1), ¢ €[5, 5]z, and g, (1) # Yy (1),
1) if g — po(po > 0) then maxe s 5, [y, (t) — Yo (t)] = 0,

~ o~~~

7
w) if u — +oo then max;e <o 5, lyu(t)] = 400, if p— 0F

q

then max,¢ o 5, [y, (t)] — ao.
7

Example 4.3. We consider the fractional difference equation
A? = -1
ey(t) = pftyt+46—1)), (43)
y(6 — 1) = ag,

where 0 < 0 <1, f:[0,d + T, x [0,00) — [0, 00) is continuous and increasing. The sulotion y(t) of problem (4.3), is
given by

H-

=

y(t) = ag th— — 1)L (8 y(k + 6 — 1)), (4.4)
k

where K(t,k) = (t — k — 1)2=L, which is positive, thus Theorems 3.1 and 3.2 hold.
In the special case 1f ft, ) y(t) the problem (4.3) is the standard discrete equation for general population growth,
that means

Aly(t) = py(t+0—1

ey(t) = py(t + ) (4.5)
y(6 — 1) = aop.

In this simplest model, u tells us how fast the population is changing at any given population level and ag represents

the initial population size.
To obtain an explicit formula for this solution, we use the method of successive approximation. Let yo(t) = ap and

Y (t) = ag + A Y1 (t +6 — 1).

Using power formula for m = 1 implies

_s(t+6—1)=L
yl(t) = ap+ NAc_6yO(t +6 — 1) =aqag + NAC 6(1_‘(5))610
= t+6—1)2a5 = a1 t+06—1)2=1L
ap + (25)( + ) ag Clo[ + (25)( + ) }
Using the same manner for m = 2 implies
y(t) = () +pA it +6-1)
2
H 25—1 M 36—1
= ——(t+0 — 1)=>— t+ 26 —1)=°=—
aO+F(2§)( + ) aO+I‘(36)( + )=—ao
= ao[l+ L(t +6—1)2=1 4 “—2@ +26 —1)2=1]
I'(20) T'(30)
Now using induction on m and letting m — oo we obtain the solution
oo k
[ ké+6—1
= = ————(t+ (6 — 1)k)=2=—. 4.6
For 6 =1 we have y(t) = ap _pe 0 = ape™ on the time scale Z.

For this problem obviously , f(t, y) is continuous, increasing and concave function with respect to t. For 0 < 7 < 1,

ft,ry) = Ty(t) > Tfy(t) =7"f(t,y), forallte[d,d+ Ty,
[c[m]
(0] €]
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where 7 = 1. Take v > 1, then, f(t,1) = 1 <. Moreover, f(t,e(t)) = e(t) > 0 and thus minge (s sy, f(E e(t)) > 0.
Thus all requirements of Theorem 3.2 hold. Therefore:

(¢) for p > 0, this problem has exactly one positive solution y,, in PO,

(”) if 0 < 1 < p2, then Ypa (t) < Ypa (t)’t € [6 - 1’5 + T]Né—l and Yua (t) 7é Ypa (t)’

(idd) if 11— io(sto > 0) then maxye(s nsezry, . 19() — Yo (D] = 0.

(iv) if p — 400 then maxye(s—1,5+7]y,_, [Yu(t)] = +o0, if p — ot

then MaX;e(5—1,64+T), | |y, (t)| = ao.

Example 4.4. This example is a sample of a mathematical model of discrete fractional differential equation given by

(4.7)

{Aiy(t) =—py(t+6—1),
y(0) = ay,

where y is the concentration of the drug in the body at time t after injection, u is constant first-order elimination rate
of the drug (the negative sign means drug is eliminated from the body) and ag is the initial concentration. Therefore

(i) for g > 0, this problem has exactly one positive solution y,, in I@O,
(i) if 0 < gy < prg, then gy, () <y, (8), and yp, (1) 7 yu, (D),
(ili) if g — po(po > 0) then maxie(s—1.6+7), | [Yu(t) = Yuo ()] = 0,
(iv) if g — +oo then MaXie(s—1,6+Th, , lyu(t)| = 400, if g — 0, then MaX¢e(5—1,6+Th, , [y (t)] — ao-

The solution of the problem (4.7), is given by

y(t) = ag + % (t—k— 1) =Ly(k + 45— 1). (4.8)
k

-~
>

a

Thus exact solution is given by

g = ylt) = “0”0;_1%““5—”’“)'“*“ (4.9)

ok
For 6 =1 we have y(t) = ao Y _pq ( IZ) tF = age™"* on the time scale Z.
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FIGURE 1. Solution of (4.7) for different values of §, and ag = 1073, n = 0.010434
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FIGURE 2. Solution of (4.7) for different values of yu, and ag = 1073,6 = 0.98

5. CONCLUSION

Here we study a typical fractional-order differential equation of the form (1.1). Using the fixed point theory of
concave operators, we show that this problem has exactly one positive solution dependent on the parameter pu. We
compute the solution in some cases that appear in applications.

It would be interesting to consider this problem with other definitions of continuous and discrete fractional deriva-
tives. The system of discrete fractional differential equations may be considered for further research.
an
Ba
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